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AKT COI'ZTACOBAHUA

MeToanyecknx peKOMEH AN MO BBIMOJIHEHHUIO MPAKTHYECKUX PadoT
1o nucuuIuinae «MarteMaTHuKay JUIsl ClielnaibHOCTH
15.02.07. ABTroMaTH3alUsl TEXHOJIOTMUYECKUX MPOLIECCOB U MPOU3BOACTB (II0 OTPACIISIM)
(6a3oBast MOATOTOBKA),
pazpaboTtaHHbIX penoaaBarenaeM KOxHo-Y panbckoro
roCyJIapCTBEHHOI'0 TEXHUYECKOTo Kosuiemka Yepnoroi U.U.

YueOnas aucuumiuHa «MaTtemaTtukay SBISIETCS YacThlO MPOTPaMMbl  MOATOTOBKH
crenuanucToB  cpemnero 3BeHa cormacHo DPI'OC mo cmemmansHoctu  CIIO  15.02.07.
ABTOMATH3aI[Msl TEXHOJIOTMYECKUX TPOIECCOB M MPOMU3BOACTB (m0 oTpacisim) (0OazoBas
MOJrOTOBKa). YueOHas aucuuiuinHa «MareMaTHKa» OTHOCHTCS K MaTeMaTH4ecKoMy U oOuemy
€CTECTBEHHOHAYYHOMY IIUKJIY U OIpenesseT oomuil o0beM 3HaHU U YMEHHH, COCTaBIAIOMUX 0a3zy
npoeCCUOHATBHBIX KOMIIETEHITUH.

[TpakTryeckasi HalpaBICHHOCTh Y4€OHOW MUCIUIUIMHBI pealn3yeTcsl uepe3 BBINOTHEHUE
MPAKTUYECKUX paboT, Ha MPOBECHUE KOTOPHIX porpaMmoii orBoauTcst 30 4acos.

MeTtoauueckie pPEeKOMEHAALMU [0 BBIMOJHEHUIO MPAaKTUYECKHX paboT pazpaboTaHbl ¢
yueToM TpeOoBaHMi paboTomarens K IOATOTOBKE CHEIHMAIMCTOB CPEJHEr0 3BEHa IO JIaHHOU
CHENHaTbHOCTU U BKJIIOYAIOT B ceOst 15 mpakTudeckux paboT, HAMpaBICHHBIX HAa pa3BUTHE YMEHUI
aHATM3UPOBATh CIIOKHBIE (YHKIMM W CTPOUTh WX TpauKH; BBHINONHATh JCHCTBUA HaJ
KOMIUICKCHBIMUA ~YWCJIAMU; BBIYUCIATH 3HAYCHHUS TE€OMETPUYECKUX BEIUYUH; MPOU3BOJIUTH
olepanuy HaJl MaTpULIAMU U ONPEASIUTEISIMH; PelIaTh 3a7aud Ha BBIYHUCICHHE BEPOSTHOCTU C
UCIOJIb30BaHUEM 3JIEMEHTOB KOMOMHATOPUKH; pelIaTh MPUKIATHBIE 3a7aud C HCIOJIb30BaHUEM
AJIEMEHTOB UG GEPEeHINATBFHOIO0 W MHTETPAIBHOTO HCYWCIICHUH; pemarb CHCTEMBl JTMHEHHBIX
ypaBHEHUH Pa3INYHBIMU METOJAMH.

[TpakTueckue paboOTHl OOECHeunBaKOT yCIOBUS Uil (POPMHPOBAHUS KOMIIETEHTHOCTU
CHEIHATMCTOB B OCYILECTBICHUU IOUCKA M HUCIOJIb30BaHUS HMH(OpMAIMK, HEOOXOAMMOMN s
3¢ PEeKTUBHOTO BBHIMOJHEHUS TPO(PECCHOHANBHBIX 3a7a4, MPO(YECCHOHATBLHOTO U JIMYHOCTHOTO
pa3sBUTHs, B MCIOIb30BaHMM  MH()OPMAIMOHHO-KOMMYHHUKAI[MOHHBIX  TEXHOJOTHMH B
npodeccuoHalbHOM 1EeATEIbHOCTH, B pab0Te ¢ KOJUIEKTUBOM, PYKOBOJICTBOM, IOTPEOUTEISIMHU.

Mertonndyeckne pPEeKOMEHJIAIMM [0 BBHIMOJIHEHUIO TNPAKTUYECKUX paboT MOryT ObITh
MCIIOJIb30BaHbI JIIsl paOOTHI B YUPEXKIEHUAX CPEAHETO MPO(PECCHOHAIBHOTO 00pa30BaHMUS.

TexHu4ecKkuil AUPEKTOP




MHNOACHUTEJBbHASA 3AIINCKA
MeToauueckie pEeKOMEHAALMK [0 BBIMOJIHEHUIO MPAaKTUYECKHMX paboT mo ydeOHOU

mucuuiuiiHe «MareMaTHKay TpeJHa3HAa4YeHbl /s CTYAEGHTOB 2 Kypca, OOydarommxcsl II0
cneunanbHoctn  15.02.07 ABromaru3anus TEXHOJOTMUYECKHX IIPOLIECCOB W TPOU3BOJACTB (TIO
otpacisiM) (0a3oBast HOATOTOBKA)

[TpakTuyeckue 3aHATUSA ABISIOTCS BaXKHBIM 3JIEMEHTOM y4eOHOM AucuuIuIMHBL. B mpouecce
BBITTOJIHEHUS] IPAKTUYECKUX PA0OT 0OydaloNIMecs CUCTEeMATU3UPYIOT M 3aKPEIUISIOT MOJTY4YeHHBIC
TEOPETUYECKHE 3HAHUS, pa3BUBAIOT HMHTEUICKTyalbHble W NPOQECCHOHATBHBIE YMEHHS,
(GOpMHPYIOT 3JIEMEHTHI KOMIETEHIUI Oy IyIINX CIEeLUaINCTOB.

Meroanyeckue peKOMEHAALMU  IpeAHAa3HAYeHbl JUIsl  OpraHu3alMd  BbINOJIHEHUS
MPAaKTUYECKUX paboT 1o yueOHOH nuciuminae «MaTeMaTuka.

[Tporpammoii yueOHOM aucHUIUIMHBL «MareMaTuka» MpPeayCMOTPEHO BbINOJIHEHHE 15
IPAaKTUYECKUX  paboT, HampaBJE€HHbIX Ha (OPMHUPOBAHHME  JJIEMEHMO8  CEOYIOULUX
KomnemeHuuii.

OK 1. [JoHuMaTh CYIIHOCTh U COLMAJIbHYK) 3HAYMMOCTb CBOe Oynyiueil mpodeccun,
HPOSIBJISITH K HEHM yCTOMUYMBBINA UHTEpEC.

OK 2. Opranu3oBbIBaTh COOCTBEHHYIO J€STEIBHOCTh, OIPEIENATh METOJBl U CIOCOOBI
BBITIOJTHEHUS TPOPECCUOHANBHBIX 3a/1a4, OLIEHUBATh UX I3PPEKTUBHOCTh U KAUECTBO.

OK 3. Pemrate mpo0OisiemMbl, OLIEHWBATh PUCKH WM TPUHUMATh PEIICHHS B HECTAHAAPTHBIX
CUTYaLUsX.

OK 4. OcymiecTBisATh IMOUCK, aHaIM3 M OLEHKY HH(OpManuu, HeoOXoquMol ams
MIOCTAaHOBKM M pEHIeHUus Mpo(ecCHOHANBHBIX 3a7ay, HPOPECcCCHOHATBHOIO U JHMYHOCTHOTO
pa3BUTHSL.

OK 6. Pabotath B KOJJIEKTHBE M KOMaHJe, obecreuuBarh ee cIioueHue, 3¢hHEeKTUBHO
00IIaThCs ¢ KOJIJIeTaMH, PYKOBOJICTBOM, TOTPEOUTENISIMHU.

OK 7. CraBuTh 1I€TH, MOTHBHPOBATH NESATEIHHOCTh TMOAYMHEHHBIX, OPTaHU30BBIBATH U
KOHTPOJIMPOBAaTh UX pabOTy C MPUHSATHEM Ha ceOsl OTBETCTBEHHOCTH 3a PE3YyJIbTaT BBIOJHEHUS
3aJaHuH.

OK 8. CaMocTosITeThHO ONPENeNATh 3aau MPo(eCCHOHANTBHOTO U TMYHOCTHOTO Pa3BHUTHS,
3aHMMAaTbhCA CaMO0Opa30BaHNEM, OCO3HAHHO IJIAHUPOBATh MOBBIIIEHNE KBATU(UKALIUY. .

[1IK 4.1. ITpoBOaUTHh aHAIM3 CHUCTEM ABTOMATHYECKOTO YIPABICHHS C YUETOM CIELU(PUKU
TEXHOJIOTUYECKHX IIPOLIECCOB.

[1K 4.2. BeiOupats TpuOOpPHI W CPEIACTBA aBTOMATH3AlMM C YYE€TOM  CICIUPHKH

TEXHOJOTHUYCCKUX ITPOLECCCOB.



[1K 4.3. CocTaBnsATh CXEMBl CHELHMAIM3HPOBAHHBIX  Y3JIOB, OJIOKOB, YCTPOHCTB H
CUCTEM aBTOMATHYECKOI'O yIPaBJICHHUS.

I1K 4.4. PaccuuThiBaTh mapaMeTpbl TUIIOBBIX CXEM U YCTPOMCTB.

I1IK 4.5. OnienuBare U oOecrneynBaTh PrOHOMMYECKHE XapaKTEPUCTUKU CXEM U CHCTEM
aBTOMATHU3ALUH.

ITK 5.1. OcymiecTBiasTh KOHTPOJIb TAPAMETPOB Ka4e€CTBA CUCTEM aBTOMAaTH3aLMU.

1K 5.2. ITpoBOaUTh aHAJIN3 XaPAKTEPUCTUK HAJAEKHOCTH CUCTEM aBTOMAaTH3aLMH.

1K 5.3. ObecnieunBaTh COOTBETCTBHE COCTOSIHMSI CPEICTB M CHCTEM AaBTOMAaTU3aLUU
TpeOOBaHUSM HA/ICKHOCTH.

B pesynbrare u3ydeHus AUCUUILUIMHBI 00yYarOIIUICS TOIHKEH

ymemb:
o [IpuMeHsITh MaTeMaTHUYECKHE METO/IBI IJISl peUIeHHs MPOQpECCHOHANBHBIX 3a/1a4;
o Hcnonb3oBath mnpuémMbl W METOJbI MAaTEMaTHYECKOTO CHHTE3a M aHalu3a B

pa3IUYHbIX IPOPECCUOHATIBHBIX CUTYALHSIX;

3HATh:

OcCHOBHbBIE MOHSATHS U METOJbl OCHOB JIMHEMHOM anredpbl, AMCKPETHOM MaTeMaTUKH,
MaTEMaTUYeCKOr0 AaHaju3a, TEOPUM BEPOATHOCTEW U MaTeMaTH4YE€CKONW CTAaTUCTUKH, OCHOBHbBIE
YKCJIEHHBIE METO/Ibl PEILICHUS TPUKIIAIHBIX 3aa4;

Onucanue Kaxa0i NpakTU4YecKOl paboThl COAEPKUT HOMEp, Ha3BaHHE M 1iefb paloThl,
dbopmMupyeMbIe B TpOIEcCe BBHIMOJHEHHUS pabOTHl 3HAHHS, YMEHHUS M SJIEMEHTHl KOMIIETEHIIHH,
TEOPETUYECKOE H3JI0XKEHHEe HeoOXxoaumMoro wmartepuana (Mpu HEOOXOAMMOCTH  IpPHUMEpPHI
BBITIOJTHEHUS 3a/laHui), BapHaHThl 3aJaHUN, OINMCAaHUE aJrOpPUTMa BBINOJIHEHUS pPadOTHl U
KOHTPOJIbHBIE BOIIPOCHI (C 1IENBI0 BBISBUTH M YCTPAHUTh HEJIOUETHl B OCBOEHUHU MaTepuana).

Jlnis moy4eHus TOMOIHUTENIBbHON, O60Jiee moApoOHON HH(OPMAIIUK 110 OCHOBHBIM BOIIPOCaM
yueOHOM JAMCHMIUIMHBI B  KOHIIE METOJUYECKMX pEKOMEHJAallMi TMpUBEIEH IepeuyeHb
MH(OPMALIMOHHBIX HCTOYHUKOB.

OTueTsl CTYJEHTOB IO MPAKTUYECKUM pabOoTaM [OJDKHBI BBINOJHATHCS B OTIENIBHBIX

TETpagiax, COACPKaTb HOMCP, HA3BAHUC U IICJIb pa6OTI>I, BBITIOJTHCHHBIC 3aIaHU U UX PE3YJIbTATHI.



INEPEYEHD ITIPAKTHYECKHUX PABOT

Nen\n Ha3zBanue npakTuueckoit paboTh Yacsl
1 Brrunciienue onpeaenuTenei. 2
2 Pemenuie cuctem N IMHEWHBIX YpaBHEHUHN C N HEU3BECTHBIMH METO/IOM 2

Kpamepa.
3 OnpeneneHne YUCI0BbIX MHOYKECTB, UUCIOBBIX IPOMEKYTKOB, 2
OKPECTHOCTEH TOUEK.
4 Brruncnenue npenenos. PackpeiTie HeonpenenénnocTu. Berancnenue 2
OJTHOCTOPOHHUX IPEIEIIOB.
5 Brruncrienue npon3BOAHBIX JIEMEHTAPHBIX M CIOXKHBIX (YHKIINH. 2
6 HccnenoBanue ClIoKHOW (QYHKITMU U TTOCTPOEHUE TPa(HUKOB.. 2
7 Brranciienue HeonpenenEHHbIX HHTETPAIOB 2
8 Pemenne npukiagHbIX 33249 C HCIIOIB30BAaHUEM MHTETPATBHOTO 2
HCYHCIICHUSI.
9 Pemenue cuctem MMHEHHBIX OJJHOPOIHBIX YPaBHEHUH MEPBOTO MOPSAKA. 2
JuddepeHnnanbHbIX ypaBHEHUH 2-TO MOPSIKA.
10 Pemenune nmpodeccuoHANBbHBIX 3a7a4 C UCIIOIh30BaHUEM 2
muddepeHIanbHbIX ypaBHEHUH.
11 JluHeliHbIE ONIepaliuy HaJl BEKTOPaMH, CKaJSIPHOE IPOM3BEACHUE BEKTOPOB 2
B IIPOCTPAHCTBE.
12 CocraBieHue ypaBHEHUs IPSIMOM Ha MIIOCKOCTU U B TIPOCTPAHCTBE. 2
13 Pemenne npukiagHbIX 33249 C HCMIOIB30BaHHEM KOMOMHATOPUKH. 2
14 Pemenue 3aga4 Ha BEIYMCIIEHUE BEPOSITHOCTEM. 2
15 Pemenue 3a1a4 Ha BBIYHUCICHUE BEPOSITHOCTEH C HCIIOIb30BAHUEM 2
HIIEMEHTOB MaTeMaTUYECKOW CTATUCTHUKHU.
Hroro: 30




INPAKTHYECKASA PABOTA Nel

Ha3panune npaktuyeckoi padoroi: Boiuucnenue onpedenumeneit
Llesib padoThI: HAYYNUTHCS BHIYMCIATD ONPENEIUTENN PA3HBIMU CIIOCOOAMH.
3HaAHMSA!

OCHOBHBIC MOHATUS U METOJbl OCHOB JIMHEHHOH anreOpbl, AMCKPETHONH MaTeMaTHKH,
MaTeMaTHYECKOT0 aHalu3a, TEOPHH BEPOSTHOCTEW M MAaTeMaTHYECKOW CTAaTUCTUKH, OCHOBHBIC
YU CJICHHBIC MCTOABI PCIICHUA ITPUKIIAIHBIX 3a1a4
YMEHHSA:

IPUMEHATh MaTEMAaTUYECKHUE METO/IbI [Vl PELICHUs IPOPEeCCHOHATIbHBIX 3a1a4

Teopernuyeckuii MmaTepuaJ:

1. OnpeneanTeib2-ro NopsiAKa
OnpenenureseM .BTOPOro MOPsKa Ha3bIBACTCS BhIPAXKEHUE BUJIA:

i %2) =g ag-ana;
Ay Ay

Uucna ai, a1z, a1, a2 HA3bIBAIOT DJIEMEHTAMH OIPEACIIUTEIIS.

Jnaronanb, oOpa3oBaHHAs JIECMEHTAMH a11; 822, HA3bIBASTCS TJIABHOM, a JUAroHaJb,
oOpa3oBaHHAs 3JIEMEHTAMH 412321 - TOOOYHOM.

Takum 06pa3om, onpeAeIUuTeNb BTOPOTo MOPSAKA PaBEH Pa3HOCTH MPOU3BEACHHUI
DJIEMEHTOB TJIaBHOH U MOOOYHOMN JUAaroHaneH.

3amemum, ymo 6 omeeme NoLYYAEMCI YUCTIO.

IIpumep 1

2
=1-4-3-2=-6.
3 4

2. Onpeaenuresib3-ro nopsiaka
OmnpenesanreneM TPETHETO MOPSIKA HA3BIBAETCS BBIPAKEHNUE BUJIA:

dyp 4y dg3
a, A, Qa,|=aii1azasstaziasalztalzazasl-as1azealz-a32azaalil-a21a12ass.

A3 dyp dgy
DJIeMEHTBI a11; a22; 433 — 00Pa3yroT MIaBHYIO AuaroHanb. Yucma ais; azz; az1 — 00pasyror

MOOOYHYIO HArOHab.

N300pa3um, cxeMaTu4ecku, Kak 00pa3yroTcsl caraeMble ¢ TUTFOCOM U ¢ MUHYCOM:

le o @ a N ‘o e »
;o e o | = "‘o". » — |\ 0"
e o o | ¢ ¢ e ¢ o o



C mIrocoM BXOAT: TPOU3BEACHUE JIEMEHTOB Ha ITABHOW TUAaroHaJIM, OCTAIbHBIC /1B
CJIaraeMbIX SIBJISIOTCS MPOU3BEICHUEM 3JIEMEHTOB, PACIIOIOKEHHBIX B BEPIIMHAX TPEYTOJILHUKOB C
OCHOBaHUSIMU, TAPAILICIBHBIMY TJIaBHOM AHArOHAIH.

CraraemMbie ¢ MUHYCOM 00pa3yroTCsl IO TOH JK€ CXeMe OTHOCUTEIILHO TOOOYHON TUaroHasu.

DTO MPaBUJIO BHIYUCIICHUS ONPEICITUTEINS TPETHErO MOPSIIKa HA3bIBAIOTPABUIIOM

TpeyroJibHUKa uin npasuiaom Capproca:

Mpumep 2.
-1 3 2
2 8 1/=-1-82+2:1-2+3-1-1-1-8-2-1-1+(-1)-2-3-2=-16+4+3-16+1-12=-36
1 1 2

3. Boiunc/ieHHe onpeneanTeisi:

@] d1p a3

_ A3y 4m| 23 413 @31 413
@3] dyy Gy —d) - @3- tdyge

@37 43 Q3] d1 d3] 33
3] @33 13

Brranciaenue OIpPCACIUTECIA TPETHETO MOPAAKAa CBOJUTCA K BBIYMCIICHUIO TPEX OHpGI[CJIHTGJICfI
BTOPOTI'O IIOPsAAKA.

IIpumep 3.
8 -3
- 1 1 -
-1 1 |=1- - & +{-3) =38.
-6 -1 -1 -6
-6 -1
3ananne: BoruncauTh onpeaenTesu:
1 -1 2 5 2 5
A=11 2 1 A=(-2 -1 -8
2 0 3 2 -3 -2
3 1 1 1 4 1
A=(1 2 3 A=|[-1 1 3
-2 5 =2 1 2 -1
1 -1 -1 2 5 -6
A=[(0 6 2 A=[4 3 -1
-6 -3 -2 -1 2 =2

KoHTpoJibHBIE BONIPOCHI:

1) Yro Ha3bIBaeTCs onpeaenuTesneM 2-ro nopsjaka



2) HazoBuTte 1Ba criocoba BHIYMCIIEHUS 3-TO MOPSIKA.

INPAKTHYECKASA PABOTA Ne 2

Ha3panme npaktuyeckoil padorbl: Pewenue cucmem JNUHENHBIX YPAGHEHUII MEMOOOM
Kpamepa

Ieab padoThbI: HAYYUTHCA pELIaTh CUCTEMBI JIMHEWHBIX YpaBHEHH MeTogoM Kpamepa

3HAHUA:

OCHOBHBIC TOHATUS W METOJbl OCHOB JIMHEHHOH anreOpbl, AMCKPETHOH MaTeMaTHKH,
MaTEMaTHUYECKOr0 aHajlu3a, TEOPUHM BEPOSATHOCTEW M MaTeMaTHYECKONW CTAaTUCTUKH, OCHOBHBIE
YHCJICHHBIE METO/IbI PEIICHUS IPUKJIAJHbIX 3a1a4
YMEHHs:

MNPUMCHATH MATEMATUYCCKHUEC MCTO/IbI U PCIICHUA HpO(i)GCCI/IOHaJIBHI)IX 3aga4

Teopernuyeckuii maTepual:

1.®opmyast Kpamepa 1iist cucteMsbl U3 IBYX YPaBHEHUi

Cucrembl U3 IBYX ypaBHEHHIA
ayx+a,y="b

1
ayx+a,y =",

Onpenenenue. OnpenenuTens, COCTaBICHHBIN U3 KO3 PUIIMECHTOB IPU HEU3BECTHBIX, HA3bIBACTCA
OTIPENICTTUTENIEM CUCTEMBI U 0003HavaeTcs A (nenbpTa):

Ay Ay

Onpenenurenn AX, Ay nosyyaroTcst myTéM 3aMeHbl K03((HUIIMEHTOB MPH COOTBETCTBYIOIIUX
HEU3BECTHBIX CBOOOIHBIMU YJICHAMM:

b, a a b
L T2 =prag-aphoAy="" "t = a1bo-biaos.
2 A a, b,

AX=

Al

Haiitu 3Ha4eHUSIX1YBO3MOKHO TOJIBKO MPHU YCIOBUHU, €CITH
OTOT BBIBOJ CIEYET U3 CIEAYIOLIEH TEOPEMBI.

2. Teopema Kpamepa:Eciu onpedenumens cucmemvl Omauyer om Hyis, mo cUcmema JTUHetHbix
VpasHeHuii umeem 00HO eOUHCMBEHHOe peuleHue, NPUYEM HeUu38eCmHoOe PaeHO OMHOULEHUIO
onpeodenumernei. B 3uamenamene — onpedenumeins cucmemsl, a 6 Yuciumene — onpeoeaumeins,
NOYYEHHbIU U3 ONpeoenumens CUCmeMbl NYMEM 3amMeHbl KOIQhuyuenmos npu 5mom Heuz8ecmHom
C80000HBIMU UeHaAMU. Dma meopema umeem mecmo OJisk CUCTNEMbl TUHEUHbIX YPAGHEHULL 1100020

nopsoka.



Ay

Taxum o6pazom, hopmyrer Kpamepa 011 cucmemsvl u3 08yx ypagHeHuil: X= ,¥= N

A

IMpumep 1. Pemnts cucremy JTUHEMHBIX YpaBHEHUM:
dxtix, =1
n+dr, =-3

CornacHo hopmynam moxyqaem:

12
~3 4 1e4-28(-3)  4+6 10 _

= = - =—=1,
1" B 2 Zed—1e2  12-2 10
1 4
31

xg— = =
5 2 Zed—2a] 12-12 10
1 4

1 -3 _3e(3)-le1_-9-1_-10_

WTaK, pemenune cucTeMsl 1 Lon=-1

2. YacTHble ciyyau
Tpu ciaydasi Ipu pelieHHH CHCTeM JUHEHbIX YPABHEHUI:

1) cucTtema JiMHEHBIX ypaBHEHHH MMeeT eIUHCTBEHHOE pelleHue(CucTeMa COBMECTHA U
onpeaeiéHHa)
@ a
1 %o
& &
VYcnoBus: A0, ay “
2) cucremMa JUHEHHbIX YpaBHEeHU UMeeT Oecuuc/IeHHOe MHOKEeCTBO pPellleHuii(cucrema
COBMECTHA U HeolpeIelEHHA)
oty &y

_ a c
YcnoBus: &=0 , 21 a2

MIPONOPLIHOHAIBHBI.

2 , T.C. K03(1)(1)I/H_II/ICHTLI PN HECU3BECTHBIX U CBO60I[HLIC YJICHBI

3) cucreMa JIMHEHBIX YPaBHEHUI pellleHnii He uMeeT(CrUcTeMa HECOBMECTHA)

c c )
11 12 1
©11 _ -

=0 c b,
YcnoBus: h=0,ay 2 2

Nrak, cucrema M JIMHEWHBIX YPABHEHHI C N MEPEMEHHBIMU HA3bIBAETCS HECOBMECHHOU,
ecii y He€ HET HU OJTHOTO PEIICHUSI, U CO8MeCmHOU, €CITM OHa UMEET XOTsI ObI OJTHO pellieHue.
CoBMecTHas cucTeMa ypaBHEHUH, IMEOIast TOJILKO OJTHO pEIIeHUE, HAa3bIBACTCIONnpedeéHHOl, a
6oJiee OZJHOTO —HeonpedenéHHOU.

3.®opmyasl Kpamepa 11t cucremMbl U3 TpexX YpaBHeHUil

10



ayx+a,y +az =",
anX+ayy+ay=b,,

A X + Ay Y + 83,2 =D,.
Ax. _AYy.,_Az

X= ;
A y_A A

I'ne A (nenpra) coctaBneH u3 KO3 GUIMEHTOB MIPU HEM3BECTHBIX:
a'11 a'12 a13

A=|a, a,, ay|A ompeaenutenu AX, Ay, AZ mony4aroTcs myTéM 3aMeHbl KOG (UIIMEHTOB MPU
8y 8y dy

COOTBCTCTBYIOIIUX HCU3BCCTHBIX CBOGOI[HBIMI/I YJICHaAMU:

b a, aj, a, b a; a, a, b
Ax=|b, @y, ay,;Ay=|a, b, ay,|;:Az=|ay a, b,
b, a, a; ay by ag ay a; b,

b#ED

HaiiTn 3Ha4ueHusX, Y U ZBO3MOKHO TOJBKO MPH YCIOBUH, €CIIH
IIpumep 2. Pemiuth cucteMy JIMHEHMHBIX YPAaBHEHUI:

2x, —x, —3x; =3

3x, +4x, —5x, =-8,

2x, + 1x; =17
2 -1 -3
A=3 4 —-5=79,
0o 2 7
3 -1 -3
Ax=|-8 4 —5/=395,
17 2 7
2 3 -3
Ay=13 -8 —5=-158,
0 17 7
2 -1 3
Az=|3 4 -8 =237,
0o 2 17
XZEZS; y=ﬂ=-2; 7=AZ -3
A A A

Ortger: (5; -2; 3)

3aganue: Pemnth cucremy merogom Kpamepa
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3x+y+z=-2

x—y=3 3x —4y =5
1.{ o 2.{ oo 3.{5x—y—2z=10
3x—2y=1 6x —8y =10 X—y 45z =—12
x+3y—z=0 x—2y+z=3 _
4d2x—y+3z=1 5.)2x — 4y +2z="5 6.{§x+_2y:§
7x+ 7y +3z =2 3x —6y+3z=9 Y=
_ x+2y—z=-3 x—4y+3z=5
7.{3&1?:? 8.12x+3y+z=-1 9.{2x—8y+6z=10
Y= x—y—z=3 3x — 12y + 9z = 15

KoHTpoJibHbIE BOIPOCHI:

1) Yrto Ha3bIBAETCS CUCTEMOM JIMHEHHBIX YPABHEHHN?

2) Kakas cucrema Ha3bIBaeTCsl COBMECTHOM, KaKasi HECOBMECTHO?

3) Kakas cucrema Ha3bIBa€TCs OMPEACICHHON M HEOMPEICICHHON?

4) Tlpu KakOM YCIOBHM MOXXHO HCIOJB30BaTh (opmynsl Kpamepa st pelieHUs] CHCTEMBI

ypaBHEHUI?

IMPAKTHYECKAS PABOTA Ne 3

Ha3panue npaktuyeckoii padoroi: Onpedenenue 4uciogvix MHOMHCECM G, YUCI08bIX
npoMeNHCymKos.

Leab padoThl: HAYYUTCS BBINOJHATH JEHCTBHS C YUCIOBBIMU MHOKECTBAMHU.

3HAHUS:

OCHOBHbIE MOHSTHSI W METOJAbl OCHOB JIMHEHHON anreOpbl, IUCKPETHOW MaTeMaTUKH,
MaTEeMaTHYeCKOro aHaju3a, TEOPUHM BEPOSATHOCTEW M MaTeMaTH4YeCKOW CTAaTUCTUKH, OCHOBHBIE
YHCIIEHHBIE METO/IbI PEIICHUS MTPUKIAIHBIX 3a7a4
YMEHHUsI:

MNPUMCHATE MATEMATUYCCKUEC MCTO/IbI IJI PCIICHUA HpO(beCCI/IOHa.TII)HI)IX 3aga4

Teopernyeckunit marepua:
MHO0ecTBOMHA3BIBACTCSI COBOKYITHOCTh HEKOTOPBIX 3JEMEHTOB, OO0BEIMHEHHBIX
KaKUM-IM00 OOIIMM MpU3HAKOM. DJIEMEHTaMHU MHOXECTBa MOTYT ObITh 4Hcla, (GUrypsl,

MNpE€aAMCETDI, TIOHATHA U T.II.
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MHoxecTtBa 0003HAYalOTCSl MPONUCHBIMU OYKBaMH, a 3JIEMEHTbl MHOXKECTBO
CTPOYHBIMHU OyKBaMH. DJIEMEHTHI MHOKECTB 3aKJII0UAIOTCS B (PUTypHBIE CKOOKH.

Ecimu JIEMEHTXIIPUHAIIEIKUT MHOKECTBY X, TO 3anuchIBalOTXEX (E—
IIPUHAJIEXKHNT).

Ecnu MHOXecTBO A sIBIsieTCS 4acTbl0 MHOXKecTBa B, To 3ammceiBaror ACB(C—
COJICPKUTCH).

MHOXeCTBO MOXKET OBbITh 3a/laHO OJIHUM M3 JIByX CIIOCOOOB: NEPEYUCICHHEM U C
IIOMOILBIO ONPEIEISIONIErO CBONCTBA.

Hanpumep, nepeunciieHneM 3aJaHbl CIEAYIOIINE MHOKECTBA!

. A={1,2,3,5,7} — MHOXECTBO YHCeIl

. X={X1,X2,...,Xn} — MHOKECTBO HEKOTOPBIX JIEMEHTOB X1,X2,...,Xn
. N={1,2,...,nN} — MHOXECTBO HATypaIbHBIX YUCEI

. 7={0,£1,£2,...,£n} — MHOECTBO IEJIBIX YHUCEI

MHOXECTBO (-00;+00) Ha3bIBACTCAUUCAOBOU NPAMOLL, @ THOOOE YUCIO — TOYKOH ITOM
MPSMOM.

[TycTh a — mpOM3BOJIbHAS TOYKA YHUCIOBOW MPSMON M O — TIOJIOKUTEIEHOE YHCIIO.
WuTepsai (a-8; a+d) Ha3BIBACTCS 0-OKPECMHOCMbIO MOYKU d.

Eciin MHOXXECTBO HE COJEP)KUT HU OJHOIO 3JIEMEHTA, TO OHO Ha3bIBAECTCS NYCHMbIM
MHOCecmsom 1 3anuchiBaetcs O.

YucaoBble IPOMEKYTKH

Yucnosvie ompes3Ku, URmepedibl, NoJyuHmepeaivl U Jjydu HaAs3vlearont 4ucilo6biMu

NPOMENCYMKAMU.
HepaseHncrso, O0o3HaueHne
. Ha3BanueuncioBoro Yuraercs
3a/1a101eeYHCI0BOM YHCJIOBOTO
NMPOMEKYTKA TaK:
NPOMEKYTOK NPOMEKYTKA
a<x<b [a;b] Yuc1oBOi 0TPE30K OTtpe3ok oT a 10 b
a<x<b (a;b) Wutepnain WutepBai ot a 10 b
[TonyunTepBan ot a
a<x<b [a;b) [MonyuHTepBaN Y p
1o b, Bxkirouas a.
[TonyunTepBan ot a
a<x<b (a;b] [MonynHTepBaN Y P
1o b, Bxkirouas b.
YucnoBoit 1y4 OT
xX>a [a; + ) YucnoBoit 1yq aJIOTLTIOC
0OECKOHEYHOCTH
OTKpBITHII
OTKpPBITBHIA YMCIOBOU YUCIIOBOM JIy4 OT
X>a (a; + o) P yq
Iy4 aJIOTLITIOC
OECKOHEYHOCTH
N YHucnoBon 1
x<a (- o0, a] YucnoBoit 1yd yi
OTMHHYC

13




0OECKOHEUYHOCTH 10a
OTKpPBITHIN
o o YUCJIOBOM Jy4
OTKpPBITBIA YUCIIOBOM
Xx<a (- o0, a) 0 OTMHUHYC
yi OECKOHEUYHOCTH 10
a

IMpumep 1. OnpeneneHre 4YUCIOBOrO HEPABEHCTBA

OTmMeTMM Ha KOOpAMHAaTHOM NpsMOM TOYKM € KoopauHatamu -3 u2. Eciam Touka
pacmosoxkeHa MEeKy HUMH, TO €l COOTBETCTBYET YHCII0, KOTOpoe Ooiblie -3 u MeHbIe 2. BepHo u
oOpaTHOE: €ClIM YHUCIO X YJOBIETBOPAET YCIOBHIO -3<x<2 , TO OHO H300pa)kaeTcsi TOUKOH,
JIe)KaIEeH MEeXTy TOUYKaMHU ¢ KOOpJAUHATAMU -3 U 2.

Mmnoowcecmso 6cex uucen, yo0oeremeopsowux yciosuio -3<x<2, HA3b16AeMCAYUCTIOBLIM

NPOMENCYMKOMULU RPOCMO npomedcymkom om -3 0o 2 u obosnauaemces max: (-3;2).

e

Y

L
e -
T =

Ha pucynkax m300pa)xxeHbl MHOKECTBO YHUCEN X, JJIi KOTOPBIX BBIMOJIHSAETCS HEPaBEHCTBO

x<10 m x=10. DTH MHOXKECTBA TPEJACTABIAIOT COOOH NPOMEKYTKH, 00O3HAUAEMBIE
o oo,

cootBercTBeHHO (- ; 10) m (-~ ; 10]. YuTaercs Tak: YMCIO X MPHHAICKUT MPOMEKYTKY

oo
otMuHyc 6eckoneyHocTd (- ) A0 10 (x<10) u ymMClIO X TPUHAICKHUT MPOMEKYTKY OTMHUHYC

oo <
oeckoneunoctu (- ) go 10, Brmowas umcno 10 (x—=10). 3HaK paBeHCTBaHEPABEHCTBE
0003HayaeTCAKBaAPaTHON CKOOKOMB yKa3aHUU MPOMEXKYTKA.

R A e |
7 v 4; =

X
v [

IIpumep 2. [lepecedyeHre YUCIOBBIX TPOMEKYTKOB

MHnoowcecmso, cocmasnsouee 06wy HYacms HeKOmopwvlx Muodxcecme A u B,
HA3b18AIOMNEPECEYCHUCMIMUX MHONCeCms8 U 0003Hauarm AnB.HpOM@KYTOK [3;5] sBmsiercs
nepeceueHrneM mpomMekyTkoB [1;5] u [3;7]. Do MokHO 3amucaTh Tak: [1;5] M [3;7]=[3;5].
- [

. =

| BT [
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[Tpomexkytku [0;4] u [6;10] HE MMEOT OOMMX 3JIEMEHTOB. EciiM MHOXECTBO HE HMEET
OOIIMX 3JEMEHTOB, TO FOBOPAT, YTO HUX MEPECEYCHHUE MyCTO. 3HAYHT, NepeceueHe MPOMEKYTKOB
[0;4] 1Y [6:10]=0.

B e s

0 il
o

Ipumep 3. O6bearHEHNE YHCTOBBIX IPOMEKYTKOB
Kaxnoe uncno u3z npomexytka [ 1;7] npuHauiesxut XoTsi Obl OAHOMY U3 MPOMEXYTKOB [1;5]
u [3;7], To ecTb, 1160 TpoMekyTKY [1;5], mubo mpomexyTky [3;7], 1160 UM 060UM.

Mﬂoofcecmeo, cocmossiyee U3z 3J1emMeHnos, npunadﬂeofcau;ux xoms Ovl odnomy uz MHoacecme

A u B, nazvieaiomobwedunenuemamux muoxicecms oboznauaiom 34 5.

[Mpomexytok [1;7] sBasercss oOveawmHEHHEM NPOMEKYTKOB [1;5] m [3;7]. D10 MOXKHO
3ammcars Tak: [ ;5] [3;7]=[1;7].
| L L LT

rrl‘l‘-# T

SIS

SaMeTI/IM, qTo 06’BCIII/IH6HI/IC IMPOMCIKYTKOB HC BCCria HpecACTaBIIACT coOoi IIPOMCIKYTOK,

narpumep MHOkecTBO [0;4]"' [6;10] He ABIIETCSA IPOMEKYTKOM.

3aganue: BoinoJsiHuTe AeiicTBUSA M0 X04y padoThI.

1. BeiGepuTe npaBuiibHOE N300paKeHUE TPOMEXKYTKa [-2;4] Ha KOOPAMHATHOM MPSMON

. L]

1) | 2) T
TR
3) - 4) 3 d

2. BeiOepute npoMexyToK, H300paskeHHBIN Ha KOOPAWHATHOMN MPSMOIN:

A

o--

b

=

a) x= 8;0) x<8; B) x>8;r) X =8,

3. [TpuHAICKUT JTH TPOMEXKYTKY [-8;-5] uncio...
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a) -9; 0) -8; B) -5,5; 1)-5; n)-4; e)-7,5?

4. Vcnionib3yr0 KOOpAUHATHYIO MIPSIMYI0, HAUAUTE MIEPECEUEHUE POMEKYTKOB!

a) (1;8) u (5;10); 6) [-4;8] u [-6;6]; B) (-5;1] w (-4;2]; 1) (- ;3] m [0;+ ],

5. Ilokaxxute MTPUXOBKOW HA KOOPAMHATHOM MPSMON 00bEJUHEHUE TIPOMEKYTKOB:
2) (- %25 4w (10:+%);6) [3:+ %) m 85+ %°); 8) [4:8] w [-6;6]; 1) (-5:1] 1t (-4:6].
6. BriOepute npaBuIbHBIN OTBET

6.1.UnciioBbIM IPOMEKYTKOM Ha3bIBAETCHL. . .

@) MHOJCECmeo ecex uuce, y0o8i1emeopaouux HepaseHCcmasy,

0) MHO>KECTBO BCEX YHCET;

B) IEPEMEHHBIX.

6.2. Kakue U3 4nceln He yI0BJICTBOPSIOT HEPABEHCTBY -2<X =8:
a)2un5;0)-1u8;8) -2u9rT)0us.

6.3. Ykakure MHOXKECTBO pPelICHUI HepaBeHCTBa X>20):

a) (- 775 20); 6) (20; + %°);m) [20; + %), )[-20;+ 7).

6.4. YkaxxuTe MHOXKECTBO, IIPECTaBIISIIOIIEe CO00I OOIIYI0 YacTh MHOKECTB:
X=3u -5<x<3,2:

a) (- 5;3);0) (-5; 3,2); B) (-5; 3], 1) [3; 3,2).

KoHnTpoJibHbIE BOPOCHI:
1) Ha3oBuTEe OCHOBHBIC YHCIIOBBIE MHOYKECTBA;
2) Uto Ha3bIBaeTCsS 00bEMHEHHEM MHOXKECTB?

3) Uto Ha3bIBaeTCS MepecedeHueM MHOKECTB?

IMPAKTUYECKAS PABOTA Ne 4

Ha3zBanue npakTuueckoii padborbi: Botuucnenue npeoenos. Packpvimue neonpeoenénnocmu.
Butuucnenue oonocmoponnux npeoenoe.

Hean padoTbI:HAYYUTHCSA BIYUCISATH IPEIETbL.

3HAHMSL!

OCHOBHBIC TIOHSTHUS W METOJbI OCHOB JIMHEHHOW anreOphl, AUCKPETHOM MAaTeMaTHKH,
MaTeMaTUYeCKOro aHajin3a, TEOPUM BEPOSITHOCTEM M MaTeMaTUYeCKOW CTAaTUCTUKH, OCHOBHBIC
YUCJICHHBIE METO/bI PEIICHUS TPUKIAJAHBIX 3324
YMEHHUSA:

IMPUMCHATHE MaTEMATHYCCKUEC METO/AbI IJId PECIICHHA HpOCbeCCI/IOHaJ'H)HI)IX 3aga4
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Teopernyeckuii MaTepuas:
Onpenenenue (HaxoXxaeHUE Tpeaena QyHKIUN Ha OECKOHEYHOCTH).
Yucno A naseiBaercs npezaenoM Gpyukuun f(X) npu X — | ecam m1s m0060ii 6eCKOHEYHO GOJIBIION
MOCIIE0BATEIHLHOCTH apTyMEHTOB (QYHKIHH (OECKOHEUHO OOJIBIION MOJIOKUTETHHON WIIH
OTpHUIATENIbHOM ), TOCTIEI0BATEIbHOCTh 3HAUEHUN 3TON (YHKIIMH CXOIUTCS K A.

O6Go3znauaercs lim f(x) = A.
X—00

3ameuanue.
Ipenen pyukuuu f(X) mpu X — % Geckoneuen, eciu yis 000N GECKOHEYHO OOIBILION
MOCJIE0BATEIHHOCTH apTyMEHTOB (PYHKIIMH (OECKOHEUHO OOJIbIION MOJIOKUTEIHHON WIIH

OTPHUIATEIILHOM ), TIOCIIEIOBATEIIBHOCTh 3HAYCHUN ATON (DYHKITUU SBISICTCS OECKOHEUHO OOJBIION

lim f(x)=w®
MOJIOKUTETILHON MIIH OECKOHEYHO OOJBIION oTpHuIaTenbHOi. O003HaUaeTCs *—*= .
OcHOBHBIE HeoNpeAeJeHHOCTH NPeiesiOB M X PACKPbITHE.

o 0
OCHOBHBIC BUIbI HEOIIPEACJICHHOCTEHU: HOJIb JACIIUTL HAa HOJIb (6) . OECKOHEYHOCTh JCIINTDH

Ha 6CCKOH€‘{HOCTI>(§), HOJIb YMHOKHTH Ha 6eckoHeYHOCTH (0 * ©0), 6ECKOHEYHOCTh MHHYC
OecKOHEUHOCTD (00 — 00), eIMHMIIA B CTEIICHH OECKOHEYHOCTh 1%, HOMIb B cTerneHn Hoib 0°,
OECKOHEUYHOCTh B CTENEHH HOJb 000,
PackpbiBaTh HeolpeaeJJeHHOCTH IT03BOJISICT:
ynpolneHre Buja GyHkuuu (mpeodpazoBaHue BhIPaXKEHUS C UCIOIb30BaHUEM (OPMYIT
COKPAIIEHHOTO YMHOXEHUSI, TPUTOHOMETPUUECKHUX (DOPMYJI, JOMHOKEHUEM Ha COTPSHKCHHBIC

BBIPpAXKCHUA C TOCIICAYIOIIHUM COKPAIICHUEM U T.H.);

HCIIOJIb30BAHUC 3aMCHUATCIIbHBIX TPCACIIOB;

npuMeHeHune npasuia Jlonurans;

HCIOJIL30BaHUE 3aMEHBLI OSCKOHEYHO MaJIOTo BBIPAXXCHUA CMY 3KBI/IBaJIeHTHI)IM(I/ICHOJ'IBSOBaHI/Ie

TaOIUITBI SKBUBAJIEHTHBIX O€CKOHEYHO MAJIbIX ).
CrpynnupyemM  HEOINpeAeNeHHOCTH B Ta0jauuy  HeompeaedeHHocteii. Kaxaomy  Bugy
HEOTPECICHHOCTH MTOCTABUM B COOTBETCTBUE METOJ] €€ PACKPBITHUS (METO HAXOXKICHHS TPEIeTia).

Tabmuma 1 - MeToasl Hax0XACHHS Tpeiena

Buast MeToabl HaXOXIeHUs Mpeesia
HEOMPEIeTEHHOCTEN
0 Heobxonumo mpeoOpa3oBaTh U yIPOCTUTH BhIpakeHue. Eciu ecTh
(0) BBIPKEHHE BUAA ELLUCE D TO MPUMEHSIETCS TIEPBBIN
kx sin(kx)’
3amMeyvarTesbHbIU Mpeel.

17



http://www.cleverstudents.ru/limits/LHospitals_rule.html
http://www.cleverstudents.ru/limits/equivalent_infinitesimals.html

(f) Heo6xoanmo npeobpa3oBarh U yIpOCTUTh BeIpaxeHue. Eciu He
0 MOMOTaeT, TO CIO0JIb30BaTh IpaBwiio Jlonurass.
. — .. 0 00
(0 - 00),(00 — o0) Heobxonumo nmpeoOpa3oBaTh HEONPEASIEHHOCTh K BUIY (6) WIN (;), 3a
TEeM IPUMEHUTH IpaBuiio Jlonurans
1%, [IpumeHsieM BTOpOI 3aMedaTelIbHbIN Tpeaet
Ilpumepl:

x*+2x-3

x—=1 3yt —
Berumcute mpegen 3x"—5x+2

Pewenue.

IToxcrasisieMm 3Hauenue:lim = (-
X1 3x2-5x+2  312-51+2 0

[Tpumum x HeonpeneneHHOCTH. CMOTPUM B TaOJIMIly HEOIPEAEIEHHOCTEH I BEIOOpa MeToa
peleHust ¥ npoOyeM yIpOoCTUTh BbIpakeHue. Tak Kak U YUCIUTENb U 3HaMeHaTes b 00pallatoTcs B

HOJIb TIPU X=1, TO €CJIM Pa3JIOKUTh HA MHOKUTEIIU ATH BBIPAKEHHUS, MOKHO Oy/Ie€T COKPATUTh (X-
1) u HeonpeaeICHHOCTh UCYE3HET.

x?+2x-3 _ 1242:1-3 (o)

Paznoxum 4ucnuTeab Ha MHOXKHUTEIIHN:

X' +2x-3=0
D=2"—-4.1-(-3)=16=

—2-.16

y=_2"Y%_ 3
2
_¥J=_2+—;IIE=1:,

x*4+2x-3=(x+3)x-1)

PaznoxuM 3HaMeHaTenb Ha MHOXKUTEIIN:

3x* —5x+2=0
D=(-5f-4-3-2=1=

5(2

_‘{_’1 =
2.3 3
X, = S+ ﬂﬁ =1=

3x?—5x+2= 3[3:—%}[3: ~1)

Ham npeacii NpuMeT BU:

(-De-v -5 303
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[Tocne npeoOpa3oBaHysl HEONPENEIEHHOCTh PACKPHLIACK.
¥
x°+2x-3
=4

- T -
Omeem: * 3x" = 5x+2

Paccmotpum npenennbl Ha OECKOHEUHOCTH OT CTENIEHHBIX BhIpakeHUW. Eciu mokazaTtenu
CTETIEHHOT'O BBIPAXKEHHUSI ITOJIOKHUTENBHBI, TO Mpe/ied Ha OeckoHeuyHoCcTH OeckoHneueH. [Ipuyem
OCHOBHOE 3HAUEHUE MMEET HAauOOJIbIIIas CTENICHb, OCTAILHBIE MOKHO OTOPACHIBATH.

Ilpumep?2:.

L ox +2x" —4
]Hn _'—j
Boeraucnuts npenen o 3x +12

Pewenue.

T -
. x'+2x‘—4_ o0

x=o 3x +12 =

CreneHb YHCIUTENA paBHa CEMH, TO €CTb m=7. CTeneHp 3HaMeHATENS TAKKE paBHa CEMU n=7.

-
I

Pa3euM ¥ YMCIUTEh U 3HAMEHATEb Ha -+
; s x7+2x5-4 2 4 2 4
i ¥ +2x° -4 i It+5-%5 1+5-= 1+0-0 1
m-——————=1llm————= llm = = —
x—oo  3x7 + 12 x—>oo 3x7+12 x>0 34 12 3+ 12 3+0 3
.X'7 x7 oo?
T =
Cox +2x -4 1
m >~ = "=
Omeem-*== 3% +12 3
o o . sinx
IlepBb1ii 3aMevyaTeIbHbIH MPeaesT UMEET BUL: hrré — = 1
X—

Ha MPAKTUKEC YalllC BCTPCUAOTCA MO)_]I/I(l)I/IKaIII/II/I nepBoro 3aMedaTeJaIbHOIr 0 Hpe).]e.]]a B BUJIC:
sin(kx)

lim——— =

x—0 kx

rae, K — koaddurnment.

CnencrBusa NMEPBOro 3aMeUYaTEJILHOI0O nmpeaejaa:;

. X . 1 1
1. lim—=limgpgzr=-=1
x—0 SInx x—>0 2—= 1
. 1 1
2. - = llmm =-=1
x—0 Sin kx x—0 —= 1
kx
Ilpumep 3:
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: sin(Sx}

o x—=0 7
Haittu npegen: =%

Pentenue:

IloxcraBisieM 3HaUeHUE:

fim sin(3x ) _J0

=0 2y )]

HpI/IH_UII/I K HCONIPCACIICHHOCTU HOJIb ACJIUTH HA HOJIb. CMOTpI/IM B Ta6JII/Igy

HEONPEJICIIEHHOCTEH TS ONpeIeTICHUs MeToIa perieHus. KoMOuHaIMs CHHYyca U ero apryMeHTa
M0JICKa3bIBACT HaM O MPUMEHEHUH MIEPBOT0 3aMeUYaTeIbHOTO TIPEJIelia, HO IS TOr0 CHavalia
HY»XHO HEMHOTO IIpeo0pa3oBath BhipakeHHe. JJOMHOXKHMM Ha 3X M YUCIIUTEIb U 3HAMEHATEITh
Ipoou.

3 sin(3x)
3x-(2x)  xo0\ 3x  2x) #0\2  3x

lim =

sin(3x) (0) _ 3xsin(3x) . (sin(3x) 3x
x>0 2X B

0

sin{3x )}
=1
x—0
B cuily CII€ICTBHS M3 IEPBOrO 3aMEYaTeILHOrO Mpe/ena 3x ) , TIO9TOMY HPHXOJHUM K
pe3ynbTary:
. (3 sin(3x)
fim| 3. 5057))

3,3
=02 3x ) 2 2

. .« . 1\*
Bropoii 3ameuaTenbHbII Mpeaea umeeT BUI: lim (1 + ;) =e

X—>00
WU B JIPYTOi 3amicu lirré(l +x)V*=e
X—

B ciydyae BTOporo 3ameuaTesbHOTO Ipejiea HMeeM JeI0 C HEONpeAeIeHHOCThIO BU/Ia IUHUIIA B
crenenu 6eckoHeyHocTh(1%) .

Ilpumep 4:

o
—_—
.

fim| 1-—=— |
el x? +1)
Beruucnuts npeaen

[ToxcraBnsiem 0€CKOHEYHOCTH:

x241 00241

l- 2 4 2 4 [ele) [e'e)
(=) =(-me) | ma-om=a

HpI/IH_UII/I K HCONIPCACICHHOCTU CAUHNIA B CTCTICHU OCCKOHEYHOCTb. CMOTpI/IM B Ta6JII/Igy
HEOIIPEACTACHHOCTEH I OmmpeACIICHUA METOJa PCIICHUA U OCTAHABJIMBACMCA Ha MPUMCHCHUN
BTOPOTI'O 3aMCUATCIILHOT'O IIpcJiciia.

x2+1  x%+1 t
Cnenaem 3ameny nepeMeHHbIX. [lycTet = — — 2 =3

Eciu X —29C o [ ==
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Hcxonuelii peaen nociie 3aMeHbl MPUMET BU/T:

¥+l 1 !

-t Y 1
]im[l— ,2 } ) ={1°°}=]im(1+l} } =]jm[[1+1J J =g
2@ ¥ +1 t—m i == i

IIpumep S:

X
. ( X— 1)
Berunciuts npenen = X+
Pewenue:

HOI[CT&BJ'ISICM 0ECKOHEYHOCTD:
X

-1
inf 351 =il | =(555) =)
I— _1_'—'— X— 1+_ —|—
X

[Tpunum K HEONpeAETCHHOCTH EIMHUIIA B CTETIEHU 0ECKOHEYHOCTh, KOTOPask yKa3bIBaeT Ha
INPUMEHEHHE BTOPOT0 3aMeyaTeIbHOrO Tpeiena. Beiienum nemnyro 4acTb B OCHOBaHUH
MOKa3aTeIbHO CTEIIEHHON (PYHKITUH:

x=1 x+1-2 x+1 2 2

x+1  x+1  x+1 x+1  x+1
Torpa npenen 3anumercs B BUAE:
]]lltl[x_l} =<1°°>=]im[l——2 }

x—el y +1 X x+1

CnenaeM 3aMeHy nepemeHHsbIX. [IycTs

r=—%:>23=—x—1:‘=x=—zt—l

Ecmu I—}DG,TO I

Hcxonuelii mpenen nociie 3aMeHbl MPUMET BU/T:

I (x_l)x—(1°°)—1' (1 2)
mwe\x+1) = ey 2t1x+1

1 1 —Zt 1 —1

=lim<1+—) =lim<<1+—> -<1+—> )

X—00 t t—oo t t

-2t

= lim (1 + —)

t—oo t

131 1\ ¢ =2 1y L
-lim(1+—) =lim<(1+—>> -(1+—) =e?-(14+0)1=¢e2
t—oo t t—oo t [o'e}
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B npeobpazoBaHusx ObLIM UCIIOIB30BaHbI CBOMCTBA CTETICHH M CBOWCTBA MPE/IEIOB

3ananue: Boruncants npeaes pyHkumii:

Bapuanr 1.

1 . x3+1

x—>—1x%2-1

2 i x%-2x-3
" x—>-3 x2-9

3. lim e
’ X—00 x2—1
. 1-V/x+1
4. lim
| x—0 X
. 3
5. lim(1+2)
X—00 X
. 55
lirn ———
¥—=0 a X
s ¢ —
6. 2
Bapuant 2
2
—-25
1. lim Z
x—-—1 X+5
y) i 2x+x?
T x5-1x245x+6
3 . x%2-25
' x-—-1 x2-8
x—2
4, lim ——
x——1Vx+2-2
. 1
5. lim (1 +-5)%*
X—00 X
. SN 2x
litmn
6. =0 BX
Bapuant 3
3
. x>=27
1. lim
x—-3 Xx—3
2 4x3-11x-3
" x53 3x2-8x-3
3 1+2x+x3
' X—00 10x3+4x2-80
6—x
4, lim———
x—6 3—Vx+3
. 2
5 lim(1+-—)*
X—00 3x
sin 2x

lim

6. Ysn3x
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KonTposabHbie BONpochkI:
1) Yro Ha3bIBaeTCs MpeaesioM QYHKIHHA?
2) Kakas CBsI3b CYIIECTBYET MEXKAY OECKOHEYHO MaJloi U OECKOHEYHO OOJIBIION QYHKITUCH?

3) HazoBuTe BHIBI HEOIIPEACTICHHOCTEH.

INPAKTUYECKAS PABOTA Ne 5

Ha3Banue npakTuyeckoii padoTbl: Boiuucnenue npou3eooHvIX 11eMEHMAPHLIX U CIOHCHBIX
dyukuuil.

Heap padoTbl: HAyuuTbCS  HAXOOUTh  MPOU3ZBOJAHBIE  (YHKIUI nmo ¢dopmymnam
muddepeHIpoBaHus.

3HAHUS:

OCHOBHBIC TOHSTHSI W METOJBl OCHOB JIMHCHHOW anreOphl, MUCKPETHOW MaTeMAaTHKH,
MaTEeMaTHYECKOTO aHaliu3a, TEOPHH BEPOSTHOCTEH M MAaTeMaTHYeCKOW CTATUCTUKHA, OCHOBHBIC
YHCIIEHHBIE METO/IbI PEIICHUS MTPUKIAIHBIX 3324
YMEeHHusi:

MNPUMCHATH MATEMATUYCCKHUEC MCTO/IbI U PCIICHUA HpO(i)GCCI/IOHaJIBHI)IX 3aga4

Teopernyecknii marepuall

IyTs X — apryment dynkmun f(X) u AX - manoe ymcio, oTmHuHOE OT HYIIS.

AX (untaercs «menbTa HKCY») HA3bIBAIOT MpUpalleHneM aprymenta pynkuun. Ha pucynke mo

ocu aCIuce MOKa3aHo H3MEHEHHe apryMeHTa OT 3HAueHHs X JI0 3HayeHus ~ & Ax (oTcrona BuaHA
CYTh Ha3BaHHUs «IPUPAILEHUE)» APTYMEHTA).

X, . Xyt AX
IIpu nepexoze oT 3HaUYeHUs aprymenra = v k

f(x) o S+ Ax)

COOTBCTCTBCHHO OT pi |

3HA4YCHUA q)YHKI_II/II/I HU3MCHAIOTCA

NPH YCIIOBMH MOHOTOHHOCTH (DYHKITHH Ha OTPE3KE
[x0; X0 +A x] . Paznoctbf (xg +A x) — f(xy) =A f(x) Ha3bIBaOT MpHpAIIEHAEM

¢pynkuuu f(X), COOTBETCTBYIOIIEM TaHHOMY MPHUPAILICHUIO apryMeHTa. Ha pucynke npuparieHue
(bYHKIIMH TTOKa3aHO 110 OCH OpJIMHAT.
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Omnpenesienne npousBoHONH QyHKIMHU B TOUKE.

X, +Ax
[Tycts ¢pynkus f(X) onpenencua va mpomexxytke (a; b), To i *o - TOYKH 3TOTO
npomexytka. [lpousBoanoii pynkuun f(X) B Touke *0 naspiBaercs Tpeie OTHOIICHUS

IIpUpaIICHUA (byHKLII/II/I K IIPpUPAINECHUIO apryMEHTAIIpH Ax —0 . O6o3Hayaercs f / (xo) =
lim A1)
Ax—0 Ax

IpaBuaa nudpdepenuupoBanus. [IpounsBoanbie 3jeMeHTaAPHBIX QYyHKIHI

1.(c) =0 11.(2*) =a*Ina
2. (x) =1 12.(sinx)’ = cos x
3. (u+v) =u’ +V/ 13.(cosx)' =—sinx
a.(uv) =u'v+v'u ¢
14.(tg¥) = cos® X
/ / / —
u) u'v+viu (ctax) =
5-(;) = 1. (etox) =
6.(cu)’ =uc’ 16. (arcsinx)’ :—1—fx2
7. (x") =nx 17.(arccosx)' -1
1—x?
1
(Inx) == (arctgx)’ =
8.(Inx) » 18. (arctgx) T
1 —
(logx) ==1 (arctgx)’ =
9. (logx) ~loge 19. (arctgx) T

10.e* ) =e*




HajiTu npou3BoaHbIe CJaexyOMUX QYHKIIHI:

Ipumep 1

y=x2-4x+3.

Pemenue:

y'=(x*4x+3) /= (x? - (4x) + 3.

o dopmynam 1,2, 3,6 u 7 Tabmume! 2.1, momyuum y' = 2x-4.

Ipumep 2
NSRS

Jx  x? 3x°
Pemenue:

BBos 1poOHBIE M OTPUIATENIbHBIE TIOKa3aTelH, IpeoOpasyeM JaHHYI0 ()YHKIHIO:
1 -1
y=x%+5x3 —x?+=x7" .

[Tpumensist popmynsl (6 1 7), HOTYyIUM:

1 1 1 4
y' zlx?l + 5(— ljx_?’_l —(=2x "+ Q}i{*l :115(7E —§X_5 +2x° —x"*
2 3 3 2 3

1 5 2 1
Y T ok Rxt x* x*

Ilpumep 3

, Jx
§ (X) = 1. \/; . Beramcauts § /(1).

Pemenne:

ITo popmynam (5 u 7) nomydnum:

1 Yx 1 1
§'<x):(&)'(1+&)—(1+&)’-&:z&(“ﬂ 2k _2x 2 2.

L+ Vx) L+ Vx) L+vx)
() 1 .
J (X)_2&(1+&)2’
N
J (X)_zﬁ(1+ﬁ)2_2°22

1
8
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IIpumep 4

o)

Pemienue:

PaCKpBIBaeM CKOOKH U IMPOU3BOAUM JCIICHUC!:

L Vx) _142Vx+x 1 2
X

—+—+1.
X X J;

Hcnonb3yeM ApoOHBIE M OTpUIATENBHBIC MMOKA3aTeNH, MPUBOAS JaHHOE BhIpaxeHne K BUAY (7)

Tadyune! 2.1:

1

y=x'+2x 2 +1 .

Haxoaum Ipou3BoHyo y :

N2 11
= x?+2 S x2=-"—
! (zj Xy

IIpumep 5
Haiiti nmpou3BoaHyto 2-ro nopsaka ot pyHKuuu y=x-sinx .
Pemenne:

Hcnone3ys dopmynsl 4,2 u 12 tabnue 2.1, noxydum:

y' =(x) sinx +x(sinx)' =sinx+Xcosx .

Jlnddepennupys npou3BoaHyI0 y |, mMeem:
y" =(sinx)" +(x) cosx+x(cosx) =cosx +CosX —Xsinx =

=2C0SX — XSinX.

IIpumep 6

ZLBI/I)KCHI/IC JICTYHKA IIPU KATAlTYJIbTUPOBAHUU U3 PCAKTUBHOI'O CAMOJICTA

MO>KHO IPUOIM3UTENBHO ONUCcaTh GOpMYJIIOi S= 3,7t3 +Int-19t (M). OnpenienuTh CKOPOCTh U

YCKOpEHHE JIETUMKa uyepe3 2 ¢ Mocie KaTanyIbTUPOBaHUS.
Pemenne:
ITo popmynam 3, 6,7 u 8 Tabnuuel 2.1:

v=$,v=(3,73 +Int—-19t)" ,

Torma v=3,7+3t? +% -19=259wm/c; a= (:i_\t/ ra=111t% + % -19;
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1(m 1
j— — — | — " — . —_—— = M .
a=222t - ( ) a_, =222-2 2 4415 42

4. IlpousBoaHast C10xkKHON PyHKIUMN
Ecmm y = § (u), e u = (x), T.€. €CIIH y 3aBUCHT OT X Yepe3 IIPOMEKYTOUHBIH apryMeHT
U, TO y Ha3bIBAaeTCs CIOKHOU (DYHKIUEH OT X.

[IpousBogHas ciokHOM (YHKIMHM paBHA TPOU3BEIACHUIO €€ TMPOU3BOAHOM IO

IIPOMEKYTOUHOMY apryMEHTY Ha IIPOM3BOJHYIO 3TOIO ApryMEHTa II0 HE3aBUCHUMOM IEPEMEHHOM:

y'=§'(u)-u'(x)
HekoTophie (hopMyJbl TaGITHILb! TPOU3BOHBIX Terieph GyJyT HMETD BHIL
(u") =nu"*-u’
(sinu) =cosu-u’
(cosu) =-sinu-u’
T

5. HaiiTu npon3BoHbIe CJeAYHIINX QyHKIMIA:
Ipumep 1.

y = (1+5x)".
Pemenmue:

[onaras 1+5x = U n y = U3, npumensis npauio qudepeHpoBanys CI0KHON (HYHKINH, UIMEEM:
2

y =3u’(1+5x) =3(1+5x)" -5=15(1+5x)

IIpumep 2

y =sin3x.
Pemtenue:

[Tonarast 3x= U, HaiineM, UCIOJIB3YsI COOTBETCTBYIOLIUE (POPMYJIBI:
. T

y' =(sinx®) =(sinu) =cosu-u’ =cos3x® -3

y’ =3cos3x.

Ilpumep 3
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y =sinx®.
Penrenue:

Mosnaras x3= U, HaMaeM:

y' =(sinx®) =(sinu) =cosx-u’ =3x* cos x’.

Ilpumep 4

B kakoif MOMEHT BpeMEHH CKOPOCTh TeJjIa, ABUKYILETrocs 10 3akony S = 3t? — 15t + 2, pasua 0?

Haiitu yckopenue tena.

Pemienue:

—

- N dS

CKOpOCTI) T€JIa V - 3TO IEpBas MPOU3BOAHAs OT IEPEMEIICHUA S 10 BpCMCHU: V= E; 3aKOHY
2 /
v=(3t? —15t + 2) =16t —15.

Ecimm v=0, To 0=16t-15 => t = % =2,5(¢c)

- - N d\?

Vckopenne @ — 3TO 1nepBasd INPOU3BOJAHAA OT CKOpocTH \/ 10 BpeMEHH: aA=—— ;

dt
a=(6t-15) =6(/. |

Ipumep S

Touka coBepuiaerT KojieOarelbHble JBWKEHHSA 10 OcH abcimce mo 3akony X =COS®U. Haiitu
MOMEHT BpPEMEHH, KOTJja CKOPOCTh PaBHA HY0. YeMy B 3TO BpeMs paBHO X?

Pemenne:

dx )
V=E:—msmmt : 0=mwsinwt;

KT 0K
Kkn=ot=t—: X=cos——==1 .
0 0

3aganue: Haligure npon3BoaHyo pyHKIM NPH JAHHOM 3HAYCHUH APryMEHTA
Bapmuanr 1

1. f(x)=x3-3x2+4x-75; f'(2)

2. f)=(x—DVx+1; f'(3)

3. f@) =17
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4. f(t) =t?+e?%; f'(0)

f) == f'(V3)

f(x) =2x3—4x?>—-5x+3; f'(2)
) =@-DVx+ 1 £'(3)
f(2) == '

9. f(t)=3t>—e3+1; f'(2)

10. f(x) =125 f/(V3)

o

N o

oo

Bapmuanr 2
L f@)=4x +10—Z+7=—2 (1)
2. f(x)=(x+DVx2=1; f'(2)
3 f@ =2 f'(3)
f(x) = 3Ve®3; £'(0)
0 =1-%% F@
f(x) =sin?x; f'(n/4)
F(x) =Incosx; F'(—m/3)
f() =sint —cos?t; £'(0)
f(2) = tgz; f'(n/4)
10.  f(x) = eS™¥; £'(0)
Bapuant 3
f(x) =cos?x; f'(—m/4)
f(z) =lIlnsinz; f'(m/6)
F(x) = cosx + sin?x; F'(0)
fx) =Inctgx; f'(-m/4)
f) = e, f'(m/4)
f(z) =Insin?4z; f'(n/16)
f(x) = cos?x%; f'(m/4)
f(x) = 2sin®?xcosx; f'(m/2)
0(x) = esin2x _ 30082, £1(0)
10. F(y) = tg*3y; F'(0)

KoHnTpoJsbHbIe BONIPOCHI:

© o N o g &

© o N o g~ w NP

1) 3anumuTe onpeneseHne MPOU3BOIHON



2) Yem oTnm4vaeTcs MPOM3BOJHAS CIOXKHOM (PYHKIIMH OT TPOU3BOAHOU dJIEMEHTApPHOU

byHKIIUN?

IHPAKTHYECKAS PABOTA Ne6

Ha3zBanue npakTuueckoii padoroi: Hccnedoeanue pynkyuu ¢ nomouybto npou3800Hoil

eab padoTbi: HaydyuThcst HAXOAUTH C TOMOIIBIO MIEPBOIM TPOU3BOIHON TOUKH IKCTPEMYMaA

Y MHTEpBaJbl BO3pacTaHus U yObIBaHUS (PYHKIIMU; C TOMOIIbIO BTOPOM MIPOU3BOIHOM TOUKH

nepern0a U HHTEPBAJIBI BBITYKIOCTH U BOTHYTOCTH (PYHKIIMH; C TOMOIIBIO TIPEIEIIOB

BBIUUCIISATH ACHMITOTHI TpaduKa GYHKIUN; CTPOUTH IpaUK MO MOJTHOMY HUCCIICIOBAHUIO

byHKIHHA

3HAHUSA:
OCHOBHBIC TOHATUS W METOJBl OCHOB JIMHEHHOH anreOpbl, AMCKPETHOH MaTeMaTHKH,
MaTEeMaTUYeCKOr0 aHajlu3a, TEOPUM BEPOSTHOCTEH M MaTeMaTH4YEeCKOHW CTaTUCTUKH,
OCHOBHBIE YHCIIEHHBIE METO/IbI PEIICHUS MPUKJIAIHBIX 3324

YMEHHUsI:

MNPUMCHATH MATEMATUYCCKUEC MCTO/AbI U PCIICHUA HpO(i)GCCI/IOHaJIBHI)IX 3aga4

Teoperuyeckunii marepuas:
IHonHoe uccinenoBanre GyHKIUUM U NOCTPOEHUE IpaduKa.

Crour 3ajlava: IMPOBCCTU ITOJIHOC UCCIICIOBAHUC (bYHKI_II/II/I " IIOCTPOUTH €€

thj:_;;__
rpadux -1

AAroput™ uccienoBaHus PYHKIIMUA COCTOUT U3 CIEAYIOIIUX 1IaroB.

1. Haxoxnenue o6;1acTu onpenejeHusi GyHKUMH.
OT0 OYeHb BaXKHBIN 1IAT UCCIe0BaHMs (PYHKIIMH, TaK KaK BCe JaNbHEUINE NeHCTBUS OYAyT
MIPOBOAMTHCS Ha 00JIaCTU ONPEEIICHNUS.
B nammem npumepe HY>KHO HalTH HYJIM 3HAMEHATEeNsl U UCKITFOYUTh UX U3 00JIacTH
I[eﬁCTBHTeHBHLIX YHUCCII.

4x* -1=0
1
X=I—=
2
/ 1 11y (1
XS| —#—— || ——.— u‘—l—fﬁ:
i 272) 127 )

|
- A - ALY A

(B npyrux npumepax MOryT ObITh KOPHH, JIoTapuMbl U T.1. HanmoMHUM, YTO B ATHX CIIydasx
00J1aCTh ONpeIeNIeHHs] UIIETCS CIEAYIOIINUM 00pa3oM:
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4

. gix
JUTs1 KOPHSL Y€THOM CTETIeHH, Harpumep, ¥ < - 00J1aCTh OIPEICTICHUS HaXOIUTCS W3
glfx =0
HEepaBeHCTBa < ;
g, g(x) g(x)> 0
JUTst Torapudma - 00J1aCTh OIpe/IeTICHUS] HAXOIUTCS U3 HEpaBeHCTBA =+ ).

2. HMccaenoBanne GyHKIHMH HA Y€THOCTh HJIM HEYETHOCTD.
. vi—x)= px)
DyHKIMA ABIAETCA YeTHOM, ecii © © 7/ </  UeTHOCTh QyHKIMHU yKa3bIBAaET HA
CHUMMETPHIO rpa)Ka OTHOCHTEILHO OCH OpIMHAT.

y y-x)=—plx)
OyHKIWS SIBISCTCS HEYeTHOM, ecii ~ = ° " . HedetHOCTh (DyHKIIMU yKa3bIBACT Ha
CUMMETPHIO Ipa¥Ka OTHOCHTENILHO Hauasaa KOOPIHHAT.

ECJII/I K€ HU OIHO U3 paBeHCTB HC BBIIIOJIHACTCA, TO Hepel[ HaMH (I)YHKHI/ISI 06H_ICFO BHJIA.

vi—x)=yx)
B Hallem nprMepe BBIOJNHSSTCS PABEHCTBO * ©  ©  * * | CIIeHOBATe/IbHO, Hallla (YHKIHS
yeTHas. ByJeM yduThIBaTh 3TO MPH MOCTPOSHUH TpaduKa - OH OyIeT CHMMETPUYCH

OTHOCHUTECJIBHO OCH 0Y.

3. HaxoskneHne NpoMe:KyTKOB BO3pacTaHusi U yObIBaHUSI (PYHKIMH, TOYEK IKCTPeMyMa.

¥

[TpomexyTku Bo3pacTaHusl U YObIBAaHUS SIBJISIIOTCS PELICHUSIMU HEPABEHCTB f h] =0
L

u / If:: )=0 COOTBETCTBEHHO.

Touku, B KOTOPBIX IPOM3BOJIHAS 0OpaIlaeTCs B HOJIb, HA3bIBAIOT CTALMOHAPHBIMH.

Kpurnyeckumu Toukamu (pyHKIMH Ha3bIBalOT BHYTPEHHUE TOUKU 00JaCTH ONPE/IENICHNUs, B

KOTOPBIX IPOM3BOIHAs (DYHKIIMH PaBHA HYJIIO MJIM HE CYIIECTBYET.

3AMEYAHMUE (BkiroyaTh Jid KPUTHUECKHUE TOUKU B IPOMEKYTKH BO3PACTaHMSI U YObIBaHU).
1. TlonararoT, YTO MPOMEXKYTKH BO3PACTAHUS U YObIBAaHUS SBISIOTCS PELICHUSIMU

HEPABEHCTB f If‘.c]} 0 " f ':'f]} 0
IIPOMEIKYTKH.

2. TlonararoT, YTO TOYKH, B KOTOPBIX (DYHKIIHS OTNpeJieNieHa, a KOHEYHOM MPOU3BOJHOM He
HUMEET, HY>)KHO BKJIIOYaTh B IPOMEKYTKHU BO3pACTaHUs U yObIBaHUS (HapUMep,

-

. Batom CJIydac KpUTHYCCKUC TOUKU HC BKIIFOYAIOTC B

— X o
q)yHKHI/IH ol B TOUKEC .x:O OHpe,Z[eJIeHa, a HpOI/I3BOI[Ha${ B 3TOU TOYKCEC
1 v 1
.}IF: E _}"I'[G__]=E=:’:
R |
66CKOHe‘IHa 3 X y XZO CHeI[yeT BKJIFOUHUTH B HpOMe)KyTOK

BO3pacTaHus (PyHKIUN).
Mgl OyzieM BKJIIOYATh KPUTHUYECKHUE TOUKH B TPOMEKYTKH BO3pAacTaHMsI U yObIBaHUS, €CIIH OHU
INPUHAAJIEKAT 00JIACTH ONPENENEeHUs (PYHKIUU.
Taxum 06pa3oM, 4TOObI ONPeeIMTh MPOMEKYTKH BO3PACTAHUS U YObIBAHUSA (PYHKIMHU
® BO-IIEPBBIX, HAXOUM IPOU3BOAHYIO;
® BO-BTOPBIX, HAXOAUM KPUTUYECKUE TOUKHU;
® B-TpPEeThHX, pa30uBaeM 00JIaCTh ONpPEIETCHHSI KPUTHUECKUMH TOUKAMU Ha HHTEPBAJIbI,
® B-UETBEPTHIX, ONPEACIAEM 3HAK IPOU3BOIHON HA KaXKJAOM U3 IPOMEKYTKOB. 3HAK
«TUTIOC» Oy/IeT COOTBETCTBOBAThH MPOMEXKYTKY BO3pPACTAHUS, 3HAK «MUHYC) -
MIPOMEXKYTKY yOBIBaHHUS.
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Haxoaum npousBogHyro Ha oOJactu onpeaeIeHus
N £ ET o | BT P | I, o
.f | X | = = S - _L '."l‘ = - —
- 4x* —1T |4x" -1

Haxoaum kpuTHyeckue TOUKHU, 1151 TOTO:
3. Haxomum crarmoHapHbie TOYKH (OHU K€ HYJIM YHCIUTEINS): B HAIIIEM [IpUMeEpe x=0 ;
==
4. Haxoawm HyJIM 3HaAMEHATEJIS:
HanocuM 3Tu TOUKH Ha YHCIIOBYIO OCh U OIIPEACIISIEM 3HAK MPOU3BOJHON BHYTPHU KaXXJI0T0
MOJIYYCHHOTO TIPOMEeXyTKa. Kak BapraHT, MOYKHO B3STh JIFOOYIO TOUKY M3 MMPOMEXKYTKA U
BBIYMCIIMTH 3HAYEHHUE POU3BOJHOM B 3TOM TOUKE. Eciii 3HaueHne MOJI0KUTEIBHOE, TO CTABUM
TUTFOCHK HaJ 3TUM MPOMEKYTKOM U MEPEXOJUM K CIECIYIOIIEMY, €CITU OTPULIATEIBLHOE, TO

b |

P - 211} P
Jl-lm———r =250
|4 —1F =1 °®
cTaBuM MHUHYC U T.71. K mpumepy, C : , CJIeIOBATENIbHO, HAJl
MIEPBBIM CJIEBa MHTEPBAJIIOM CTaBUM ILITIOC.
+ + - -
C) © @ > X
1 1
/ - / 0 \ : \
1. Jlemaem BBIBOI;
1 1
—o0— —\I ——;0
4 _,.J 1 2 4

e (yHKIMS BO3pacTaeT Ha MPOMEKYTKE
0; l\}. 1 :v::w
2) 2
e (yHKIMS yObIBaeT Ha IPOMEXYTKE U Ha IPOMEKYTKE = /.
CxeMaTu4Ho IIrocaMy / MUHYCaMU OTMEUEHbI IPOMEXKYTKH T'/ie POU3BOIHAS MTOJIOKUTENbHA /
oTpuuarensHa. Bozpacratomiye / yobIBaronye CTPEIOYKH TOKa3bIBAIOT HAIIPABICHUE
BO3pacTaHus / yObIBaHUS.
Touxamu sxcmpemyma @pyHKyuy SIBIASIOTCA TOUYKU, B KOTOPBIX (PYHKIIMS ONpEaeIeHa U MPOXOAs
qyepe3 KOTOpbIE TPOU3BOIHAS MEHSET 3HAK.
B Hamewm npumepe Toukoi sKCcTpeMyMa siBisieTcsd Touka x=0 . 3HaueHue (pyHKIHUU B ITON TOUKE
;
£0)= 55— =0
paBHO T . Tak kak Mpou3BOHAs MEHSET 3HAK C IUII0Ca Ha MUHYC IIPH
npoxoxaeHuu uepe3 Touky x=0 , 1o (0; 0) sBisieTcst Toukoii TokampHOro Makcumyma. (Eciu 661
IPOM3BOIHAS MEHsIAa 3HAK C MUHYCA Ha IIJIFOC, TO MBI UMENIU Obl TOUKY JIOKAJIbHOTO MUHHMYMA).

4. HaxoskaeHne NPpOMeKYTKOB BBIINYKJIOCTH H BOTHYTOCTH (DyHKIIMH U TOYeK nepernoa.
[TpomMeXyTKH BOTHYTOCTH U BBITYKJIOCTH (DYHKIIMU HAXOATCS MPU PELICHUIMHU

fﬂﬂzﬂnfﬁﬂgﬂ

HCPaBCHCTB COOTBETCTBCHHO.
HNuorna BOTHYTOCTB HA3bIBAIOT BBIITYKJIOCTHIO BHU3, @ BLIITYKIJIOCTh — BBIITYKJIOCTBIO BBEPX.

31ech TakKe CIIPaBeUIMBbI 3aMEYaHus, TOA0OHbIE 3aMEYaHUAM U3 IIYHKTA [P0 MPOMEKYTKU
BO3pacTaHus U yObIBaHUSI.
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Takum o0pa3om, 4TOOBI ONpeaeUTh NPOMEKYTKH BOTHYTOCTH M BBIMMYKJIOCTH (DYHKIMH !

BO-TIEPBBIX, HAXOJIUM BTOPYIO IIPOU3BOJIHYIO;
BO-BTOPBIX, HAXOJAUM HYJIU YUCIIMTEIS U 3HAMEHATEIIsI BTOPOM IIPOU3BOIHOM;

B-TPETHHX, pa30nBaeM 00JIaCTb ONpPEACTICHHUS MOTYYCHHBIMUA TOYKAMH HAa HHTEPBAJIbL;
B-4ETBEPTBHIX, OIIPEAEIISIEM 3HaK BTOPOM IPOU3BOIHOM HAa KAYKIOM U3 IPOMEKYTKOB. 3HAK
«IUTIOCY OY/IeT COOTBETCTBOBATH MPOMEXYTKY BOTHYTOCTH, 3HAK «MUHYC» - IPOMEKYTKY
BBIITYKJIOCTH.

Haxoaum BTOpYIO IPOU3BOIHYIO Ha 00JIaCTH OTIPEIEIICHUSI.
L}

—2x

f LTJ:‘ _|:-IT _1):

|
_ 20 (a0 -1 - 2ofla -1 ) _ 242
(45 —1) (4 1]

I[anee HUIIEM HYJIUM YUCIUTCIIA U 3HAMCHATCIIA.

x==

| =

B namem npumMepe HyJield YUCIUTEINS HET, HYJIM 3HAMEHATEIs
HanocuM 3TH TOYKHM Ha YUCIIOBYIO OCh U OIIPEAEISAEM 3HAK BTOPOM IIPOM3BOJAHON BHYTPH
KQKIOr0 MOJIy4€HHOT'O IIPOMEKYTKA.

1. Jlemaem BBIBOJ:

1 17
2°2)
e (yHKIMA BBINYKJIas HA IPOMEXKYTKE ;
1
1) L)
e (pyHKIIMS BOrHyTast Ha IPOMEKYTKE </ uHa MIPOMEXKYTKE - J

(x : (‘.c . .
Touka * %° f En Ha3bIBAETCS MOUKOU nepeauba, eClyu B JTaHHOU TOUKE CYIIECTBYET

KacaTenbHast K rpaduky pyHKIUHM U BTOpasi IPOM3BOIHAs (PYHKLIUU MEHSET 3HaK MpU

MPOXOXKIECHUH Yepe3 %o,

Jlpyrumu cioBamMu, TOYKaMH Ieperuda MOTyT SIBIATHCS TOUKH, IPOXO/Is Yepe3 KOTOphIEe BTOpast
MIPOM3BOIHAS MEHSIET 3HaK, B CAMUX TOYKaX JMOO paBHA HYIIO, TMOO0 HE CYIIECTBYET, HO 3TH
TOYKH BXOJSAT B 00JIaCTh onpeaenaeHns QyHKIHH.

B namem MMpUMEPE TOUCK Hepem6a HCT, TaK KaK BTOpPasa MPOU3BOJHAA MCHACT 3HAK IIPOXOAA
1

i=xt—
S
4yepes3 TOUYKHU < ., a OHU HE BXOIAT B 00J1aCTh OIpeaACICHU q)YHKI_[I/II/I.
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5. Haxo:xnenue TOPU30HTAJBbHBIX, BEPTUKAJBHBIX U HAKJIOHHBIX ACUMIITOT.

Topusonmanvhvle unu HaKIOHHbIE ACUMNMOMbL CIIEYeT UCKATh JIHUIIb TOT1A, KOTAA (QYHKITHS
ornperneneHa Ha 6eckoHeuHocTH. Ha rpannnax obimactu onpenesneHus pyHKIusI

UMEET 8epMUKAIbHbLE ACUMNIMOMbL, €CITA OJHOCTOPOHHHE TpeJeibl GYHKIUH B ITUX
T'paHUYHBIX TOYKAX OECKOHEYHBI.

==

b | =

B namem npumepe rpaHUYHBIMU TOYKAMU 00JIACTH ONPEACTICHUS SBISIOTCS
Hccnenyem noBepaeHne GyHKIIUU P MPUOIMKEHUN K TUM TOYKaM CJIeBa U CIIpaBa, JJisl 4ero
HalJIeM OJIHOCTOPOHHUE IIPEIEIIbI:

. x? . x? 1/4 N
im ———=lim = = 4o
xot0d4x? =1 ol o@x—-1D@x+1) (=2)(-0)
i x? . x? 1/4
im ———= lim = =—
w0 dx? =1 5l Cx=1D(C2x+1)  (=2)(+0)
. x? . x? 1/4
im ———=lim = - _
xori-0dx? =1 1ol o 2x—=1D(C2x+1)  (+2)(=0)
i x? . x? 1/4 N
im —— = lim = = +oo
xotrodx? =1 Lo x—-D@2x+1)  (+2)(+0)
X= il
Tak KaK OJHOCTOPOHHHE MPEENbl OECKOHEUHBI, TO IPAMBIE < ABISIOTCH
BCPTUKAJIbHBIMH ACUMIITOTAMU Fpa(bI/IKa.
[x]
k = lim L%
H v=ki+b ey
AKJIOHHbIE ACHMIITOTBI UIIYTCS B BUIE NPSIMBIX * , TIIe

b=1lim| flx)- x|
" oW L
Ecau k=0 u b He paBHO O€CKOHEYHOCTH, TO HAKJIIOHHAS! ACUMIITOTA CTAHET 2OPUZOHMATLHOLL.
Yro Takoe BOOOIIE 3TH ACUMITOTHI?

OTO0 Takue JUHUM, K KOTOPbIM MpuoOnxkaeTcs rpapuk GyHKIMU Ha 6eckoHeuyHOCTH. Takum
00pa3oM, OHM OYEHb IOMOTAlOT IPU NOCTPOCHUHU Tpaduka QyHKIHH.

Ecny rop30HTaIbHBIX WM HAKJIOHHBIX aCUMIITOT HET, HO (DYHKIMS oNpesesieHa Ha IIIH0C
0ECKOHEUHOCTH U (MJIM) MUHYC OECKOHEYHOCTH, TO CJIEAYeT BHIYUCIUTD Ipeaea pyHKIUU Ha
TUTIOC OECKOHEYHOCTH U (MJIM) MHUHYC O€CKOHEYHOCTH, YTOOBI UMETH TIPE/ICTABIICHUE O
NOBEJICHUU Tpaduka QyHKIUH.

J{ns Hamero npumepa

X
Fetim L) g A =1 g
r=w oy ¥ x
b=tim(f(x)—fe)=tm "+ =1
e TITILT 4
1
77

- TOpU30HTaJIbHAsl aCUMIITOTA.
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Ha sTom ¢ nccnenoBanue pyHKIMH 3aBepIIaeTCs, MEPEXOAUM K MOCTPOCHUIO rpaduKa.

Boruuciisiem 3HaueHns1 GYHKIHUHM B POMEKYTOUYHBIX TOUKAX.

Jiist 6osiee TOYHOTO MOCTPOEHUS rpaduka peKOMEHIyeM HalTH HECKOJIBKO 3HAYCHHUH (YHKIIUU B
MIPOMEKYTOUHBIX TOYKAX (TO €CTh B JIIOOBIX TOUYKAX M3 00JACTH ONpeAeICHU QYHKITUHN).

Jlnst Hawiero nmpuMepa HaiiieM 3HadeHusl QyHKIUYM B TOUKax x=-2 , x=-1, x=-3/4 , x=-1/4 . B
CHITy YETHOCTU (DYHKIIUH, OTH 3HAYCHHS OYAYyT COBIAIATh CO 3HAUCHHUSIMU B

Toukax x=2 ,x=1 ,x=3/4 ,x=1/4.

DU S e
fl=21=f12) 1, 4 = (.27
" X E u X E 4:2-_1 1:'.-!

PR P 1° 1
(-1)1= fll)= —— =—=0.33
fl=)= fl)= = =

B

Co30 (3 4 ) 9 -

-—— = — 1= __._J-\ =—=|:|..4:'
f| 4) f\_{' f3y 20

4{_, -1
4)

A 4}
[ R ) TR, P Y
U e Y 12

4= -1
4

IHocTpoenue rpapuxa.

CHavaJsia CTpOMM aCHUMIITOTBI, HAHOCUM TOYKH JIOKaJbHBIX MAaKCUMYMOB U MUHUMYMOB
¢GyHKIMHU, TOYKH TIepernda u MpoMexyTouHble ToukH. {7 ynobcTBa mocTpoenus rpaduka
MOYKHO HAHECTH U CXeMaTHyeckoe 0003HauYeHHE NPOMEKYTKOB BO3pacTaHUs, yObIBaHUS,
BBIMYKJIOCTU U BOTHYTOCTH, HE 3P %€ MbI IIPOBOJIUIH UCCIIEI0BAaHUE PYHKIMH =).
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1 1
I_--"_E I=:
2_ -
y
14
1
- - ‘F=-
L . . | 4
g x
I T T T T B v T T T ' |
-3 -2 -1 0 1 2 3
1 x
=14
."1‘\\
L1y

Ocranoce mpoBecTH TUHUH TpaduKa yepe3 OTMEUCHHbBIE TOYKH, MPHOIIIKas K ACHMITOTaM U
CleNysl CTPEJIOUKaM.

3 -

w
[l
b | =

e

d= |

mgax
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3ananme: Uccaenyiite GyHKIHIO M OCTPoOiiTe eé rpadguk

a) f(x)=x*>-2x+8.

2x2 2
b) f(X)=— 2 4x+Z.
) f(x) 3 3

c) f(X)=-x*>+5x+4.

2
X x 1
d f(x)=—+—+-.
) 1) 4 16 4
KoHTpoJibHbIE BOIIPOCHI:
1) Anroput™m aHanuza QyHKIHNA?

2) Bwujapl acuMnror?

IHHPAKTHYECKASA PABOTA Ne 7

Ha3panue npaktuyeckoii padorbi: Boiuucnenue neonpedenénnuplx uHmezpasos.
Leanb paGoThI:HAYIUTHCS BBIYUCIIATEH OMPEACIEHHBIA HHTETPAJIBI C TTIOMOIIBIO TAOJIHIIBI OCHOBHBIX
WHTETPaJIOB
3HAHUSA:
OCHOBHBIC TOHSTHS W METOJAbl OCHOB JIMHEHHOW anreOpbl, IUCKPETHOW MAaTeMAaTHKH,
MaTEeMaTUYeCKOro aHalii3a, TEOPUU BEPOSITHOCTEM M MaTeMaTH4YeCKOW CTaTHCTHKH,
OCHOBHBIE YHCJICHHBIE METOIbI PEIICHUS TPUKIIQAHBIX 33124
YMEHHA:
UCIOJIb30BaTh NPUEMBI M METOJAbl MAaTEMaTUYECKOrO0 CHHTE3a W aHalu3a B
Pa3IUYHBIX TPOPECCUOHATBHBIX CUTYAIIHSIX

Teoperuyeckunii marepuad:

OnpenesieHue NepBooOPa3HOIA.

[TepBoobpasnoii Gpynkuun f(X) Ha mpomexytke (a; b) HazpiBaeTcst Takas Gpynkuus F(X), ato

( ‘
F'(x)= flx)
BBITIOJIHACTCA paBeHCTBO Lo - IS J'HO6OFO X U3 3aJaHHOT'O HpOMe>I<yTKa.

Eciu npuHsTh BO BHUMaHKE TOT (aKT, YTO MPOU3BOHAS OT KOHCTaHThI C paBHA HYIIIO, TO
cipaBetiBo paBeHctBo(F(x) + C)/ = f(x). Takum o6pazom, dpyHkIms f(X) MMeeT MHOKECTBO
nepBooOpaszubix F(X)+C, i mpou3BobHON KOHCTaHThI C, IIPUYEM TH TIEPBOOOPa3HBIE
OTJIMYAIOTCS IPYT OT JIpyra Ha MPOU3BOJIbHYIO MOCTOSHHYIO BETHUHHY.

OnpeneneHue HeonMpeaeJIeHHOT0 HHTErpaJia.
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Bce MHOXecTBO TiepBo0Opa3Hbix GyHKIKH f(X) Ha3pIBACTCS HEOMPECICHHBIM HHTETPATIOM ITOH

Jflf_x:]dr = Flf_x:]+ C

¢byHKIMK 1 0603HAYACTCS

Bripaxxenue f If'.c Jebx Ha3BIBAIOT NOObIHMESPAIbHBIM 8bipadiceruem, a T(X) — noovinmezpanvroil
¢yuxyue. TlogsIHTErpaabHOE BRIPAKCHHE TIPeACTaBisieT coboit nuddepennunan pyukuun f(X).

JleiicTBYE HaX0KICHHS HEM3BECTHOU (YHKIIMH TI0 33[aHHOMY e¢ AudepeHIrany
HA3bIBACTCS HEONPEOe/leHHbIM HHTETPUPOBAHKEM, IOTOMY YTO PE3yJIbTATOM UHTETPUPOBAHHS
sBisieTcs He oaHa GpyHkuus F(X), a MHOXKecTBO ee mepBooOpasubix F(X)+C.

Ha ocHOBaHWM CBOWCTB ITPOM3BOTHON MOKHO COPMYTUPOBATE U JIOKA3aTh CEOILCHEA
Heonpeoenenno2o unmezpana (CBOWCTBa NEPBOOOPAZHON)

[ flx)dx) =(F(x]+C) = flx)
[Tpou3BoHas pe3yapTaTa MHTETPUPOBAHKS pPaBHA MOBIHTETPATbHON (YHKIINH.
jd[F[x,]f] = jF'[xf]ci&: = jflf_x’]dx = Flf_x,]+ C

Heonpenenennsiii unterpan quddepennnana GyHKIHMH paBeH cyMMe caMoi (QYHKITUU U
MPOU3BOJIbHON KOHCTAHTHI.

[ & flalde =k [ flx)dx
, T7ie K — mpou3BosibHAs KOHCTAHTA.
KoadduiuneHT MOKHO BEIHOCUTD 32 3HAK HEOIIPEEIEHHOIO HHTEerpaa.
[t )£ gl e = [ flxc ket = [ glic e
Heormpenenennsiii HHTErpasl CyMMBI/pa3HOCTH (QYHKIUI paBeH CyMMe/pa3HOCTH
HEOIPECIICHHBIX HHTETPAJIOB (DYHKIIMH.

3amaua MHTErpUPOBAHUS SBIsIeTCs 00paTHOU 3afaue TuddepeHIMpOoBaHNs, IPUUYEM MEXKAY 3TUMHU
3aJjauaMH O4€Hb TE€CHasl CBA3b:

NepPBOE CBOMCTBO MO3BOJIET IPOBOANUTD TPOBEPKY UHTErpUpOBaHUsl. YTOOBI MPOBEPUTH
IIPABWJIBHOCTbH BBIIIOJIHEHHOTO HHTEIPUPOBAHUS JOCTATOYHO BBIYUCIUTH IPOU3BOIHYIO
MOJIy4E€HHOT0 pe3ysbrarta. Eciau nonydyeHHas B peynbrate nuddepeHuupoBanus GyHKIUS
OKa)KeTCsl paBHOM MOABIHTErPaIbHOM (PYHKIMH, TO 3TO OyJeT 03Ha4aTh, YTO HHTEIPUPOBAHHE
IIPOBEJIEHO BEPHO;

BTOPOE CBOMCTBO HEOIPEEIIEHHOI'0 HHTErpaia O3BOJISIET 0 U3BECTHOMY AU depeHunary
(GyHKIIMM HaliTH ee epBooOpa3Hyro. Ha 3ToM cBolicTBE OCHOBaHO HETIOCPEICTBEHHOE
BBIUMCJICHUE HEONPEECIICHHBIX HHTETPAJIOB.

HecoMHEHHO, OCHOBHBIM METOJOM HAaXOXJACHUS MEPBOOOpPa3HONM (YHKIMM SBIISETCS
HETMOCPEJCTBEHHOE HMHTEIPUPOBAHME C MCIIOJIB30BAaHHEM TaOJIMIbl TEPBOOOpa3HBIX U
CBOMCTB HEOINPEIEICHHOr0 HMHTEerpana. Bce apyrue MeToabl MCIHOJIB3YIOTCS JIMIIL IS

MPUBCACHNA UCXOOAHOI'O MHTETpaJia K Ta6J'II/I‘-IHOMy BHUOY.

Tabanna nepoo0pa3HbIX (HeonpeaeJeHHbIX HHTEIPaJIOB).
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E] - 'rl""i_
v v = -, p=-1
! p—1
O dv=0C
© e oLal . . f_dx Lo o
arax=——-0C. a=zl Jf=—f“'ﬁ'§__(—_-
. In o a —x° o« .
R dx X
jgax=e - C Jf:arcsu‘_——{f
) Aa® —x” a
A -
| = II|'"‘f| —L e 1 ¥ — ,
X r— =—1In -
- . , Yy —a- 2a |x—a
cosy -y =siny—C ]
* ax 3
c o . =lnlx -~y —a|-C
st ¥-dy = —cosx — O .rr 2 2l -
J X" za
s dy ) : oy |l — QOS5 X
| == -C J —— =In|— ~C
COS™ X S X | S X
s Y :
— =—ctgx—C sy |1—sin x
Y sinT x =ln -C
) YCosY | COSY
LAY .
——— =arcsmx—_
Tl —x
© o ody
—— =arcigy—C
Y1-x

CDOpMy.]'ILI U3 JICBOI'O CTOJ'I6I_Ia Ta6J'II/II_IBI Ha3bpIBaAlOT OCHOBHBIMH HCpBOO6paSHHMI/I.
q)OpMy.HI)I H3 IIpaBoro CTOJI6IIa OCHOBHBIMH HC ABJIAIOTCA, HO OUYCHb 4aCTO UCIIOJB3YIOTCA IIPU
HaXOXXJACHUHN HCONIPCACIICHHBIX NHTCTPAJIOB. Hx MOxHO IIpOBEPUTH ,Z[I/I(l)q}epeHHI/IpOBaHI/IeM.

IIpumep 1:
R S
fl:\_'{jlzj" _?"‘ Sx+4
Haiinnte MHOXECTBO IEpBOOOPA3HBIX (PYHKIIUU 2
Pewenue.
M 3 1
f(x}=2“ "‘; ASx =27 +? -(5x+4}3

3anuieM QyHKIUIO B BUAE
Tak kak uHTErpan cymMmmsl GyHKIUN paBeH CyMMe HHTETPajoB, TO

Jf[_x_]ch' = H 2% +—[5x+ 4_]% H:dx = JZ: dv + ‘[% (5x+ :I_]_% dx

~

3

a4

Yucaopoii KOB(I)(I)I/II_II/ICHT MOKHO BBIHCCTH 3a 3HAK UHTCTIpaJIa:

‘ff[.x.]dr = I 2dx+ I% (5x + 4.]% dy =

:Ij:dx— -I[_Sx—{]?:dv

L..'Il Tea
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[lepBslii U3 HHTErPAIOB IPUBEIEH K TAOJIUYHOMY BHUY, IOATOMY U3 TaOIHIIBI IEPBOOOPA3HBIX AJIs

. 2F
2y = +C|

. 2
MOKa3aTeIbHON (QYHKIUU HMEEM In2

j[5x+4:]%dx

p+l

JIi1st HaX Ok AeHHUST BTOPOTO MHTErpalia

x¥dx=

BOCIIOJIb3yeMcs TabuuIel IepBooOpasHbIX
X

+C

n

p+1

IUIsL CTeTIEHHON (DyHKIIUU

ff{;c-x—b)du%ﬂ}c-x—bj—c

MPaBUJIOM . To ectb

- -\.1 ' "1 3 i ‘4
[(sx=4pdc=t. 1 (sxwaf <€, = (s34 ~C.
. 51 ) ' - 20 )
—+1
3
CraenoBarenabHo,
.q Flxlde = : 2ide =+ % .I Sx—4Fdv=
_ - - _i.:i-l_fr—-l_l_%—fl =
In2 2020 '
In2 40 '
3
C=C+=C,
rie y:

Omnpenesiennblii uHTerpaa Herorona-JleiiOnnna.
Ceityac mokaxxem, Kak JaeTcs MOHITHE OMpeesieHHoro nurerpaia Herotona-JIeliGHuna.

[Mycte ¢pynkus y=Ff(X) umeer nepBoodpazuyto F(x) Ha otpeske [a; b], npuyem 3naueHue
nepBooOpa3Hoii B Touke X=a paBHo Hym0: F(a)=0. Onpedenennvim unmeeparom Horomona-

[ flxlde=F(b)

Jletibnuya Ha3siBaeTCs 3HAUCHUE 3TOM NepBOOOpasHO B Touke b, To ecTh, *
npu F(a)=0.

]
] £(cki=F(e)-Fla
DT0 ompeeneHne TeCHO CBs3aHo ¢ popmynoit HeroToHa-JIelOHuIa @ .B
dbopmyie Hetorona-Jleiiouuiia F(X) — ar00ast mepBooOpa3Has U3 MX MHOKECTBA, a B IIOHSATHH

omnpeaeneHHoro uurerpanaHeioToHa-JIelidHua GUrypupyer IMEHHO Ta epBOOOpa3Hasi, KOTopas
oOparraercsi B HOJIb MpU X=a.

®opmyny HeroTona-JIeitOHMIIa HA3BIBAIOT OCHOBHOU POPMYNOU UHMESPATLHO2O UCUUCTIEHUSL.

IIpumep?2:
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=)

j x*dx

Brruncnuth 3Ha4eHUE ONPEACICHHOTO UHTErpaa ! o ¢popmyne Hprorona-JIeitOuua.
Pewenue.
.
y=x
Jly1s Havyana OTMETUM, YTO MOABIHTErpaibHast (PyHKUINS HenpepbiBHA Ha oTpeske [1;3],
CJIEIOBATENbHO, MHTErpUPYyEMa Ha HEM.
y=x
W3 Tabnuiibl HeonpeeNIeHHbIX HHTETPaIOB BUHO, YTO JIJIS (PYHKIIUH MHO>KECTBO
N . X €e [1; 3]
IepBOOOPA3HBIX IS BCEX JCHCTBUTEIBHBIX 3HAYECHUIH apryMenTa (cleoBareabto, u o~ L7 =1)
. ) x° X’
Fﬂ\.'{;l=f.‘{ dx:T—C F(x}=—
3aIMCBIBACTCS KaK - . Bozemem nepBooOpasnyto npu C = 0: 3
Teneps octanock Bocoib3oBaThes hopmysnoit Hetorona-JIeiiOHuMIA 1711 BBIYMCICHHS
P X[ ¥ 1 26
Ix'dT:T el
] 3 3 3 3
OTpeeNIEHHOTO UHTErpaa: !
IIpumep 3:
syt -2 edxt =2
— Y — Y
" - X
BbrauciuTh onpeneneHHble HHTerpaibl - -
Pewenue.
1
_ﬁ_;
Ha orpeske < 1 moppiHTErpanbHas (GyHKIUS HETPEPhIBHA, CIIEI0BATEIbHO, HHTETPHpPYyEMa.
4x7 +2
VY=—77
Haiinem MHOeCTBO niepBO0Opa3HbIX (HYHKIIUU X
4x* +2 I ;2
j—,dx = 4jxdx+2J x Tdy=2x"-=+C
X~ X )
, 2
F(x)=2x"-Z
Bo3bmem nepBooOpa3Hyto X u no gpopmyne Horotona-JleiiGHMIIa BEIYUCTUM
TpeOyeMblii OnpeeeHHbI HHTETpaL:
_: 1
L 4:{.: e 2 § , . 2 -.| =
I—,dx=| xT—— | =
X \ X
Cy o2, 2791 1
=) -2 - 2-4f - = o432 - =28
A 1 L 4 2 7
2
[TepexoauM KO BTOPOMY OIpe/IeIEeHHOMY MUHTETpay.
.o 4xT 42
lim ——— =+
Ha otpeske [-1;1] moasHTerpanbHas GyHKIHSA HE OTpaHAYEHA, TAK Kak , TO
€CTb, HE BBINOJIHAETCS HEOOXOMMOE YCIOBHE HHTETPUPYEeMOCTH (DyHKIMH Ha oTpeske. bonee
3
. 2 4x" 42
Flx)=2x* -2 y=2r 12
TOTO, X He sBiseTCS MIEPBOOOPA3HOHN PYHKITUH X Ha otpeske [-1;1],

IOCKOJIBKY TOYKa O, mpuHaJIeKanad OTpe3Ky, HC BXOAUT B 00J1acTh ONpCACIICHUA (I)yHKI_II/II/I
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CrnenoBaTeNbHO, HE CYIIECTBYET ONpeeieHHbIN nHTerpan Pumana u Hetorona-Jleitoaumna as

4x° +2
y=—735—
byHKIIH X Ha oTpeske [-1;1].
3ananmne:
Bapuanrt 1
1. Haiitu uaTErpans:a) f(§x3 — %xz + 8)dx; 6) [ sin? x cos x dx;

B) [(e®* + 2)dx

2. Haiitu HHTeraHBIZIXZ_XdX

3. Haiimure HHTErpabl:a) fozn sin xdx; 0) f003(2x + 5)dx

Bapuanr 2
1. Haiitu unrerpanst: a) [(x* — 8x3 + 4x)dx;0) [ cos? x sin x dx;

a. B) [(e3* + Ddx

2. Haiitu uHTErpAIBI: I x?e¥*dx;

3. Haiinure unrerpansra) |, 03 3 xdx; 6) f_on cos(2x)dx

KoHnTpoJibHbIE BOPOCHI:

1) Kakoii uHTerpal Ha3bIBAeTCsI HEONPEAEIEHHBIM?
2) Kakoii nHTerpan Ha3bIBaeTCs OnpeeaéHHbIM?
3) 3anumute popmyny Hetorona-Jleitbauna

4) HazoBuTe 0CHOBHBIE METObI HHTCIpHUPOBAHUA

IHPAKTHYECKASA PABOTA Ne 8

HasBanue npakru4eckoi padorel: Pewenue npukiaonvix 3a0au ¢ ucnoib306anuem

UHMeZPANbHO20 UCHUCTEHUSA

Heanb padorbl: HayuuThcs BEIYUCIATH MJIOMAAN IUIOCKUX (QUTYDP C TOMOIIBIO

ONpPEeEIEHHOr0 UHTETpaA.

3HAHMA!
OCHOBHBbIE TMOHSTHS W METOJAbl OCHOB JIMHEHHON anreOpbl, IUCKPETHOW MaTeMaTHKH,
MaTE€MaTU4YeCKOro AaHajln3a, TEOPUU BEPOSITHOCTEW M MAaTEeMAaTHYEeCKOW CTATHCTHKH,
OCHOBHBIE YHCJICHHBIE METO/bI PELICHUS IPUKIIAAHBIX 33124

YMEHHA:
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HCIIOJIB30BaTh HpI/IéMI)I n MCTOABI MATEMATHUYCCKOIO CHHTE3a W aHaJlu3a B

Pa3JIMIHBIX HpO(l)GCCI/IOHaJIBHbIX CUTyalludx

TeopeTnyeckuii MaTepuas:

Beruncienue riomany OCHOBBIBACTCS HA CIETYIONINX OCHOBHBIX CBOICTBAX MJIOMIAIH:
IMonoxkuTenbHoCTh. [101maAb €CTH HEOTPHUIIATEIBHOE YHCIIO.
AIUTHBHOCTS. [11o11aap 3aMKHYTOH 00J1aCTH, COCTABICHHBIX U3 HECKOJIBKUX (QUTYp, HE
UMEIOIIMX OOIIMX BHYTPEHHHUX TOYEK, paBHA CyMMeE IUIOMIAJeH ITHX UTyp.
HNuBapuantHocTh. [Inomany paBHbIX GUTYp OJUHAKOBHI.
HopMmupoBannocts. [Tnomans kBagpara, IoCTpOEHHOTO HAa €IUHUYHOM OTPE3KE, paBHA
CIMHHIIE.
Beruucnienne minomanun (Urypsl SBISETCS OJHOW M3 HamOojee HE MPOCTHIX MPOOJIeM Teopuu
IJIOIIAAEH.
PaccmoTrpuM 3a1a4y O BBIYMCIIEHUH IUIOIAAN KPUBOIMHENHOM Tpalleliuy, IPUYEM IIOJOMIEM K HEH
B T€OMETPUYECKOM CMBICIIE. DTO MO3BOJMUT HaM BBIACHHTH HPSAMYIO CBSI3b MEXIY ONPEIEICHHBIM
HMHTETPAJIOM U IIOMIAJbI0 KPUBOJIUHEWMHON TpaNeuu.
IMycts ¢yukuusy = f(X) nenpepsiBHa Ha otpeske [a; b] u He MeHser 3HaK Ha HeM (TO €CTh,
HEOTpHIIATENIbHAS WM HenoioxkuTenbHas). durypy G, orpannuennyto auausmu y = f(x), y = 0, x

= au X = b, Ha3BIBAIOT KpusoauHetinou mpaneyueti. O603uaunM ee womiaas S(G).
e -

KpHEOAKHKEHHAR
TRaneuna =

X
Jine—

B BbluMciaeHuM IUiomiaAd  KPUBOJMHEHHOW Tpameuuud COCTOUT 2eOMempudeckuil  CMulCl

]

J 7o
onpeoenenno2o uHme2pand.BeMUCINB ONpeeNeHHbI HHTEerpat - , MBI HaiJeM IUIomanb
¢burypsl, orpanuueHHON muHUAMH y = f(X), y=0,x =aux =b.
3aMedaHue.

Ecniu ¢ynkums y = f(x) HenmonmokuTenbHas Ha OTpe3ke [a; b], TO Iiomaab KpUBOJMHEHHOMN
Tpanenuu MOKeT OBITh HaiiieHa Kak Gopmyra

IIpumepl.

yv=2e', yv=0, x=-1, x=3
Boruncnuts miomaas GUrypel, orpaHU4eHHOM JTHHUSMU

Pewenue.
[Toctpoum urypy Ha TurockocTH: npsiMast Y = 0 coBIagaeT ¢ 0cbio a0CIUCC, MPSAMBIE X = -2 U X =

s |

y=2-e
3 mapaIeNIbHbI OCH OPJIMHAT, a KpUBast MOXET OBITh TTOCTPOEHA C
yv=g
IIOMOIIbI0 TEOMETPUYECKUX IIPpeoOpa3oBanmii rpaduka QyHKIAN *
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] x
— . iy -
-4 -3 -1 -1 0O 1 2 3
Taxum 00pa3oM, HaM TpeOyeTcs HAMTH TUIOIAAb KPUBOJIMHEHHON Tpanenuu. I eoMeTpuieckuit
CMBICJI OIIPEIEIEHHOI0 UHTErpajla HaM yKa3bIBA€T HA TO, YTO MCKOMas IIJIOLIAb BEIPAXKACTCS

S(G= J'z &3 dx
onpeneaeHHbIM HHTerpasioM. Crie1oBaTeIbHO, -2 . DTOT ompeieNIeHHbIN HHTETpal
MO>KHO BBIUMCIIUTH I10 d)ODMVJ'Ie Hprorona-JleiiOHuna;:

] v‘-\- -

:alGI—I"ggFT ‘69 | =6-ef —f.g7 :6-‘5?—5?

—= Aoa RS -

[FEN )

3ameuyanue.

[Tpy HAXOXkICHUH TUIOIIA/ICH KPUBOJIMHEWHBIX TPAMCLIUI COBCEM He 00s13aTeIbHO CHAvYaia CTPOUTh
oty durypy. Ecnu Bei 3Haere, uro ¢pynkuus y = f(X) HeorpunarenbHas Ha otpeske [a; b] (kak B
)

5(G)=  flx)is

HalleM anMepe) WJIN HEMOJIOXKUTENIbHAs, TO MOXKHO cpa3y IPUMEHSTh (hopMyJIbl

S(G)= jﬂr

niIn

IIpumep?2.

Beruucnuth miuomans GUrypsl, orpaHUu4eHHON

1/ -
y=-(x¥+2x-8] y=0, x=-2, x=4
JINHUSIMHA 2
Pewenue.

[Toctponm 31y durypy. [Ipsmas y = 0 coBnamaet ¢ ockro OX, psiMble X = -2 ¥ X = 4 mapauieabHbI

(x* +2x- 3)_—:»: ~1f -3

J_':

o | —

ocu Oy, a rpadpuxom QyHKIIHN SIBJISIETCS TTapabosa ¢
BepiInHOW B Touke (-1; -3) BeTBU KOTOPOit HampasiieHbl BBepx. Haiiiem TOUKH mepecedeHus 3Toi
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mapaboJIbl ¢ OChIO a0CIIHCC:

lﬁl::r: L2x—8|=0 < ¥ +2v¥-8=0
ﬁ |

D=2"-4.1(-8]=36

—2+4/30 —2—4/36
Y, =————=2, Y,=—=-4
1 A - 2 5

CremoBarenbHO, 3Ta mapaboJia nmepecekaeT och abcuuce B Toukax (-4; 0) u (2; 0).
Takum o6pazom, Hama ¢purypa G uMeeT ClIeyrIInid BU/I.
v

] @urypa G

Y.

Ota durypa He sIBIISIETCS KPUBOJIMHEHHOM Tparenuei, Tak Kak QyHKITUSI 3
MEHSIET 3HaK Ha oTpeske [-2; 4].

Kak xe ObITh B 3TOM citydae? Ouenb npocto. durypy G MOKHO MPEACTaBUTH B BUIE O0HETUHECHUS

JIBYX KPUBOJIMHEHHBIX Tpanerui G= Gl - Gl U II0 CBOMCTBY aJAUTHUBHOCTHU
mroman SIG1=5(G )+ S(G, )
vk
ﬁ -
4_
2 -
‘G
-5 2 z #
T i
4

Ha otpeske [2; 4] rpaduk mapabosibl HAXOUTCS B HEOTPHUIIATEILHON 001aCTH,
]. [ 9 h!
of 1 1 4. 1/,
S50G, = I;I:‘x 2x 8__Ic.i’_r y :_(x +3x_g)
I03TOMY - . Ha otpeske [-2; 2] dynkims
HETOJIOKUTENbHAS, CIIEIOBATENILHO, B CUITY 3aMEUYaHUs K TEOMETPUIECKOMY CMBICITY

~

(G, :]=—j%[xl +2x—8)dx

-

OTIpeIeIEHHOT0 UHTEerpaia,uMeeM - . OcTanock BEIYHCIUTD
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onpeeraeHHbIe HHTEerpastbl o Gpopmyie HeroToHa-JIeiiOnuma:

o =1, Cowly . -
SIGI=81G 1- 581G, I=— | =lx" =2x=8ldx - | ={x* = 2x -8 ldx =
J =0
1 x . I NI SR
=——| ——x -8x| —-—|—+x -8x| =
33 33 .
(a =27 .
e S Bt L NP LU S S R
33 I3 ' ¥
4 SEE
48| T2 g2 s
3003 3 _
5 g )
=—l!;—1:—; 0 —l! 4 168 1pi1
3 3L3 3

O6paTI/IT€ BHUMAaHHUEC HA TO, YTO HCJIB3s HAXOJANUTh HJIOHIaIII) JTOM (bI/II“ypI)I

bIGI—I—ir + 2y — Bkh:——‘ —I{':—E.'{'l =
b 303 A
& 5 B M ‘-.I--.l
RS I S -2 P g (—2]11=
3l 3 BE )
=i 614—15—5—3::15:—4
JL 2 A !
KakK . -

B namem npumepe nosryueHHOe TakMM 00pa3oM 3Hau€HHUE MPeJICTaBIsAET OO0t

S[Gl :]_S[Gl ] .

pa3HOCTb

Ipumep 3

Omnpenenuts cUly 1aBJIEHUS BOABI HA CTEHKY aKBapuyMa ¢ ocHoBaHHeM 1,8 M u BricoTo# 0,6 M.

Hano: Pewenue:
F
I=1.8MP =~ = F =p-sF + [ pds.
H=0,6m BenuuuHa p naBieHus )KUIKOCTH Ha TOPU30HTAIIbHYIO

IJI0IAJKy 3aBUCHUT OT FJ'IY6I/] HBbI €€ MOT'PYKCHUA X, T.C. OT

F-?paccTosHus MIOMIAIKK 1P TTOBEPXHOCTH KHIKOCTH

P=103 KF/Mg p=p-g-x.

G=9,8M /CZHJ'IOHIaJIB 9TOM TTosTocku ds = I - dx.
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0,6

x*10,6 _ pgl
fpgx X=PI 0 T2

0

(0,36 —0) = 0,18- 103 - 9,8 1,8 = 3,2(kH).

3aganue:

Bapwuanr 1.

Bbraucnuts miomans GUrypsl, OorpaHUuEeHHYIO JIUHUSMU: f(x)=1- X2, y=0.

Bapuanr 2.

2
BbIYKCINTS IIOMAAs QUIypBI, OrpaHHUeHHYI0 THHIsAM: Y =3X—X", Y =-X.

Bapwuanr 3.

BEIUMCIUTS MI0MAAb (GUIYphl, OTPaHHYEHHYIO THHUAME: y=1-X2, y=x?+2, x=0, x=1.

KoHTpoJibHbIE BONPOCHI:
1) 3anumute popmyny Hetorona-Jleitouua

2) B yem 3akimrouaeTcsi reOMETPUIECKUI CMBICIT OIPECICHHOTO HHTEerpaia?

HNPAKTHYECKAS PABOTA Ne9

Ha3zBanme npakTnuyeckoii padborel: Peutenue cucmem auHeinvix 00HOPOOHBIX YPAGHEHUTL
nepeozo nopaoka. /lugpgepenyuanvusvie ypasneHun 6mopo2o nopaoka.
Heap padoThl: HAYYUTHCS pelIaTh CUCTEMBbI TMHEUHBIX OJHOPOJHBIX YPABHEHUH.
3HAHUA:
OCHOBHBIC TOHATUS W METOJbl OCHOB JIMHEHHOHN anreOpbl, AMCKPETHONH MaTeMaTHKH,
MaTeMaTUYeCKOro aHajlu3a, TEOPUM BEPOSTHOCTEH M MaTreMaTH4eCKOHW CTaTUCTUKH,
OCHOBHbBIE YHCIIEHHbIE METO/IbI PEIICHUS TPUKJIIAIHBIX 33]a4
YMEHHs:
UCIIOJB30BaTh MNPUEMBI M METOABl MAaTEMaTHYECKOIO CHHTE3a W aHalu3a B
Pa3IMYHbIX TPO(HECCHOHATBHBIX CUTYAIUSIX
Teopernyeckunii marepuas:
ITonsiTHe 00 00bIKHOBEHHBIX AN (P PepeHIHATBHBIX YPABHEHUAX
Hugpgepenyuanvnoe ypaenenue -  3TO PaBEHCTBO, COAEpKallee IMPOU3BOIHBIE WIN
muddepenimansl HeuzBectHoW (yHkiuu. O0mmid Bua muddepenipaibaoro ypasaenus: F(X, Y, v,

y” ...)=0, 3meck F- HekoTopas n3BecTHas GyHKIIMS, 3aBUCSIIAS OT HECKOJIbKUX TIEPEMEHHBIX.
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[Ipumenenue Teopuu nuddepeHInaTbHBIX YpaBHEHUH B OMOJIOTUH M MEAUITMHE 00YCIOBJICHO TEM,
9TO B COOTHOIICHUSX, SIBIISIONIUXCS BBIPAKEHHEM TEX WM HHBIX 3HAKOB, B DomMCcaHHsIX
KOHKPETHBIX CBOMCTB TE€X WJIM MHBIX CHCTEM MJIM MEXaHHU3MOB BXOJST, KaK MPABHUIIO, TIPONU3BOIHBIE
UHTEpecyromux Hac (GyHKUuN, a He camMu (QyHKuuH. [losTOMy cyliecTBeHHas 4acTh M3y4eHUs
MHTEPECYIOIIET0 HAac SBJIEHUS COCTOMT B aHalM3€ M PEIIEHUH COOTBETCTBYIOIIMX
Qg QepeHInanbHbIX YPaBHEHUH.

JuddepeHunanbaple  ypaBHEHHS HAa3bIBAIOTCS  0ObIKHOBEHHbIMU, €CIIM HEW3BECTHAs
(GyYHKIUS 3aBUCUT TOJIBKO OT OJJHOTO apryMeHTa.

Ilopsook nuddepeHunanbHOr0 ypaBHEHUS — O5TO MOPSAJOK BBICHICH ITPOU3BOJHOM,
COJIepKAILEHCs B ’TOM YPaBHEHUH.

Hanpuwmep: ypaBuenune y’+5y — 3y =0 - sto muddepeHnuaab-HOe ypaBHEHHE BTOPOTO
MOpsi/IKA.

Humeepan (unmum  pemieHue) ypaBHEHME — O3TO  (YHKIUS,  YIOBJIETBOPSIOIIAs
nuddepeHIaT HOMY YPaBHEHUIO.

Hanpumep, QpyHKIus y=2X SBJISETCS MHTErPaloM ypaBHeHHs X2y — 2Xy + 2y = 0 , Tak
KaK, HalJi MPOU3BOHBIC ATOTO YPAaBHEHUS U IMOJACTABIAS UX B JaHHOE YpaBHEHHE, MbI MOJIYyYHM
TOXKIecTBO -4x+4x=0.

Obwee pewenue nuddGepeHTUATEHOTO YPaBHEHHSI COJCPKHUT CTOJIBKO HE3aBUCUMBIX
MMOCTOSTHHBIX, KAKOB TIOPSI0K YPaBHEHUSI.

Yacmnoe pewieHue-3T0 (PyHKIUS, TONydaeMas TpPU PA3JIMYHBIX YHCIOBBIX 3HAYCHUAX

IMPOU3BOJIBHBIX IMTOCTOSHHBIX.

3agauu, npuBoasiMe K 1M epeHIHATBLHBIM YPABHEHUAM
PaccmoTpuMm 3amady, npuBoAsmlyl0 K AU(PQEpeHlHaTbHOMY YPaBHEHHUIO: YCTAaHOBUTH 3aKOH
u3MeHeHHs ckopoctd U cBOOOAHO Majaromiero Tena Maccod M Oe3 ydéra Cuibl CONMPOTUBIICHUS
BO3/yXa.

CormnacHo BTOpoMy 3akoHy HbloTOHA,

du

mazmg,

rae mg-cuja TsKECTH.

du
[TonyuenHoe ypaBHeHuUe siBsieTcs quddepeHaabHbIM, TaK Kak B HErO BXOJUT MIPOU3BOIHAS T

uckomoit pynkuuu U. Penmuts nuddepennmanbioe ypaBHEHHE — 3HAYUT HAWTU TaKkylo (YHKIUIO
U = f(x), xoTopasi TOPKECTBEHHO YIOBJIECTBOPSET ITOMY ypaBHEHHIO. JIErKo MpPOBEPUTH , UYTO

ypaBHeHMIO ynoBieTBopsieT (yHkius Buna U=gt+C, rme C-mo0oe ymcio. Yka3aB HayallbHbIE
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YCIIOBUS, MOXXHO HAlTH OAHY (YHKIHIO, YAOBJIECTBOPSIONIYIO ypaBHeHHUIo. Tak, ecnu mpu t=0 u
U=Uy, To nonyunm ¢pyakmuo U = U, + gt
CymiecTByeT MHOTO 33/1a4 U3 pa3IMYHBIX 001acTeil 3HAaHUH, PEIIeHNEe KOTOPBIX CBOJUTCS K

COCTABIJICHHIO U PELICHUIO JU(PepeHINaTbHBIX YPAaBHEHUH.

JAunddepenunaibHbie ypaBHeHUS NEPBOro MOpsaKa

Ipumep 1
[IpoBepuTh MOACTaHOBKOH, 4To muddepeHIManbHOe ypaBHeHHe Y — 2y = e3X umeer oOlee
pemenue B Buge y = e3X + Ce?*
Haiitu yacTHOe perieHue, y1oBiaeTBOpsoIiee yCaoButo Y=3 mpu x=0.
Pewenue:
y = e3X + CeZy = 3e3* + 2Ce**
[MoxcTaBum audGepeHImat-HOe ypaBHEHUE:
3e3% + 2Ce?* — 2(e3X + Ce?¥) = 3%
3e3X + 2Ce?* — 23X — 2Ce® = %X
e3% = e3X - 370 TOXKIEeCTBO.
YacTHoe pelieHue:
y = e3* + Ce?*; 3=¢e%+Ce® =>C=3

y = e3¥ + 3e?* - yacTHOE pelueHue.

YpaBHeHMs € pa3sAeJAIIIUMUCH ITePeMEeHHbIMH
VpaBuenne mepsoro  mopsaka  P(x,y)dx+ Q(x,y) =0 Ha3bIBACTCSl  VpaGHEeHUuem ¢
pazoensirowumucs nepemernvimu, ecni Gyakmun P u Q paszmararoTcss Ha MHOKUTEIH, 3aBHCSIIIE
KaXXJbI TOJBKO OT OJJHOM MEPEMEHHOI:
f; GOf?(y)dx + @ () @2 (y)dy = 0

B Takom ypaBHenuu mociie jgenenus wieHoB Ha f;(y) - @1(X) mepeMeleHHbIe pa3aesoTCs:

L&) 44 020)

@1(x) f,(y)

W kax1pIi1 4ieH ypaBHEHUS 3aBUCUT OT OJTHOM ITEPEMEHHOM.

dy =0

OOmwmit MHTETpaANT YpaBHEHUS HAXOAUTCS MOWICHHBIM HHTETPUPOBAHUEM

f; (x) 92(y) _
Jcplood”f Gy =0

IIpumep 1

Haiitu o0mmue uHTErpanbsl ypaBHEHUS:
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x+1)3dy — (y—2)?dx =0
Pewenue:

PasjienuM nepeMeHHbIE B JaHHOM ypaBHEHHUH, els obe ero yact Ha (x + 1)3(y — 2)?
dy dx
G-27 +D°
T[1ouIeHHO UHTErPUPYH, TIONYYMM HCKOMOE 00IIee peleHue:
1 1

0

_ =C
y—1 * 2(x+ 1)?
Ipumep 2
Haiiti yactHoe pemenne qudpepeHnaaIbHOr0 ypaBHEHHsI % = (x — 1)dx, mpu X=2, y=5.
Pewenue:
%=xdx—dx; f%=fxdx—fdx;

In|]y| =0,5x% —x + InC.

VYmuoxuMm 0,5x%> —x Halne ,(Ine = 1);

Inly| =ne®5**~X 4 In(;

ly| = C-e%**~X 510 o6mee perenne AU epeHIHATBHOIO YPaBHEHHUS.
Hartioem uacmnoe pewenue. J1ng 3toro BeraucauMCrpu x=2 u y=5.

5=Ce? % =>( =5.YacrHoe pemenue y = 5e%5% X,

Onnoponnbie nuddepeHunaIbHbIC YPABHEHHS NIEPBOI0 MOPSAIKA

VpaBHenne mnepBoro mopsiaka  y = f(X,y) HasbiBaeTcs 00Hopoouwim, ecnu f(X,y) MOXHO

MPEICTaBUTh KaK (PYHKIHIO TOJBKO OJHOTIO OTHOIIEHHUS MEPEMEHHBIX fx,y) = ¢ (g) , T.C.

ypaBHEHHE BUIA Y’ = @ (g) .
OnHOpoMHOE ypaBHEHHE MPHUBOAMTCS K YPAaBHEHHIO C Pa3/CISIOIIMMUCS TIE€PEeMEHHBIMH,
CJIEIOBATENIbHO, PEIIAaeTCs MOCPEACTBOM 3aMeHbl (QYHKIMU y (WM X) HOBOM (yHKIued Umo
dopmyney = ux (uaux = uy).
Ilpumep 1
Haiitu olriee perienue oqHOPOAHOTO TG GEepeHIINaTLHOIO YpaBHEHUS
xdy — ydx = xdx.
Pewenue:
W3 ypaBuenue caenyet, uro  xdy = (x + y)dx;

d X+ d
J_IT) o1+
dx X dx X
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Tak KaK MOJMy4eHHOE yPAaBHCHHE SBIISETCS (PYHKIMEH TONBKO OTHOLICHHS 2, TO OHO OJIHOPOIHOE.
X

Beoaum HOBYIO0 yHKIHIO U. [Tonoras y = ux, npoauddepeHnupyem 1o X:

dy du 4 dx dy +xdu
dx  dx o Vax ax U ax

xdu
dx

(2)

ITpuposusiem (1) u (2): 1 + g =u+

d
[ToacraBum y=uX. [Tonyuum 1 +u =u + %.

HOJ'IyLII/IJ'II/I YpaBHCHHE C pasaCIArOIUMUCA IEPEMCHHBIMU

du dX
1=x— =>dx =xdu =>du=¥;

dx
jduz

O6ree pemienne ypaaenus umeet Bua: y = x(In|x| + C) .

dx y
f—; u=In|x|+C, rjgeu = -—.
X X

Ipumep 2

Haiitn wactHoe pemieHue oaHOpoAHOro Aud@epeHInaNIbHOr0 YpaBHEHHUS, YAOBIETBOPSIOIICE
ycioBuio Y=-9, npu x=1.

Pewenue:

I dy _ y
pHBE/IEM YPABHEHHE K BHY -~ = 2— "

[Tonyuennoe ypaBHeHue BisIeTCs] GQYHKIIUEH TOIBKO g, CJIeI0BAaTENbHO, OHO OJTHOPOJIHOE.

Jlnis perieHust oJa0KuM Y=UX U npoaupdepeHIpyem 1o X:

dy N xdu
— =1u —_—
dx dx
dy y _ .
3aMeHUM o 4 3= U BHCXOIHOM YpaBHEHHH:
d
u+x==2-u.
dx

Paznensem nepemennsie: 2dx — 2udx = xdu,;

2(1 —uw)dx = xdu, dx _ dw
X 1-u
[IpouHTErpUpYyeM: 2f % = i—uu;

21n|x| + 1n|C| = —1n|1 — u|;

OO1iee pelieHne ypaBHEHUS:

_y .. _x(x*0 2 _ o —
u=>-y=—073 WA X xy = C.
YactHoe pemenne: 1+ 9 =C;C = 10. Otser: x? — xy = 10.
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JInHelHbIe OAHOPOAHBIC YPABHEHUS BTOPOr0 MOPAIKA C NOCTOAHHBIMH KO PHULUHEHTAMH

d? d .
d—XZ +a; d—i + a,y = OHa3bIBAIOTCS JUHEUHbIMU OOHOPOOHLIMU YPABHEHUSMU

VYpaBHeHue Buaa a
8MOPO20 NOPSOKA C NOCMOSAHHLIMU KOS Duyuenmamu.
OOmuii MHTETrpall HAXOAUTCS C TIOMOIIBIO XaPAKTEPUCTUICCKOTO YPABHCHUS:
agk? + a;k +a, =0

KOTOpOE TOIy4YaeTCs U3 ITOTO YPaBHEHMSI, €CITU, COXPAHSsl B HEM Bce KO (DUIIMEHTHI a;, 3aMEHUTH
byukuro Y equnuied (y = 1), a Bce ee NPOM3BOAHBIE 3aMEHUTh COOTBETCTBYIOIIUMHE CTEIICHIMHU
k. ITpu aTOM:

l. Ecnmn Bce KOpHU XapaKTepUCTUUYECKOTO YPaBHEHUS OelicmeumeibHble U pasiuyHble,
TO OOIIU UHTETPAJl UMEET BH/I;

y= Cleklx + Czekzx

. Ecnu xapakrepuctuyeckoe ypaBHEHHE UMEET KOPHH Oelcmeumenvhbie U pasHvle

k, = k,, 0
y = CyeKiX + C,xekeX
1. Eciu kopan muumsie K = +bi: y = C; cosbx + C, sinbx .
V. Ecnu kopHu komnaexcuvie K = a + bi:

y = e®*(C, cosbx + C, sin bx).
Haiitu o61ee pemenue cienyromux nudepeHnaibHbIX YpaBHEHHN:
Hpumep 1

d’y _dy
2-—= —5-242y=0.
dx2 5dx+ y=0

Pewenue. COCTaBUM XapaKTEPUCTUUECKOE YPABHEHHUE:

2k? -5k +2=0.
O6mee pemenne: k; = 2, k, = % , y=Ce**+ Czeg.
IIpumep 2
282 5242y =0,
Pewenue. COCTaBUM XapaKTEPUCTHUECKOE YPABHEHHE:

2k* —5k+2=0.
O6mree pemenne: k; = 2, k, = %, y = C,e** + C,ez.

Ilpumep 3

d’y  dy
@—8&4' 16y— 0.

Pewenue: k2 —8k+16 =0, k; =k, =4, y=e"™(C; + Cyx).
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IIpumep 4

d?y

— = 0.

dx? Ty

Pewenue:k* +1 =0, k=+i, y=C; cosx+ C, sinx.
IIpumep S

d’y _dy
— 2182125y =0.
=2 + 8 Ix + 25y =0

Pewenue: k> + 8k +25 =0, k=—4+ 3,
y = e **(C; cos 3x + C, sin 3x).

Cucrembl JTHHEHBIX OTHOPOJAHBIX YPABHEHMI NIEPBOIro MOpsAKa.

d
& ax +byv+c.
| dt ) ) )
Tﬁl =a.x+b,v+c,
dI' - -“ -

npocTelmux cucreM AudGepeHInaTbHbIX YPaBHEHUH UMEIOT BU/T ,
rie ai, bi, C1, @z, b2, C2 - HEKOTOPBIC JeiicTBUTENBbHBIC YnciTa. CHavama moKaKeM METO/T
MHTETPUPOBAHUS CUCTEMbI YpaBHEHHH, jajnee MoIpOOHO OMUILIEM PelIeHUE pUMeEpa.

Perrennem takoit cuctemsl sBisieTcs napa ¢pyukuuii X(t) u y(t), oOpararommas B ToxaecTBa 06a
YPaBHEHHUS CHCTEMBI.
OnwuiemM MeToJ] MHTETPUPOBAHUS cHCTeM U (HepeHIInaTBHBIX

-

dx
—=ax+by+q
| dt
| dy
{ —=a,x+b,v+c,
YpaBHEHUU dt .
Hckmounm HensBecTHYIO (pyHKIuro X(t) 13 mepBoro ypaBHeHUs CUCTEMBI. s 3TOTr0 BBIpa3HM X M3
dv 1 {dv
—=ax+by+c, = x=—|—-by-c,
BTOPOT'O YPaBHEHHUsI CHCTEMBI di a,\. di / ,
dx
npoauddepenupyeM 1o t BTopoe ypaBHEHHE CUCTEMbI U Pa3pelIiM ero OTHOCUTEIBEHO at
d*y dx dv de 1 (dv dv |
dar- dt dt dra, | dr- dr |
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[TozxcTaBiseM NOTydeHHBIE PE3YIbTATHI B IIEPBOC YPaBHEHUE CHCTEMBI, TEM CaMbIM HEH3BECTHAS
¢dynknus X(t) Oyner uckiodeHa:

dx
—=ax+byv+c, =
dt
1 {d* dv| a dy |
a, | di” rlooal dr o )
d’1 d
——(a, +by)-—+(ay b, —a, b ) v=a,-¢,—a, c,
dt” t
IIpumep 6.
dx
—=x-1

| dt

| dv

{ —=x+2y-3
Haiinure pemenue cucreMsl qudQepeHnnaibHbIX ypaBHEHUH dr

Pewenue.
r==-2 y+3
Pa3pemnm BTOpoe ypaBHEHUE CUCTEMBI OTHOCUTEIBHO X: dt
dx
dt

[Tpomuddepenunpyem BTopoe ypaBHEHHE CHCTEMBI U Pa3pEIINM OTHOCHTEIHHO

d*v  dv  _dv de  d°v  _dv
.,-=__H| wr :> y -y a

Ldi*t  dr dt ar dr dr

[ToncraBnsiem mosrydeHHBIE PE3yIbTATHI B IEPBOE YPAaBHEHUE CUCTEMBI TU( P epeHITNaTbHBIX

ypaBHEHUM:
dx

—=x-1

dt

d’1 dv  d

2= _2y+3-1

dt dr dt

d"’}l — 3 fﬁ 1L =

dt~ di

Taxk MbI puiy x JIHAY BTOpOro nopsaka ¢ moCTOSHHBIMU

dy _dy
T —d—+LV=42
1 dt

KodppunreHTaMu . Onpenenus ero oO1iee pelieHne, Mbl MOJIy4YUM

dynxumro y(t).

Haiinem cHagana Yo - o0Iriee perieHrne COOTBETCTBYIOIIETO OJTHOPOAHOTO Au(hepeHIInaTbLHOTO

YPaBHEHUS.
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k*-3k+2=0.

JIy1s1 5TOro BBIYMCIMM KOPHH XapaKTEPUCTUYECKOTO YPaBHEHUS

D=3"-4-2=1

;c.:J_1:1
)

fc:=3_1=2

|

Tak kaKk KOpHU ACHUCTBUTENBHBIC U PA3IMYHBIC, TO OOIIEe peIIeHNUEe OJTHOPOIHOTO
; 2t
Vvp=C,-e +C,-e
d*v _dv
v dt dt
[TepexoauM K HaXOXKAEHUIO * - yacTHOro pemenus JIHIAY .
Tak kak ero mpaBasi 4acTh MPEACTABIISET COO0I MHOTOUWIEH HYJIEBOH CTENIEHH, TO YaCTHOE pEIICHUE

nuddepeHInaTbHOrO YpaBHEHUS 3aMUILIETCS KakK

+2v=2
o

7= .
OyzaeMm ucKaTh B BUJIE * , e A — HeompeIeJICHHBIN KO3 (UIIHEHT.
N T
Ompenenum ero U3 paBeHCTBA dt dt
d*(4) _d4)
-3 J—rLi=2 —

dr- dt
24=2 = 4=1
P et 1 2t
=1 1-'(2.‘]: Vo+V=0Cy-¢ +Cy-e” +1
Takum oOpazom, ~ u - d ! -
byHKIUS HaiiieHa.
[ToxcraBuM 3Ty QYHKITUIO BO BTOPOE ypaBHEHUE CHCTEMBI MU (QepeHITMaIbHBIX YpaBHEHUH U
pa3perIrM MoJTy4eHHOE PaBEHCTBO OTHOCUTENBHO X(t):

dlC,-€¢'+C; - _1-':I= x+2-C,-e +C, -e* —1_.:]—3

. tak, ogHa Hen3BecTHAs

dr
C,-e"+2C, e =x+2C,-¢" +2C, -e¥ -1
x=-C,-e +1

xt)=-C,-¢ +1

Tak MBI TOJIYYHITN BTOPYIO HEU3BECTHYIO (DYHKITHIO
Omeem:

(x(t)=-C, - &' +1

5

v(t)=C e +C, e +1

3ananue: Haittu yacTHbIe pemieHus: AU PepeHInaTbHbIX YPABHEHHUI
Q) (x+3)dy—(y+2)dx=0,echuy =3npux = 2;
b) y+2y+4=0,ecqiuy =5npux =0

2
C) 2=12t—2,ec111/15=41/1E=2r1p1/1t=1
dt? dt
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d?s lds, ., ds _ _
d) F——?E,S—2I/Idt—11‘[pl/lt—l

KoHTpoJibHbIE BOIPOCHI:

1. Kakas cuctema Ha3bIBaeTCs OAHOPOIHON?

2. AJTOpPUTM pelIeHHs OJXHOPOTHON CHCTEMBI JIMHEHHBIX YPaBHEHUH.
3. 3anummre omnpeneneHue AU GepeHIMaIbHOr0 YpaBHEHUS
4

HazoBute Buab! AuddepeHunaibHbIX YpaBHEHHH

IMNPAKTUYECKAS PABOTA Nel0

Ha3Banue npaktudeckoii padorbl: Peuienue npogheccuonanvHwvix 3a0au ¢ UCnOIb306AHUEM
oughghepenyuanvnvix ypagnenuit
Lesanb padoThl: HAYIUTHCS NPUMEHATH AU hepeHIInaIbHBIC YPAaBHEHUS ISl PEIICHUS
npoeCCHOHATBPHBIX 3a1a4
3HAHUA:
OCHOBHBIC MOHATUS U METOJbl OCHOB JIMHEHHOHM anreOpbl, AMCKPETHONH MaTeMaTHKH,
MaTEeMaTUYeCKOr0 aHajlu3a, TEOPUM BEPOSTHOCTEH M MaTeMaTH4YEeCKOM CTaTUCTUKH,
OCHOBHbBIE YHCIIEHHbIE METO/IbI PELICHUS IPUKJIAIHBIX 33]1a4
YMEHHs:
UCIIOJB30BaTh MNpPUEMBI M METOABl MAaTEMaTHYECKOIO CHHTE3a W aHaliu3a B
Pa3IMYHbIX TPO(HECCUOHATBHBIX CUTYAIUSIX
Teoperuyeckunii marepuad:
JuddepennunanbHble ypaBHEHHS SBISIOTCS OCHOBOW OTPOMHOI0 KOJTMYECTBA PAaCUETHBIX 3ajjayu U3
CaMbIX Pa3JUYHBIX 00JIaCTel HAYKU M TEXHUKH.
IIpumepsbl npumenenust 1MppepeHIHATBLHOT0 YPABHEHHUS
IIpumep 1.
Jna nexomopoti pupmuvl yHKYUS MAPIHCUHATLHOU BLIPYUKU OM HPOOANCU C80€El NPOOYKYUU UMeem
6u0MR=10-0,29. 30eceMR— mapowcunanvuas evipyuxka ¢hupmsi, ad— obvem npooykyuu. Hyscno
Haumu 00wyio GbIPYUKY.
Kak BugHO M3 3amauM, 3TO MPUKIATHOM NMpUMEp M3 MUKPOIKOHOMUKHU. MHOXecTBO (upM u
NPEANPUATHIA TOCTOSIHHO CTAJIKUBAETCS C TIOJJOOHBIMH pacyeTaMy B XO0J1€ CBOEH J1eATeIbHOCTH.
IIpucrynaem x pemenuto. Kak HW3BECTHO W3 MMKPOIKOHOMHUKH, Map)KMHAJIbHAs BbIPYYKa
MpescTaBiIsieT co00i NMPOM3BOJAHYIO OT OOIIEeH BBIPYUKH, NMPUYEM BBIpyUKa paBHA HYJIIO MpU

HYJIEBOM YPOBHE MPOJIAX.
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C wmaremaTMyecKOW  TOYKM  3ajada  cBeJlach K pemeHnio  auddepeHnmuanbHOro
ypaBaeHusR'=10—-0,2qnpu ycnosuuR(0)=0.

[TpounTerpupyeM ypaBHEHHE, B3sIB IIEpBOOOpa3HyI0 (PyHKIHIO OT 00eMX YacTei, MoayduM odrmiee
pemenne:R(q)=/(10-0,2q)dq=109—0,1¢2+C.

Yroos! HaiiTk koHcTaHTyC, BcnomuuM ycimoreR (0)=0. IToacraBum:R(0)=0—0+C=0.

3naunt C=0 1 Hama ¢yHKuuMs oomel Bripyuku npuaumaet BuaR(Q)=10g—0,102. 3axaya peena.
Mpumep 2.

Pacnipenenenue remneparypsl BHYTPH OTpakIAr0IIUX IOBEPXHOCTEH.

Kupnnunas crena tonmunoi 30 cM uMeeT TeMiiepaTypy Ha BHyTpeHHeH noepxHoctu 20

rpagycoB, a Ha HapyxHOH 0 rpagycoB.

HaiiTi 3aBUCHMOCTD TeMIepaTypbl BHYTPH CTEHBI OT PACCTOSHUSA JI0 €€ HApY>KHOTO Kpast U

KOJHMYECTBO TEIJIOTHI, KOTOPOE OTAAET HapyKy |1KBaJpaTHBII METP CTEHBI B TEYCHHUE CYTOK.

Pemenne:

KonnuecTBo TemaoThl, Mpoxosiiee Yepes3 eAUHUIy TOBEPXHOCTH B €AMHUILY BPEMEHH, PaBHO:
&

dx

rae: t- Temneparypa; X- pacCTOSIHUE J0 Hapy>KHOMU CTEHbI; K- KOA(PGUIUEHT TEMIONPOBOJHOCTH

(s kuprmya- 0,2 kkan/m*a*rpan);dt/dx- xapakTepu3yeT HHTEHCUBHOCTD MaICHHS TEMITEPATYPhI

10 HAIIPaBJICHUIO TEIJIOBOTO NIOTOKA NEPIEHIUKYIIIPHO K IOBEPXHOCTH CTEHBI.

ITycTh TEeMIepaTypa BHYTPHU CTE€HBI €CTh (DYHKIIMS PAaCCTOSHUS 10 HAPYKHOM MOBEPXHOCTH X, T.€.

T=t(x).

WHTEeHCUBHOCTD NMaJCHUS TEMIIEPATYPHI 10 HOPMAJIU K TIOBEPXHOCTU CTEHBI ONPEAEIIAETCS

npousBoaHoM dt/dX.

Bo3bMeM Ha pacCTOSIHUM X OT HApYKHOM CTEHBI CJION TONIMHON dX ¢ TIOCTOSIHHOW (BHYTPH 3TOTO

3JIEMEHTAPHOTO CJI0s1) TemiiepaTypoii t. KommmaectBo TeruioTer Q1, mpoxosiiee yepes 3TOT CIIOH,

OyZleT NOCTOSHHBIM U 110 yCIO0BUIO: Q, = —k . S

dx
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Qi=-+kK —
Tak kak moBepXHOCTh S=1 KBaapaTHOMY M, TO: dx
Pemmm nonyyeHHoe ypaBHEHUE:
dt
Q =k —
1 dx
Q
dt=——1.dx
k
[dt=]- D
t= ey x+C
Kk
t= _O x+C
K

O6miee pemenne auddepeHnnanbHOr0 ypaBHEHHS UMEET BH/L:

Hauansnoe ycnoBue:mpu x=0 t=0, orkyna cornacHo ypaBHenuto, C=0.Toraa uCKOMBbIi 3aKOH
(= Q1

TEMIIEPaTypbl BHYTPH CTECHBI: K

X

Ecmu HapyxHas Temmnepatypa  -20°, To

x=0 t=-20°
_20--20.c

k
C=-20
t=-Lx 20

k

Q:_k-(t+20):_0,2-40 :_@

X 03 3
Q = 640kkan

HAJO WNCKATb MATEPUANLI
C BOJIEE HU3KMUM KO3OOULIMEHTOM
TEMNOMNPOBOOHOCTA

IIpumep 3.

Kycok merasia ¢ TemnepaTypoil a rpaaycoB IIOMELIEH B [1€4b, TEMIIEPATYPa KOTOPOIl B TEUEHUE
Yyaca paBHOMEPHO MOBBIIIAETCS OT a IPagycoB 110 b rpagycos. [Ipu pasHocTH Temneparyp ey u
metaiia B T rpagycoB meTai HarpeBaetcs co ckopocTbio kT rpanycos B Munyty. Haiftu
TEMIIEPATYPY METAJLIA Yepe3 vac.

Pemenne:
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« CoracHo YCJIOBHIO, UMEEM

dT,, _
it = K(T, - T, (8))

rae T, n T, — Temineparypbl neuu u metauia coorsercrseHo. Hanee, T, = a + ] (b — a)t B cuny
PaBHOMEPHOTO [IOBBILIEHUS TEMIIEPATYphl NeYn, { — BpeMs, U3MEPSEMOE B Muuymxml‘axum oBGpasoM,
maddepeHunansHoe ypasHeHue (1) MOXHO 3anKcaTh B BUIE

dTN
dt

=k(a+g5(b-a)—T..)- (2)

Beenem 3ameny a + 3%(6 —a)—T, = z. Torna ypaBHenue (2) npeobpasyerca B ypaBHeHHE C pa3jes-
IOLMMHUCS TiepeMEHHBIMMH:
dz

b-a
kz - o

= —dt’
MHTErPUPYS KOTOPOE, HAXOLHM
1

%l"("z—b—&g)=“+k'“c’ k#0,

_ l b"_a —kt
Tu—a+(t k) 60 +Ce ™.

Tak kak T (t)|=0 =a, 10 C = %575‘1. CiienoBare/ibHO, OKOHYATEIbHO HMEeM

Tu=a+b6_oa ( —%(h—e'“)).

Temueparypa MeTa/uia Yyepe3 4yac, oueBuaHo, Oyner pasHa

T..(60) = b — b,;;: (1 -e"°") S

IIpumep 4.

B npsmoyromnbHbiit 6ak pazmepom 60 cM x 75 cM u BeicoTol 80 cm nocTymnaet 1,8 11 BoJibl B
ceKyH/y. B JHe MMeeTcs oTBepcTHE IIOmAbio 2,5 cM2. 3a Kakoe BpeMs HaroTHUTCA Oak?
CpaBHUTB pe3ysbTaT ¢ BpEMEHEM HAIOJIHEHHUs TaKoro 6aka 6e3 OTBEpCTHS B THE.
Pemenne:

ITycTs XWAKOCTh BHITEKAET M3 HEKOTOPOI'O COCyAa 4epe3 OTBEPCTHE B HEM CO CKOPOCTBIO,
pasuoit 0,6\/2gh, tae g = IOM/Cz, h — BbICOTa ypOBHS XMAKOCTH HAjl OTBEPCTHEM.

B npamoyronbHbiit 6ak pasmepoMm 60cMm X 75¢cMm u Beicotoi 80cM noctynaer 1,851 Boasl B
ceKyH/y. B aHe uMeeTcs oTeepcTHe uiowanpio S = 2,5 cm?. 3a Kakoe BpeMs HANOMHUTCH GaK?

« [lycrs h(t) — BeicoTa yposHst Boabl B 6ake. Torna AV, = (h(t + At) — h(t)) 60 - 75 — npupa-
weHue ce 0bbeMa 3a BpeMa ot ¢ 1o ¢+ At. D1o yeeamvcHue (WM yMeHblueHHe) 00beMa npoMcxoauT 3a
cyer nocrynieHuss AV, Boabl u ee yTeuku B Konmyectse AV; uepes orBepetie. Takum o6pasom, umeeM
ypaBHeHue AV] = AV, - AV;. [Tockoneky AV, = 1800At, AV; = 2,5-0,61/2gh(t))AtL, t; € (&, t+At),
TO 110C/IE1HEE YPaBHEHHE MOXHO TIPEJACTABUTL B BHIE

4500(h(t + At) — h(t)) = 1800At — 2,5 0,6\/2gh(t))At, g =10’ cm/c’. (1)

Pasnenus B (1) 06e yactu Ha At u cosepluuB npeaenbHbii nepexoq npu At — 0, noayunm gudxbepen-
UMAZTBHOE YpaBHEHHUE

dh
30

& = (12-001/2gh
dt (12 4 g)’
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NPOMHTEIPUPOBAB KOTOpOeE, HalAeM:

6000 1200 '
t+C=——x= [ VA+ —==In(12 ~ 0,01 /ﬂ)). 2)
V29 < V29 L

INMycre A(0) = 0, Torua u3 (2) caeayer, yro C = —36001n 12. Toucrasus B (2) h = 80, HaiigeM
BpeMms L), 3a KOTOpOEe HaroJHUTCH 6aK:

3
t, = 1200 <3ln == 1) ~ 260 c. »

3ananue:

1. Pemwuts quddepennmanbHoe YpaBHEHHUE C Pa3aeISIIOITAMUCS
nepemennbivu 1+ ) dy — 2xy dz = 0. Hajry vacroe peleHue,
YIOBIIETBOPSIONIEE HAYATBHOMY YCIOBHIO (0)=1

2. CKOpOCTb OCTBIBAaHHSI HAIPETOT'O TeJIa MPONOPIIMOHATIbHA PA3HOCTH TEMIIEpaTyp Telia ’
okpy:xaroieit cpeapl. 3a 10 Munyt Teno oxnaauiaock ot 100 1o 60 rpamycos.

Temnepatypa cpeasl noctosiHHa 1 paBHa 20 rpanycam. Korna Teno octeinet a0 25

rpanycoB?

KOHTpOJILHbIe BOIIPOCHI:

1) xakuM MeToIOM pemaroTcs U depeHIaIbHbIe YpaBHEHU?

INPAKTHYECKASA PABOTA Nell

Ha3zBanme npakTuueckoil padorsel: Jluneiinvle onepayuu Hao 6eKMopamu, CKANApHoe
npou3szgedenue 6eKmopos
eab padoTbi: HaydnThCs BEINOIHATH JUHEWHBIE ONEPALIMU HAJl BEKTOPAMU U HAXOIUTh
CKQJISIPHOE MPOU3BEICHUE BEKTOPOB.
3HaHuq.
OcHOBHBIE TIOHSATHS U METOJbI OCHOB JHUHEHHOW anreOpbl, AMCKPETHON MaTeMaTHKH,
MaTeMaTUYECKOTr0 aHallu3a, TEOPUU BEPOSITHOCTEM M MATEMATHYECKOW CTAaTUCTHKH,
OCHOBHBIC YHCJICHHBIE METO/IbI PEUIEHUS MPUKIIATHBIX 3a]1a4;
YMEHUA:
Hcnonp3oBarh MpUEMBI U METOABl MAaTEMATHYECKOIO CHHTE3a M aHAJINW3a B Pa3JIMYHbBIX
PO ECCUOHABHBIX CUTYAITHASIX
Teopernyeckunii Mmarepuas:
BekTopsl 3aHUMalOT 0co0oe MeCTO cpeAar OOBEKTOB, PAcCMAaTPHUBAEMBIX B BHICIIEH

MaTCMaTUKEC, IMOCKOJIbKY KaXKIbIN BCKTOP UMCCT HC TOJILKO YUCJIOBOC 3HAYCHUC - JJIMHY, HO

60



U (QU3MYECKOE W TEOMETPUYECKOE -

HAIpaBJICHHOCTD.

Bektop, mnpencraBieHHbIN

—_—

HaIpaBJICHHBIM OTPE3KOM, HAYIIUM OT TOUKHU A K Touke B, 0003HAaYaeTcs TaK: A .

B

—_
|
4 N ,"l
’ e !
4 = ’ '
/ T 7o
s e '
{. .................. i i
' z \ '
I -~ \ ]
' 7 N
1 e AN
-
H Pl N
i V4
i t’/ 4 y
I »” s
' - ’
[P 5 v
X -

I'eomeTpuyeckuii BEeKTOP MPE/ICTABIICH B
JIBYMEPHOM U TPEXMEPHOM IIPOCTPAHCTBE B
BU/JIE HANPABIEHHO20 Ompe3Kda, T.e. OTpe3Ka, y
KOTOpOT0 pa3in4aroT Hayallo U KOHELL.

Ecnu A - nagaino Bektopa, a B - ero koner, to
BEKTOP 0003HAYACTCSI CHMBOJIOM AE

0J1HOH cTpouHoOi OykBoil & . Ha pucyHke KOHell
BEKTOpA YKa3bIBa€TCs CTPEJIKOM

JlIHHO# (MM MOJTYJIeM) TeOMETPHIECKOT0 BeKTopa “15 HaspIBaeTCSs JHMHA MOPOKIAIOMIETO €ro

43|
OTpe3ka

JInHeliHbIE onepanuu HaJl recOMETPUICCKUMHU BEKTOpaMH

-"r)"a

\\;"

B

YMHOKeHHe BEKTOpa Ha YHCJI0

Ipouseedenuem gekmopa * na wucio *
HA3BIBAETCS BEKTOP, MOTYYAIOIIHIACS U3

—+

ﬂ |4] =1
BekTopa % pacTspkeHueM (pu ) Wn
4] <1, |4l
)B

HaIpaBJICHHUEC BCKTOpa o COXPaHsCTCA,

ckarueM (mpu pa3, npu4ém

ecn 4 > U 4 MeHsieTcs Ha IPOTHBOIONOKHOE,
ecm A =0
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W3 onpenenenus cienyert, 4To BEKTOPbL & U b = A@ peerma PacIO0KEHBI HA OJTHOW WM Ha
napajuleNbHbIX IPSIMbIX. Takue BeKTOpbl Ha3bIBAIOTCS KoLiuHeapHbimu. (MOXHO TOBOPUTH TaKXKe,
YTO 3TH BEKTOPHI MAPAJUICTbHBI, OJTHAKO B BEKTOPHOU all 4 Op:; IPUHSATO TOBOPHUTH "KOJITTMHEAPHBI'".)

CHpaBCI[J'II/IBO u O6paTHOC YTBEPKACHUC: €CIIN BEKTOPHBL n KOJUIMHEAPHEBI, TO OHU CBA3aHbI

A y Onpenesenne 1. CkanspHbIM
MIPOU3BEICHUEM IBYX BEKTOPOB
Ha3bIBACTCSI 4YHUCIO (CKajlsp), paBHOE
A-B=ABcos¢

MIPOU3BEICHUIO JUIMH JTHX BEKTOPOB Ha
KOCHUHYC yria Mexay Humu. CoriacHo

B onpezeneHuto, (GopMmyna BBITTISAIUT TaK

aif;n:|a:l

5|c:os &

P
A

-+ -+

oTHOMmEHHeM & = Ad

— —-
X

CioskeHne 1 BBIYNTAHHE BEKTOPOB

[Ipu cnokeHnu BEKTOPOB HYKHO

3HaTh, YTO CYMMOU BEKTOPOB & u b

-+ =+

=1

Ha3bIBaeTCs BEKTOp & = & +&  gagano
KOTOPOTO COBIAJIACT C HAYAIIOM

BeKTOpa & , a KOHeIl - C KOHI[OM

BEKTOpa b IIpU yCIIOBUH, YTO HAYaJIO

BCKTOpa & MMPUIIOKCHO K KOHITY

—+

BeKTopa & .

CxansipHoe npousBe/ieHue BEKTOPOB

CkansipHO€ TIPOM3BEACHHE BEKTOPOB IO3BOJIIET HAXOJIUTh Yrojl MEXAY JABYMsI BEKTOPaMHU.
[TosToMy OHO dYacTO BCTpeYaeTcsi B IMOCIEAYIOIIMX pas3jenax MaTeMaThKH, OCOOEHHO,
AHAIMTUYIECKOH TCOMETPHUH. Crour nu TOBOPHUTH O TOM, 4YTO HAXOXKIACHUC CKAISAPHOIO
NPOU3BEJCHUST BEKTOPOB - (DyHIAMEHTAIbHbIM HaBBIK s Jt00Oro Oyayliero HHXKeHepa,
MIPOEKTUPYIOLIETO BCE YTO YIOIHO

z. e

. Haiitn @ *% | ecrn
T
&

Ipumep 1. /Tanbl
|c_£|: 3 E:8|; :;:?(c;, 5) =

Peruenue:
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Asiredpanyeckue CBOMCTBA CKAJSIPHOTO NIPOU3BeIeHUsI BEKTOPOB

ab=ba (mepeMecTUTENIbHOE CBOMCTBO)
(,aa Jo =2 (cxb) 3
(coueraTenbHOE OTHOCUTEILHO YHUCIIOBOTO MHOXHUTEIISI CBOMCTBO)

(cz +E:)r: =ae+be
(pacntpenenureabHoe OTHOCHTEJTbHO CYMMBI BEKTOPOB CBOWCTBO)

—+—+

aa >0 ,eci ¢ - HeHyieBoil Bektop, n %2 =0 ecin a. HYJIEBOI BEKTOP.
aeh= nm TNy tan

e Z|=2, [B|=3, Z@i=
ITpumep 2:Haiiti CKaIsIpHOE IPOU3BEICHNUE BEKTOPOB ¥ 1 & , ecnn'ﬂl Pl

Fh = |§| |5| cos (@A)
Ne

T =l I T P _
.:;tf:':|a|-|b|-cosi(a,b]—2-5-::055—10-?—5'\5

Pemenue: Vcnonszyem hopmyny . B nannom ciyuyae:

Orger: %% = 5“*5
VYron Mexay BEKTOpaMH U 3HAYCHUE CKAJISIPHOTO MPOU3BEACHHS
B Ilpumepe 2 ckansipHO€ MPOU3BEACHHUE MOTYUUIOCH MOJIOKUTENbHBIM.OT 4ero 3aBUCHUT 3HAK
T b= |§||5| cos (@, B)
CKaJsipHOrO Ipou3BeneHuss. CMOTpuM Ha Hairy GopMyiy:

7| = 0, |§| =0
HCHYJICBBLIX BCKTOPOB BCCIr/JAa IMMOJTOXKXUTCIIbHBI: F(| , IOOTOMY 3HAK MOKCT 3aBHCCTh
TOJIBKO OT 3HAYCHUSA Koanyca.Ymﬂ MCKAY BCKTOPaAMH MOXCT UBMCHATHCA B
O=s0@ b=

. JITuHBI

npeaciiax , 1 IIpU 9TOM BO3MOIKHBI CJICAYIOLINC CIIydaun:

- 7
0w b «<—
1) Eciu yroJ Mexay BeKTopaMH OCTPBbIii: 2 (ot 0 10 90 rpanycoB),

To LOSL(T 8] >0 , 1 CKAJISIPHOE NMPOM3BeieHne OyAeT NMOJI0KNUTEeIbHbIM @& >0 Ocobsit

cilyyail: eciM BEKTOPbI COHanpasieHvl, TO Yroll MeKIy HUIMU CUUTAEeTCs HYJIEBBIM (@ 5)=0

¥ CKaJISIPHOE MPOU3BEICHHE TaKkxKe OyIeT momoXuTenbHbIM. [Tockombky ©“% 0=1 1o bopmyna

YIPOIACTCS: ' |ﬂ| lb | .

T -
— < L& BY) <
2) Ecnu yroJa Mexiy BEKTOpaMu TYNOI: (o1 90 mo 180 rpamycon),

(6} cosi(a., b) <0 , 1, COOTBETCTBCHHO, CKAJISIPHOEC NPOU3BEACHUEC OTPUIATEIbHO! Zh <« [:I

Oco0bl# ciyyaii: eciii BEKTOPbI Hanpasienbl NPOmMu8onoI0HCHO, TO YTOJl MEXYy HUMH

CUUTAETCS PA3GEPHYMbBIM. L@ b)=ma (180 rpanycoB). CkanispHOE IPOU3BEIACHUE TOKE

OTpULIATENBHO, TaK Kak "oF 7 = -1
CrpaBeyIMBBI U OOpAaTHBIE YTBEPKACHUS:

1) Eciu @b =0 19 YToJl MEXAY JaHHBIMU BEKTOpaMu ocTpblif. Kak BapraHT, BEKTOPEI
COHAIPAaBJIECHBI.

2) Ecin @b <0 19 yroJl MeXy JaHHBIMHM BEKTOpamu Tynoil. Kak BapuaHT, BEKTOpEI
HaIpaBJIEHbI IPOTUBOIIOJIOKHO.
Ho oco0wlit nHTEpec mpencTaBiIseT TPETHH ciayyail:

63



i{E;E}:E cos?—T:U

3) Ecau yroa mexny BEKTOpaMu NPSAIMOIA: 2 (90 rpanycos), To
U CKAJIAPHOE MPON3BeleHue PABHO HYJIIO! zh =0 OOpaTHOE TOKEe BEPHO: €CIIH zh =0 ,
-
ZF@ b =—
TO . Kommaktho yrBepxknenue hopmynupyercs Tak: CKajJsipHoe NPOU3BeieHne

ABYX BEKTOPOB PABHO HYJIO TOrIa H TOJBbKO TOrAa, KOrjaa J1aHHbI¢ BEKTOPbI

opToroHajabHbl. KopoTkas MaremaTHueckast 3alucCh: gh=0=zlb

3ananmue: Ilo koopaunaTram Touek A, B u C 1J151 yKa3aHHBIX BEKTOPOB HAWTH:
a) MOJyJIb BEKTOpa a;
0) ckaJIsIpHOE NPoM3Be/leHNe BEKTOPOB a U B.

1) A4, 6, 3), B(-5, 2, 6), C(4, -4, -3), a=4 CB - AC , 5= 45 .

2) A4, 3, -2), B(-3, -1, 4), C(2, 2, 1), a=-5 AC +2CB , 5=45 .
3) A(-2, -2, 4), B(1, 3,-2), C(1, 4, 2), a=2 AC 354 , 5= BC .
BAQ, 4,3), BG, 1, -4), C(-1,2,2), a=2 BA +4 AC , 5= A .
5) A2, 4, 5), B(1, -2, 3), C(-1, -2, 4), a=3 45 -4 AC , 5= BC .
6) A-L, -2, 4), B(-1, 3, 5), C(1, 4, 2), a=3 AC -7 BC , 5=45 .
7) AL, 3,2), B(-2, 4 -1), C(1, 3, -2), a=2 4B +5 CB , = AC .
8) A2, -4, 3), B(-3, 2, 4), C(0, 0, -2), a=3 AC -4 CB , n="45 .
9) A, 4, -4), B(-2, 1,2), C(2, -3, 1), a=5 CB +4 AC , 5= A .
10) A0, 2, 5), B(2, -3, 4), C(3, 2, -5), a=-3 4B +4 CB , = AC .

Pemenue THIIOBOrO BapHaHTA:
ITo xoopauHaTaMm Touek A (-5, 1, 6), B(1, 4, 3) u C(6, 3, 9) HaiiTn: a) MOLyIb BeKTOpa a=4 AB +

_— —_

BC; CKaJIIpHOC MPOU3BCACHUC BEKTOPOB a4 U B= BC .

a) Haxomum 4B =(6, 3, -3), BC=(5, -1, 6), 4 4B + BC=(29, 11, -6), |4 4B + BC |=
J29% +11% + (—6)° =+/998

6) Umeem a=(29, 11, -6), B=(5, -1, 6). Tormaa-8=29-55+11-(-1)+(-6) -6=98.

KOHTpOJ’IbHLIe BOIIPOCHI:
1. 3anummure OIIPEACIICHUC BCKTOPA

2. 3anummure IMPpaBUJIO CIIOKCHUSA U BBIYUTAHHUA BCKTOPOB
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ITPAKTHYECKAS PABOTA Nel2

Ha3Banue npaktudeckoii padorel: Cocmasnenue ypagHeHus npamoii Ha N10CKOCHU U 6
npocmpancmee
Heap padorbl: HayuynThCs BBINONHATH JUHENHBIE ONIEpallMK HAJl BEKTOPAMHU, COCTaBIISITh
YpaBHEHHE IIPSIMON Ha TNIOCKOCTU U B IPOCTPAHCTBE
3HAHUA:
OCHOBHBIC MOHATUS U METOJbl OCHOB JIMHEHHOH anreOpbl, AMCKPETHONH MaTeMaTHKH,
MaTEMaTUYECKOI0 aHajlu3a, TEOPUM BEPOSTHOCTE M MaTeMaTH4YEeCKOM CTaTUCTUKH,
OCHOBHBIE YHCIIEHHBIE METO/IbI PELICHUSI IPUKJIIAJHBIX 33/]1a4
YMEHHs:
IPUMEHATh MaTeMAaTUUYECKHUE METO/IbI JUIs PELIeHUs IPOpeCcCHOHAIbHbIX 3a7a4
Teoperuyeckunii marepuas:

[TycTh Ha KOOPAMHATHOM TJIOCKOCTH MOCTPOEHA MpsiMasi, IPOXOAsIas Yepe3 ABE 3aJaHHbIC
Touku. OTMETUM Ha NMPSAMOi Pou3BOIbHYIO TOUKY C, €€ koopauHatsl (X;Y). O603HaUUM JBa
BEKTOpa:

AC w AB

e

N3BecTHO, 4TO y BEKTOPOB, JIeXKAIMX HA MAapaJUIeIbHbIX IPSIMbIX (1100 Ha OHOM NMPSAMOIT),
COOTBETCTBYIOIIME KOOPAUHATHI IPONOPLIHUOHAIBHBI, TO €CTh

X— Ve X— V=
M — Al H __]-_[ H S B — H E { 1 }
X— Y- X— Y-

A AR AC AC

OtHomenus koopauHat "x" u koopAuHAT "y" TaKMX BEKTOPOB PABHBI.
Tenepb ocTaércst TOJLKO BCOOMHUTD, UTO JIJISl ONIPEIETICHHsI KOOPIMHAT BEKTOpa HEOOXOAMMO
13 COOTBETCTBYIOIIMX KOOPAMHAT KOHIA BEKTOPA BBIUECTh KOOPIANHATHI €r0 Hayaja:

y Hac  A(xy;;yvy)  B(xy;v,) C(x;y)

3HAUNT KOOpAHWHATBI BEKTOPOB UMCIOT BU:
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X_=X—X Y =Y—N

AC AC
X _ =X, — X = —
AE 2 1 }’AE Yo — W1

[Toacrasnsiem B (1). [Tomywaem dopmyiy:
X—Xp V=W
Xop =Xy VYa— M0

Ecnu kakoii-nm16o 13 3HameHartesneil paBeH HyJ0, CIeAyeT IPUPABHATH HYJIO COOTBETCTBYIOIIMIA
yucnuTelb. Ha miuockocTu 3anmcanHoe BhIIIE YpaBHEHUE TIPSIMOM YIIPOILIAETCS:

_LI"| __'L‘:I . o

Ve == (x—x)
X, — X,

2 - €CIU X1 £ X2 UX = X1, €CIU X1 = X2 .

X, — X, .
Hpobs - ' a3pIBacTCA YIJIOBBIM KO3(p(PUIHEHTOM NPAMOM.

IIpumep 1: Haiitu ypaBHeHue npsimoid, mpoxoasiieit uepe3 Touku A(1, 2) u B(3, 4).
Pewenue. ITpumensisi 3anicanHyo BbIIe GOPMYITy, MOTydaeM:

4-2
y—2= (x—1)

y=-2=x-1
x—yv+l=0

YpaBHeHHe NPAMOI 110 TOYKE M YITI0BOMY KOI(P(PULHEHTY.
Ecnu oOuiee ypaBuenue npsimoit Ax + By + C = () npuBecTH K BUAY:

A -
ty

A C
——=k, ——=bh. me v=kx+bh
u o6osHaunts 0 s , TO TIOJy4EHHOE YPABHEHHE
Ha3bIBACTCA

VpasHenuem npamoti ¢ yenosvim Koagguyuenmom k.
YpaBHeHHe NIPAMOI B 0TpPe3Kax.

Ecnu B 00mem ypaBuenuu npsimoit Ax + By + C = 0 C#0, To, pa3aenus Ha —C, moxyuum:
A B X
——_I.'l:——v_l*'—] —+—=1
( ( a b

HIIN , Tre
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C C
q=——: h=—-—
A ]
I'eomeTpuueckuii cMbICT KO(PUIIMEHTOB B TOM, YTO KOA(P(PHUIUEHT a SBISIETCS KOOPIUHATOM
TOYKH ME€PECeUCHHUS
npsiMoii ¢ ockto Ox, a b — koopaMHATON TOYKH IepeceueHus MPsMoi ¢ 0chio Oy.

Ilpumep 2: 3anano oOiiee ypaBHeHUE npsimoit x —y + [ = (). Haiftu ypaBHEHHE 3TOM NpsIMOii B
OTpe3Kax.

c=1, I 1 a=ap=1
Ilpumep 3. Jlano obiee ypaBHeHue nipsamoit /2x — 5y — 65 = 0. Tpebyercs HanucaTh pa3IMIHbIE
THIIBI YPABHEHUH 3TOU IIPSIMOM.

YpaBHeHHe 3TOH IPAMOM B OTPE3KaX:
|2 3

- P =1
(63/12) (—=13)
YpaBHeHue 310 NPAMOii ¢ YyrjoBbIM KO3 GuIueHTom: (1eauM Ha 5)
12 63 12 .
Y=—X—— —T.‘C—].‘I.
3 3 J

Yroa MEXKAY NPAMBIMHA HA IIJIOCKOCTH.

Onpeoenenue. Eciu 3agansl a8e npsmbie Y = Ky X + b1, Yy = K 2X + b2, To ocTpslii yron mexmy
THMHU TPSIMBIMU
OyJIeT onpeensThes KaK

Jll:l.--1 .I!I;.'I
Igo = —

] 4 ;":f._ k.

JIBe TpsiMBbIe MapaieabHbl, eciau K1 = K2 . J[Be mpsiMbIe TIepIIEH IUK YJISPHBI,
eci k1 = -1/ ko .

Dopmynvt KOOpOuHam cepeoursvl OMpe3Ka

32[,[[8.‘18. ACJICHUA OTPE3Ka Ha ABC PABHBIC YaCTU — 3TO YaCTHBIN cnyanTI JACJICHU OTPE3Ka B JTAHHOM

A | wacmy M 1 yacme B
. °
OTHOLIEHUH.
Add 1
B 5ToM cilydae OTHONIEHHE BhIpakaeTcs npornopuueit &4 1 Y o6mme Gpopmyssr
XM=XA+/1-XB M=yﬂ+/1-y3
I+ 4 I+4  gynecHsIM 06pa3oM MpeoOpakaroTcs B HEYTO 3HAKOMOE U
o=t _Yatle
MUz M
pocToe:
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Y 100HBIM MOMEHTOM SIBJISIETCS TOT (PAKT, YTO KOOPAMHATHI KOHIIOB OTPE3Ka MOXKHO
¥ _IB+XA __}J’B+_}J’A
M T T 4 M T 4
2 2
6e300J71e3HEHHO TTEPECTABUTh:

JIJ1st IpOCTPaHCTBEHHOTO CiTyvasi ClipaBeJIuBa OUeBU IHAs aHaorusl. Eciu gaHbl KOHIIBI OTpe3Ka

A4 P 4240 B X5 ¥ 5 25) , TO KOOpAUHATEI €r0 CEPEIUHBI M BBIpaXKAIOTCS POpMyIJIaMu:

oo Fat X _YatVs . _ZatZs
M a0 2 M 2
IIpumep 4
[TapannenorpamMmm ABCD sanan KOOpJIMHATaAMU CBOMX BEPILNH A=4.0), B, 4), C(7.2), D-1.-2) .

Haiitu Touky nepeceyeHus €ro quaroHasieu.
Penrenne:
XKemnaronme MOTYT BBITOTHUTD 4epTEK. [ padHhuTi 0COOEHHO PEKOMEHAYIO TEM, KTO KalUTaIbHO

3a0BUT OIKOJIBHBIN KypC TEOMETPHH.

[To n3BecTHOMY CBOMCTBY, IMarOHAIIM MMapajuieIorpaMMa CBOEH TOUKOM MmepeceueHus Clxg: Fo)

ACIIATCA IOII0JIaM, ITIO3TOMY 3aa4y MOKHO PCHINTL ABYMA criocobamu.

PaccMoTpuM IPOTHBOIIONOKHBIE BEPILIHHBI A-4.0), C(7.2) . ITo hopmynam neneHust oTpeska

Xyt E. —4+T 3 _¥at¥e D+

xﬂ —
[OTI0JIaM HaiiEM cepearHy auaroHany ¢ d d d d d

1)
B pesynprare: 2

3agaHusa:

Bapmuanr 1.

1. Haiit paccrosiuue mexxay Toukamu A(1;2;3), B(4;5;6);

2. Jlan tpeyronpHuk ¢ BepumHaMu A(-2;0), B(2;4) u C(4;0). Hartucars ypaBHenune menuansl AE.
Bapuanr 2.

1. Halitn paccrosinue mexay Toukamu A(2;2;3), B(1;5;6);

2. Jlansl BepmuHbl Tpeyronbauka ABC: A(4, 3), B(-3, -3), C(2, 7). HaiiTu ypaBHeHHE MeaUaHBI
AM.

KoHTpoJibHBIE BONIPOCHI:

1) 3anmuiuTe ypaBHEHHE MPSMOIL IO JBYM TOYKAM

2) 3amuiure OIMPEACIICHUC MCIUAHBI TPCYTOJIbHUKA
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IHPAKTHYECKAS PABOTA Ne 13

Ha3Banue npaktudeckoii padorbl: Peuienue npukiaouvix 3a0a4 ¢ UCnOI1b306AHUEM

KOMOUHamopuKu.

Heab padoThl: HAYYUTHCS pelIaTh 33/1a4M HA MOJACUET YUCIIa KOMOMHAIIHIA.

3HAHMAL!
OCHOBHBIE TMOHSTHS W METOJAbl OCHOB JIMHEHHON anreOpbl, IUCKPETHOW MaTeMAaTHKH,
MaTEeMaTHUYeCKOr0 aHalin3a, TEOPUH BEPOSTHOCTEH M MaTeMaTH4YeCKOW CTaTHCTUKH,
OCHOBHBIC YHCJICHHBIE METObI PEIICHUS TPUKIIAJIHBIX 33724

YMEHHUA:

IIPUMCEHATE MAaTEMAaTUYCCKUEC METOAbI IJId PEIICHUA HpO(beCCI/IOHaJ'IBHBIX 3aJa4

TeopernyecknimaTepuall

KomOunaTopuka n3ydaeT KoamyecTBa KOMOWHAIMN, TTOAYMHEHHBIX OMPEIeICHHBIM
YCIIOBHSIM, KOTOPBIE MOYKHO COCTaBUTh U3 HJIIEMEHTOB, 0€3pa3InYHO KaKOW IPUPOIBI, 331aHHOTO
KOHEYHOT'0 MHO>KecTBa. [Ipu Hemocpe1cTBEHHOM BBIYHCICHUU BEPOSTHOCTEH YaCTO UCIIONIBb3YIOT
dbopmynbl komOuHaTOpuKku. [IpuBeneM Hanbonee ynoTpeOUTENbHBIE U3 HUX.

[Tpu pemennu 3a1a4 KOMOMHATOPUKH HCIIONB3YIOT CIIEAYIOIIHIE TPaBUIA:

Ilpasuno cymmoi. Ecam HEKOTOPBIN 00BEKT A MOXET ObITh BHIOPAH U3 COBOKYITHOCTH
00BEKTOB M criocobamu, a Apyroit 00beKT B MoxkeT ObITH BEIOpAH n crioco6amu, TO BEIOPATH JIHOO
A, mu6o B MoxHO m + n cmocobamu.

IIpasuno npoussedenus. Ecnm o0beKT A MOXHO BBIOpaTh U3 COBOKYITHOCTH OOBEKTOB M
Croco0aMy U Mocye KaXkJ10ro TaKoro BbIOOpa 00beKT B MOkHO BbIOpaTh n criocodamu, To napa
00BeKTOB (A, B) B ykazaHHOM MOpsIJIKE MOXKET ObITh BBIOpaHa m-n Crocodamu.

IlepecmanogxkamuHas3bIBalOT KOMOMHAIINH, COCTOSIINE U3 OJTHUX U TEX e N pa3INyHbIX
AJIEMEHTOB M OTIUYAIOLINECS TOIBKO MOPSAKOM MX PaCHOI0XKeHUs. YHCI0 BCeX BO3MOXKHBIX
MIEPECTaHOBOK

Pr=n!, rae n! = 1e 2e 3¢ en.
3ameTHMm, 4To ya00HO paccMatpuBath 0!, monaras, mo onpenenenuto, 0! = 1.

Pasmewenusmu Ha3pIBalOT KOMOMHAIIMHY, COCTABJICHHBIE U3 N PA3JIMYHBIX JIEMEHTOB 110 M
AJIEMEHTOB, KOTOPBIE OTIIMYAIOTCS JTHOO COCTABOM DIIEMEHTOB, TMOO0 UX MOPsIKOM. YUCIo Beex
BO3MOYKHBIX pa3MeIleHHH

A =n(n-Nn-2) . (n-m+1) = _onb
(1 —m;!

Couemanusimuaa3bIBalOT KOM6I/IHaHI/II/I, COCTaBJICHHBIC M3 N PA3JIMYHBIX 3JICMCHTOB I10 M

9JICMCHTOB, KOTOPBIC OTJINYAOTCSA XOTA ObI OJHUM 3JIEMEHTOM. YHCIIO coueTaHui
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o fl

tml{n —m)l
IIpumep 1.
CKOJIBKO TpeX3HaYHBIX YHCET MOKHO COCTaBUTH U3 tudp 1, 2, 3, ecnu kaxaast uudpa BXOIUT B
M300pakeHNe YuCIia TOJIbKO OJIUH pa3?
Pemenue.
HckoMoe umnciio Tpex3HauHbIX YUCEI
Ps=3!=1*2*3=6.
IMpumep 2.
CKOJIbKO MOXHO COCTaBUTh CUTHAJIOB U3 6 (hJIaXKKOB Pa3IMYHOTO IIBETA, B3SATHIX 1O 27
Pemenue.
Hckomoe 4uciio CurHajioB
A%=6*5 = 30.
IMpumep3.
CKONBbKMMH cIOCO0aMH MOKHO BBIOPATH JIBE JACTAIH U3 SIIKKa, coaepkamiero 10 geraneit?
Pemenne.
Hckomoe uncio cnoco6oB
C?0=10!/ (2! 8") = 45,
[TomguepkHeMm, 4TO yncaa pa3MENIEHU, IEPECTAHOBOK U COUECTAHUM CBSI3aHbI PABEHCTBOM
A" =PnC™,.
IIpumep 4.
Ha poautensckom cobpanuu npucyrctByeT 20 uenoBek. CKOJIBKO CYIIECTBYET pa3IMuHbIX
BapHaHTOB COCTaBa POJUTENILCKOIO KOMUTETA, €CIIM B HETO JOJDKHBI BOUTH 5 yenoBek?
Pewenue:
B sTOM npumepe Hac He UHTepecyeT NopAAOoK (haMmInil B criucke koMuteTa. Eciau B pe3ynbrate B
€ro COCTaBe OKa)KyTCsl OJJTHU U T€ 7K€ JIFOIH, TO 110 CMBICILY JJIsl HAC 3TO OAMH U TOT K€ BapUaHT.
[ToaToMy MBI MOKEM BOCITOJIb30BaThCs (YOPMYIIOHN IS TIOJIcUeTa yrciaacoueTanuit u3 20

3JIEMEHTOB 10 3.

HMuaue 6y,E[YT 00CTOSITH Acia, €ClIn Ka)KIbIil 4JIeH KOMHTETa H3Ha4aJbHO OTBEYAET 3a OIIPECACIICHHOC

HarnpasieHue padboTsl. Toraa mpu 0THOM U TOM K€ CIIMCOYHOM COCTaBE€ KOMHUTETa, BHYTPH HETO
BO3MOJKHO 5! BapHaHTOBIIEPECTAHOBOK, KOTOPHIE UMEIOT 3HaYeHHe. KoimuecTBo pa3HbIxX (M 1O
COCTaBy, U IO c(pepe OTBETCTBEHHOCTH) BAPUAHTOB OIPEAEISAETCS B 3TOM Cllydyae YHCIOM
pa3MenieHniins 20 3JeMeHTOB 10 5.

3ameuanue.
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Brrmme nmpearnojgarajliocCb, 4YT0 BCC N 3JICMCHTOB pPa3JIMYHEL. Ecan xe HEKOTOPBIC 3JICMECHTBI
MOBTOPSIFOTCS, TO B 3TOM ClIydae KOMOMHAIIMH C TIOBTOPSHUSIMH BBIYHCIISIOT IO IpYruM popmyram.
HaHpHMep, CCJIK CpCaU N 3JICMCHTOB CCTh N13JICMCHTOB OAHOTO BH A, N23JICMCHTOB APYTOro BUJa 1
T.A., TO YUCJIO MEPECTAHOBOK C ITIOBTOPCHUAMHA

Pn(ng, Nz, ...) =n!/ (N1 na! ... ),rme ni+ na+ ... =n.,
Pa3M€LI/;eHuilMM C NoBMOpEeHUAMU U3 N 3JIEMEHTOB MO M HAa3bIBalOTCA ynopﬂdoquHble m-
AJIEMEHTHBIC BEIOOPKH, B KOTOPBIX 3JIEMEHTHI MOTYT nosmopsamucs. Qucio pasmeujeruii ¢

14:4':'}2“

NOBMOpPeHUAMUBBIUNCISETCS 110 hopMyIie:
Ilpumep 5.
BossmeM OykBo1b, A, P. Kakue pa3menieHus U3 3TuX OYKB, B3SATHIX 110 JIBE, MOKHO MOJTYYUTH?
CKOJBKO TakuX HAOOPOB MOTYYUTHCA, eci: 1) OyKBBI B HAOOpE HE TOBTOPSIOTCS; 2) OYKBBI MOTYT
MIOBTOPSITHCS?
Pewenue.

1. Tlomyuarcs cnenyromue Habopwi:bA, bP, AP, Ab, Pb, PA.

nl

AR =n(n-Dn-2..(n-m+1=

ITo popmyie (n —m)l

.3 123

A= =———=4
|§ -2
noJrydacm: 2} ! Ha60p0B.

2. llonyuarcs nabopsi:bb, bA, bP, AA, Ab, AP, PP, Pb, PA.

——

no_ =
.A.,‘ o prpE

ITo popmyie nomydaem: 3 =7 T 7 HabOpOB.
Yucno couemanuii ¢ nosmoperusmu(NdIEMEHTOB, B3STBIX IOM, T/ 3JIEMEHTHI B HA0OpE MOTYT
o (n +m - 1)!

MOBTOPSTHCS) BBIYHUCISETCS O (hopMyIie: Tl i”_ lj!
IHpumep 6.
B xne6HOM 0oTHENE MMEIOTCS OyIKH Oeoro 1 uepHoro xiaeda. CKOIBKHUMHE CITIOCOOaMH MOKHO
KyIHTb 6 Oyiok xyeda?
Pewenue.
O6o3Hayas Oyku Oenoro u yepHoro xjeda OykBamu b u U, cocTaBUM HECKOJIBKO BHIOOPOK:
BBBEBb, BBUYED, YUYYYBH, ... CocTaB MeHseTCsl OT BEIOOPKHU K BEIOOPKE, MOPSIIOK DJIIEMEHTOB
HECYIIECTBEHEH, 3HAYUT 3TO - COUETAHUS C MOBTOPEHUSIMU U3 2 110 ©.

o IIH +m - lj!

® = N _ 6 _ 6 _ vl
ITo Gpopmyite mlfa-1) HonyqaeMC3 Cos1 =C7 =C7 =7 hoco6o.
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Cnenaem npoBepKy U BoinuiieM Bce BapuanThl nokynku: bbbbbb, bBbbbbY, bBbbbUY, bbbUYY,
bbUYYYY, bYYYYY, YYYYYY. VX neiiCTBUTEIBHO 7.

Ipumep 7.

CTpouTenbCTBO JIECTHHUIIBI.

Pewenue.

CrtpowuTcs nectHuIla, Beaylias U3 Touku A B Touky B(cwm. puc.).

A C

Paccrosinue AC paBHo 4,5 M, a pacctossnue CB — 1,5 M. BreicoTa kaxoii crynenbku paBHa 30 cw,
a ee IMPHUHA J0JDKHA OBITh IeTbIM KpaTHBIM 50 cM CKOJIBKUMHE crioco0amMu

MOHO IMOCTPOUTD JIECTHUILY?

W3 ycnoBus 3aiayn BUAHO, YTO JIECTHUIA JOJDKHA UMETh 5 CTYNEHEK U COCTOSTh U3 9 «OJIOKOB»
mnoit 50 cm. IloaToMy cTyneHbku MokHO cTpouTh B 10 mecrax. Takum obOpa3om, Hamo u3 10
MECT BBIOpATh 5, H 3T0 MOXKHO caenath C?1o= 252 crocobamH.

3ananus:

BapuanTt 1

1. CxonbKo ABYX3HAYHBIX YMCEN MOXKHO COCTaBUTH U3 1udp 1,3,5,8,9 Tak, 4T00bI B KaXkKI0M
YHUCIie He ObUIO OJIMHAKOBBIX 1U(Dp?

2. U3 6 oTkpbITOK Ha/O BEIOpaTh 3. CKOJIBKUMH CIIOCOOAMH 3TO MOXKHO?

3. Ilpeamnpusarue MOKET MPeAOCTaBUTh PadOTy MO OJHOM CeNUaIbHOCTH 4 KEHIIUHAMHU, 110
JpyToit - 6 MyXK4rHaM, IO TPEeTbel - 3 pabOTHUKAM HE3aBUCUMO OT 1osa. CKOTbKUMU
croco0aMu MOKHO 3aIlOJIHUTh BAaKaHTHBIE MECTA, €CJIM UMEIOTCS 14 mpeTeHIeHTOB: 6
KEHILUH U 8 My>KUHH?

Bapmuanr 2

1. CxonbKUMH cIOCO0aMU MOTYT Pa3MECTUTHCA S5 4eIOBEK BOKPYT KPYrioro crona’?

2. CKOJBKUMH CITOCOOAMHU MOYKHO COCTAaBUTH (JIar, COCTOSIINHA U3 TPEX TOPH30HTAITBHBIX
MOJIOC PA3IUYHBIX I[BETOB, €CIIM UMEETCS MaTeprall CEMHU PA3TMIHBIX [IBETOB?

3. T'pynmy u3 20 cTyIeHTOB HYKHO pa3AeluTh Ha 3 OpUTajbl, MpUueM B IIEPBYIO OpUraay
JIOJKHBI BXOJUTH 3 4eJI0BEeKa, BO BTOPYIO — 5 U B TpeThio — 12. CkoabKuMU ciocobaMu
9TO MOXHO CHCNATh.

Bapuanr 3
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1. U3 10 kanamaaToB HY>KHO BBIOpaTh 3 yenoBeka Ha KoHpepeH1nuto. CKOIbKUMH
Pa3TUYHBIMU CIIOCO0AMU 3TO MOYKHO CJIENIATh?

2. CKOJBKO pa3INYHbIX MSATU3HAYHBIX YUCET MOXKHO cocTaBuTh U3 1udp 0, 1, 3, 5, 7 Tak,
YTOOBI B Ka)KJIOM YHCIIe HE OBLIIO OAMHAKOBBIX IU(P?

3. Jlusa ydgactusi B KOMaH/ie TpeHep oToupaetr 5 MasibunkoB u3 10. CKkoJIbKuMHU crioco0aMu OH
MOKeT chOPMUPOBATH KOMAH/Y, €CITH 2 OMPECIIEHHBIX MAIbUYNKA JOJKHBI BOUTH B
KOMaHy?

KoHTpoJibHBbIE BOPOCHI:
1) HazoBuTe BHI6I KOMOUHALIHIA

2) HazoBuTe OCHOBHBIC TIpaBHIa KOMOWHATOPUKH

Cxema onpedenenus 6uoa KomouHayuu

CocTaBUTEL HECKOIbK0 KoMOuHaIpi1 (B5160p oK)

.

I1oBTOPSIOTCS JM 3.NEMEHThI B BbIfopke ?

aa He

MeHsaeTcsa J¥ cocTas 7 MeHsaeTca J¥ cocTas ?

Aa HeT HeT a
Cymec e Hex Jepecranosk Iepecranos Cymec Tee Hex
Jot MopAAox? uc M JO MOPAFONR?

10BTOP EHMAM
Aa eT He Aa
Pasmenyerys c Coueranua ¢ Coveranma Pasmenierma
TOBTOP eHUANY TIOBTOP eHMAME

IHPAKTHYECKAS PABOTA Ne 14

Ha3panue npaktuyeckoii padorbl. Pewenue 3a0au na éviuucienue 6eposmuocmen.
Lesas padoTbl: HaydnThCsi BBIYUCITATH BEPOSTHOCTH COOBITHH.

3HAHUA.
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OCHOBHBbIE TMOHSTHS W METOJAbl OCHOB JIMHEHHON anreOpbl, IUCKPETHOW MaTeMaTHKH,
MaTE€MaTU4YeCKOro aHajiu3a, TEOPUU BEPOSITHOCTEM M MAaTeMaTH4YeCKOM CTaTHCTHKH,
OCHOBHBIE YHCJICHHBIE METO/IbI PEIICHUS TPUKIIAAHBIX 33124

YMEeHHUsl:

IMPUMCEHATh MAaTEMAaTHYCCKUEC METOAbI IJId PCIICHHUA HpO(beCCI/IOHaJ'IBHBIX 3aaa4d

TeopeTnueckasi 4acThb:
1. Caryuaiinoe coobITHE

CnydaitHoe coObITHE — 3TO JII0OOH (DAaKT, KOTOPBIM B PE3YJIbTaTe HCIBITAHUS MOXKET
MIPOM30UTH WK He mpon3oiTh. CydaitHoe COOBITHE — 3TO PE3YNbTAT UCTIHITAHUS.

HcnpiTaHue (ONBIT, KCIEPUMEHT) — B 3TOM OIPEACIICHUM ITOHMMAETCS OIpEIEIICHUE
OTpPEAECNIEHHOT0 KOMILJIEKCAa YCJIOBHM, B KOTOPBIX HaOJIOaeTcs TO WM HHOE SBJICHHUE,
bukcupyercss TOT UM UHOHM pe3ynbTaT. McnbpiTaHWe MOXKET MPOBOAMTHCA YEJIOBEKOM, HO MOXKET
OCYILIECTBIISATHCS U HE3aBUCUMO OT ueloBeKa. YeloBeK B 3TOM Clly4ae BBICTYNAE€T B POJIHU
HaOIroAaTeIs.

Co6biTue 0003HAYAIOTCSI HaualbHBIMU IMPOMUCHBIMU (3arjaBHbIMU) OyKBaMH JIATUHCKOTO
andasurtaA, B, C.

1. JlocToBepHOE COOBITHE — 3TO COOBITHE, KOTOpPOE B pE3yJIbTaTe HCIBITAHUSI
00513aTeNbHO JJOKHO TPOU3OUTH.

2. HeBo3MoxkHOE cOOBITHE — 3TO COOBITHE, KOTOPOE B Pe3yabTaTe UCIBITAHUSA BOOOIIE
HE MOKET POU3OUTH.

CoObITuSI HA3bIBAIOTCS HECOBMECTUMBIMU, €CJIM HACTYIJICHHUE OJHOIO M3 HUX HMCKIIIOYaeT
MOSIBJIEHUE APYroro. B nmpoTuBHOM ciiydae cOOBITHS — COBMECTHBIE.

[IpOTHBOMONOKHEIE COOBITHS: [Ba COOBITHA A U A Ha3BIBAIOTCS IPOTHBOMOIOKHBIMHE, €CIIH
HE MOSIBJICHHE OJHOTO M3 HUX B PE3yJIbTaTe JAHHOTO MCIBITAHMS BIEYET MOSBIEHHE JPYyroro. (A
guTaeTCs «HE A»).

2. BeposiTHOCTB CJ1y4aiiHOTO COOBITHSA

UucneHHas wmepa CTeNeHU OOBEKTUBHOCTH BO3MOXKHOCTH HACTYIUICHHSI COOBITHS

HA3BIBACTCS 8EPOSMHOCHIBIO CAVUALUHO20 COOLIMUSL.

Knaccuueckoe onpeoenenue BEepOATHOCTH COOBITHS A
m
P(A) =—
(A==
BepositTHOCTh CcOOBITHST A paBHAa OTHOIICHHWIO YHCJIA CIydaeB, OJaronpusTCTBYIOIIUX

coObITHIO A (M), K 00IIeMy YHCITy ciay4aes (n).

IIpumep 1
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JlaGopaTopHast Kpbica, TIOMEIICHHas B JIAOWPUHT, JODKHA H30paTh OAWMH W3 TISATH
BO3MOXXHBIX HYTGﬁ. JInrn OJWH U3 HUX BCACT K NOOIIPCHUTIO B BUJC IMUIIIC. B MIpCANOJIOXKCHUN, YTO
KpbICa C OIMHAKOBOW BEPOSTHOCTHIO H30€peT JI000M MyTh, KAKOBa BEPOSATHOCTh BEIOPAHHOTO IYTH,

BEAYLIEro K nuiie?

1
PeweHue:E

Ipumep 2

[Ipu Gpocanum WrpabHOM KOCTH, BO3MOXHO, IIIECTh MCXOJOB: BhimazeHue 1, 2, 3, 4, 5, 6
oukoB. KakoBa BEpOsSTHOCTh MOSIBJICHUSI YETHOTO YHUCIIA OUKOB?

Pewenue: P(A) = % = %

CoObiTHEe A — «IIOSIBJIEHHE YETHOTO YHCJIa OYKOBY» ONaronpusarcTByoT 3 ucxona (2, 4 u 6
OYKOB).
Ipumep 3

Bce Harypanbnble uncia ot 1 10 30 3anucaHbl Ha OIMHAKOBBIX KapTOYKaX W IMOMELIEHBI B
ypay. Ilocne TmaTenbHOTO MEpEeMENIMBAHMS KapTOYEK M3 YPHBI HM3BJIEKAeTCS OJHA KapTOYKa.
KakoBa BeposITHOCTH TOT'0, YTO YKCJIO HA B3ATON KapTOUKE OKKETCSI KPaTHBIM 57?7

Pewenue:

O0603HayuM yepe3 A coOBITHE, COCTOAIIEE B TOM, YTO YHCJIO Ha B3ATON KapTOYKE KPAaTHO 5.
B nanmnom wucneitanun umeercss 30 paBHOBO3MOXKHBIX HMCXOJOB, U3 KOTOPBIX COOBITHIO A

OnmaronpusaTCTBYIOT 6 HcxonoB S, 10, 15, 20, 25, 30).

CnenoBatenbho, P(A) = % =0,2

Ilpumep 4

[TonOpaceiBatoT 2 MOHeTHI. KakoBa BEpOSITHOCTb, UTO 00€ ynaayT «repOom» KBepxy?
Pewenue:
4 ucxona o6pocanust monet: I'T, I'P, PI', PP.
[lyctp cobbiTHe A — «BBIMAIM 2 repbda» - ATOMY COOBITUIO OJIArONPUSATCTBYET OJIMH
UCXOJ.

P(A) = %: =0,25

-

Ipumep S

[TonOpaceIBatoTCsl 1Ba UTpalbHBIX KyOHKa, IMOJICUUTHIBAETCS CyMMa OYKOB Ha BEPXHHX
rpassx. YTto BeposiTHEE — ITOIYIUTh B CyMMe 7 uiu 87
Pewenue:

O003HaYMM COOBITHS: A — «BBINIATIO0 7 OYKOB», B —«BBINANIO 8 OUKOBY.
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CoOpiTHIO A OIAronpusTCTBYIOT 6 3eMeHTapHbIX UcxoA0B: (1;6), (2;5), (3;4), (4;3),
(5:2), (6;1).
CoObiTust B OnmaronpusaTcTByeT 5 ucxomos: (2;6), (3;5), (4:4), (5;3), (6;2).

Bcex paBHOBO3MOXHBIX HCXO0JI0B n=62 =36.

P(A) = 2 =1= 067, P(B) = — = 0,139

36

Hrak, P(A) > P(B) moayuutb B cymme 7 OYKOB 0oJiee BEPOSATHOE COOBITHE, YeM B CyMMeE 8§
OYKOB.
3. CraTucTnyeckoe onpeaejieHusi BEPOATHOCTH

OTHOCHUTENBHASA YacTOTA COOBITUS — 3TO J0JIS TeX (PAKTUYECKH MMPOBEICHHBIX UCTIBITAHUH, B

m
KOTOPBIX coObiTHE A mosiBuwiIock W = P*(A)= - DTO ONBITHAs AKCIIEPUMEHTAJIbHAS

XapaKTCPpUCTUKA, I'’I€ M — YHCJIO OIIBITOB, B KOTOPBLIX ITOABHUIIOCH COOBITHE A; N — YHUCI0 BCEX
IIOBCACHHBIX OIIBITOB.

BeposiTHOCTBIO COOBITHSL HA3BIBACTCS YHCIIO, OKOJIO KOTOPOTO TPYIIUPYIOTCS 3HAUYCHHS

o . m
YaCTOTHI JAHHOTO COOBITHS B PA3NIMYHBIX CEPHsIX OOJBIIOro uncna ucnbitanuii P(A) = lim -
n—oo

IIpumep 6
N3 982 60nbHBIX, MOCTYNUBUIMX B XUPYPTrUYECKyl0 OOJIbHHIY 3a Mecsl, 275 uenoBek
HUMCEIIN TpaBMI)I. KaKOBa OTHOCHUTCJIBHA]1 YacToTa HOCTyHJIeHI/Ifl 6OJII)HI>IX C OTUM BHIOM

3abosieBanus?

Pewenue: P*(A) :;Lz

Ipumep 7

[Tpu crpens6e no mumenu yacrora w=0,75. Haiitu yncno nonaganuii npu 40 BeIcTpenax.
Pewenue: W = %:>m =Wn; m=0,75-40 = 30.

Omeem: 6b110 oayueHo 30 monagaHuil.
4. 3aK0H cJ10:KeHHUs BePOATHOCTEI

CymMa JBYX COOBITHI — 3TO Takoe cOObITHE, IPU KOTOPOM MOSBISAETCS XOTsA Obl OJHO M3
3TUX coObIThii (A unu B).

Eciu A u B coBmecTHble cOObITHS, TO UX cymMMa A+B 00o3HavyaeT HacTyIieHHE COOBITUS
A i coObiThs B, miam 060ux coOBITHI BMECTE.

Ecnu A u B HecoBmecTumBbIe COOBITHS, TO cyMMa A+B 03HayaeT HacTyNJIeHHE WA COOBITHS
A win cobbiTHs B.
IIpumep 8

[ToOenuTens cOpeBHOBaHUS Harpaxjaaercs Mpu3oM (coObiTHe A), NEHEKHON mnpeMuen

(cobrrTre B), menansio (coosrtue C). Uto mpeacTaBisitoT codboit coobitus A+B?

76



Pewenue:

CoObiTus A+B cOCTOUT B HarpakJeHUU MOOEIUTENS I IPU30M JCHEKHON peMUeH, 1itH
TEM U JIpyTUM.
IIpumep 9

Typuct uMeeT BO3MOKHOCTh TToceTuTh 3 ropoaa: A, B u C. O6o3HauaeM cOOBITHSA: A —
TypucT nocetus ropox A; B- Typuct nocerun ropoz B;

C-typuct nocetui ropog C. B uem 3axitouaercs coositue A+C?

Pewenue:

TypucT noceTus ToJibKO OAUH U3 ropoaoB A niau C, WK OH MOCETUI UX 00a.

BeposiTHOCT CyMMBI JBYX HECOBMECTHMBIX COOBITHH paBHa CyMME BEPOSATHOCTEH ITHX
COOBITHII:

P(A+B)=P(A)+(B).

BeposTHOCT CyMMBI JIByX COBMECTHBIX COOBITUH paBHa CyMME BEpOATHOCTEH HX

COBMECTHOT'O TIOSIBJICHUS:
P(A+B)=P(A)+(B) — P(AB).

CymMa BeposATHOCTEH IMCKPETHBI COOBITHH, 00pa3ylolux IMOJHYH TIpyIIy, paBHa

€IMHULE

P(A1)+ P(A 2)+...= P(An)=1

;P(Ai) —1

CyMmMma BeposiTHOCTEN IPOTUBOMNOJIOKHBIX COOBITUI paBHA €AMHUIIE:

P(A)+P(A)=1.

N

IIpumep 10

1
HYCTI) BEPOATHOCTH TOT'O, UTO 3a0er BBIUT'PBIBACT I[)KI/IM, paBHa =, a BEPpOATHOCTL TOT'O, YTO
3

1
3a0er Bbiurpaer Tom, paBHa o KaxoBa BeposITHOCTB TOTO, UTO 3a0€T BBIMTPAET OJIUH U3 HUX?

Pemenue: P(A +B) = % +

v

15
IMpumep 11

BeposiTHOCT, TOrO, YTO Yy B3pOCIOro MalueHTa Bce 3YyObl coxpaHwiuch paBHa 0,67.
BeposiTHOCTh TOTO, YTO HEKOTOpBIE 3yOBl OTCYTCTBYIOT paBHa 0,24. BeposTHOCTH TOTO, YTO OH
0e33y0sr1it paBHO 0,09. BEraucauTh BEpOSTHOCTH TOTO, YTO Y MAITHEHTA HECKOIBKO 3yOOB.

Pewenue: P(A+B)=P(A)+P(B)=0,67+0,24=0,91.
Ipumep 12
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BeposiTHOCTh TIOaianus B OMyXOJIEBYIO KIETKY «MHIICHB)» MEPBOTO PAJAHMOHYKIINIA PaBHA
P =0,7, a Broporo —P =0,8. HaiiTu BepOsATHOCTHh MOMAJaHUS B KIETKY - «MHUIICHBY», €CIU OBI
OJIHOBPEMEHHO UCIOJIb30BAIKCH 00a Ipenapara.
Pemienue:
P(A+B)=P(A)+P(B) - P(A -B)=0,7+0,8 - 0,56=0,94.

JI71s1 HenpephIBHBIX CIIy4alHbINA BEJIMYUH YCI0BUE HOPMUPOBKU UMEET BUJL:

f_o:of(x)dx =1

Ipumep 13

B Gonpioit nomynsuuu miaogoBoi Mymku 25% MyX UMEIOT MyTaluio ria3, 50% - myTranuio
KpbLIbEB, a 40% Myx ¢ MyTanueil ria3 u KpbuibeB. KakoBa BEpOSTHOCTb TOT0, YTO y MYXH, Hayady
BBIOPAHHOM W3 ATOH MOMYJIALNH, OKAKETCS XOTS OBl OJJHA U3 ATUX MYTalUii?

Pewenue:

A — CoObITHe, cocTosiiee B TOM, YTO CIydyallHO BBIOpaHHas MXa MMeEeT MyTauuu ria3. B
€CTb COOBITHE, COCTOAIIEE B TOM, YTO CIy4ailHO BBHIOpaHHAs MyXa HUMEET MYTAIHI0 KpPBUIbEB.
BeposiTHOCTB TOTO, YTO MyXa UMEET OJHY HJIM 00€ MyTalluu:

P(A+B)=P(A)+P(B) - P(AB).
Torma P(A+B)=0,25+0,5 - 0,4- 0,25=0,65.
4. Ycii0BHAsl BePOSITHOCTD

VYcnoBHas BepoSTHOCTH coObITU B — 3TO BepodTHOCTH coObiTUs B, HalineHHas mpu
yCJIOBHH, 4TO coObITHE A mponsonuio. O6o3navaercs P(A/B).

IIpumep 14

B xopoOke conepxarcst 3 6enbix U 3 KenThix TadnaeTku. M3 kopoOKM MBa)Kbl BEIHUMAIOT
HayraJ 1o OJHOM TabieTke, HE BO3Bpallas ux B KOpoOKy. HailTu BeposTHOCTh MOsIBIIEHUST OENbIX
TabJETOK NMPU BTOPOM MCHBITaHUM (coObITHE B), eciu mpu mepBoM HCIBITAaHUM ObLIa M3BJIEYEHA
xenras TabneTka (coobiTue A).

Pewenue:

[Tocne nmepBOro UCMBITaHUS B KOPOOKE OCTANIOCH 5 TaOJIETOK, U3 HUX 3 OeNbIX.

Hckomoe ycnoBue BepositHoctu: P(B/A)= 3/5 =0,6.

Ipumep 15

B xopobke Haxonutcs 8 kpacHbIX U 6 Oenbix TabnmeTok. M3 kopoOku mocnenoBaTenbsHo 6e3
BO3BpaIlleHUs U3BIEKAIOT 3 TabseTku. HaliTi BeposTHOCTB TOT0, YTO BCe 3 TabsieTKu Oeble.

Pewenue:
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O6o3nauum; A1 - mepBas Tabnerka Oemas, A2 - BTopas Tabimerka Oemas, Az - TpeThs
TabJyieTka Oernasi.

P(A1A2 A3)=P(A1)P(A2 /A1) P(A3 /A1 A);

P(A1)= = P(Az/A1)= — P(As/A1A7)=—

12’
6 5 4 5

P(A) = P(A1A2Az) = — - — - — = 2 =0,055.

Ilpumep 16
[Tpenmonoxum, 94To B HEKOTOPOH CEMbE UMEIOTCS 2 peOCHKA.
1. KakoBa BeposTHOCTB, 4TO 00a pebeHKa — MATBYUKHU?
2. Ecnu wu3BecTHO, UTO, MO KpailHEH Mepe, OAUH W3 JETed — MaJIbUMK, TO KaKOBa

BEPOATHOCTH TOTO, UTO 00 peOeHKa — MaIbYUKU?

3. Ecnu m3BecTHO, 4TO crapimmii peOCHOK — MaJIbYUK, TO BEPOATHOCTh TOTO, YTO 00a
pebeHKa — MaTbYUKH?

Pewenue:

1. Yerblpe paBHOBEpOATHBIX coObITHsI MM, M/I, JIM JIJ1; P(MM)=1/4 .

2. Uckmrouaercst Bapuant J/I: P(MM)= 1/3.

3. Bapuantsl Tonpko: MM, MJI: P(MM)= 1/2.
5.3aK0H yMHOXKEHHs BepOATHOCTEH

[TpousBenenne ABYX COOBITUN — 3TO COOBITHE, COCTOSIEE B COBMECTHOM MOSIBICHUU ITHX
coObITHii (A 1 B).
IIpumep 17

[TycTh MMEIOTCS Clieyrolue COOBITHS: A — «U3 KOJOJBI KapT BBIHYTa JaMay; B — «u3
KOJIOJbI KapT BBIHYTA KapTa MUKOBOM MacTu». UTo mpeacTapiseT coboii coobitie AB?

Pewenue: AB ecTb cOOBITHE «BBIHYTA JTaMa UK.

CoOriTie B Ha3pIBaIOTCS HE3aBUCHMBIMU OT COOBITHS A, €ClIM IOSBJIICHHUE COOBITHS A He
M3MEHSIET BEPOATHOCTH TMOSIBICHUS COOBITHS B.

BepoaTHOCTh MOSBIEHUS HECKONBKUX HE3aBUCHUMBIX COOBITUH paBHAa MPOU3BEACHUIO
BEPOATHOCTEN 3TUX COOBITHII:

P(A-B)=P(A)- P(B).
J11s1 3aBHCHMBIX COOBITHIA:
P(AB)=P(A) -P(B/A).

BeposiTHOCTE Tpon3BeieHUsT ABYX COOBITHI paBHA MPOU3BEACHUIO BEPOSTHOCTH OIHOTO W3

HUX Ha YCIIOBHYIO BEPOSTHOCTH NIPYroro, HAWJIECHHYIO B MPEIIOJIOXKEHUH, YTO TEPBOE COOBITHE

IIPOU30IILIO.

IIpumep 18
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HaiiTi BeposTHOCTH COBMECTHOTO MOSABIIEHUSI repOa mpHu 0AHOM OPOCAHUU JABYX MOHET.

_ 1

Pewenue: P(A/B)=P(A) -P(B) = % :

N |-

IIpumep 19

BeposiTHOCTB TOTO, YTO Y B3pOCIOro ManueHTa Bce 3yObl coxpanmimch pasHa 0,67. Kakosa
BEPOATHOCTH TOTO, UYTO y JBYX HE MMEIOIIMX OTHOIIEHHUS APYr K APYry OOJIbHBIX, OKUIAOIIMX
nprema B kKabMHeTe cToMaTojora, ecTh Bce 3yObl?

Pewenue: P(A - B)=P(A) - P(B)=0,67 - 0,67=0,45.
IIpumep 20

HaiiTi BeposTHOCTB TOTO, YTO B CEMbE U3 JIBYX JETEH:

1) 00a pebeHKa — MaJIbUMKH; 2) 00a peOeHKa — JICBOUYKH; 3) CTapIIHii peOCHOK

MaJIbuMK, a MJIAJIIIANA — IeBOYKa. BeposTHOCTh poxxacHust manbumka — 0,515.

Pewenue:

P(MM)=P(M) -P(M)=0,515 -0,515=0,265;

P(1/1)=0,485- 0,485=0,235;

P(M/1)=0,515- 0,485=0,25
IIpumep 21

N3BectHO, uTO B 3 ciydasx u3 250 Ha CBET MOSBIISIIOTCS OJM3HELBI, IPUYEM B OJAHOM
cllydae — 3TO UCTHHHbBIE (MOHO3UTOTHBIE) Onm3Henbl. KakoBa BEpOSTHOCTh, UTO Y OMpPEIEICHHON
OepeMEeHHOW >KEHIUHBI POASATCS ONM3HEIbl MAlbYUK M JI€BOYKA. YUTHUTE, YTO OJHOSHIIOBBIC
OJIM3HELbl HUKOI/Ia HEe OBIBAlOT Pa3HBIX IOJIOB — 3TO 00s3aTEJIbHO JUOO 2 MaibyuKa, Jubo 2
JEBOYKH.

Pewenue:

BepOHTHOCTB HUMCTH JU3HUTOTHBIX 6J'II/I3HeI_[OB paBHa:

P(A)== 1-P(B)=1-:=

wIlN

Hckomast BEpOATHOCTb:

3 2 1

P(A) P(B)= 250 3 125 2 _ 250°

IIpumep 22
BeposaTHOCTh TOro, 4TO CTYAEHT B JIETHIOKO CECCHUIO CIAacT MEPBBIM 3k3ameH, paBHa 0,9;
BTOpoit — 0,9; Tperuit — 0,8. HaiiT BEepOSATHOCTH TOTO, YTO CTYACHTOM OYAYyT CHAHBI 1)TOIBKO
BTOPOM K3aMe€H; 2)BCE TPH IK3aMEHA.
Pewenue:
1) P(B)=P(A1 A2 A3 )=P(A1) - P(A2) - P(A3)=0,1 0,9 0,2=0,018
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2) P(A1A2 A3)=P(A1) - P(A2) - P(A3)=0,9 0,9 0,8=0,648.
Teopema. BeposiTHOCTh MOSBICHHSI XOTSI ObI OJTHOTO M3 COOBITHI A1, A2 ,..., An , HS3aBUCHMBIX B
COBOKYIMHOCTH, paBHa pPa3HOCTH MEXKJYy €IUHULEH U TPOU3BEICHUEM BEPOSITHOCTEU
IPOTHBOINOJNOXKHEIX coObITHt A1, Az, ..., An.
IIpumep 23

BeposiTHOCTS TTOTIaiaHus B e MPH CTpenbbde U3 Tpex opyauit takosa: P1 = 0,75; P, = 0,8;
P3 = 0,85. KakoBa BeposATHOCTh XOTSI ObI OJHOTO TMomnajaHus (COOBITHE A) MPU OJHOM 3aJIe U3
BCEX 3TUX OPYIUL?

Pewenue:

01=1-P1=1-0,75=0,25;

9=1-P2=1-0,8=0,2;

03=1-P3=1-0,85=0,15;

P(A) =1 - 01020,

P(A=1-0,25-0,2 - 0,15=0,9925.

IIpumep 24
JIBa cTpenka CTpeNsioT IO MHUUICHH. BeposTHOCTh monagaHus B MULIEHb IIPH OJHOM
BBICTpeJIe JUIsl iepBoro crpeinka pasHa 0,7, a s Broporo — 0,8. HaliTu BepoATHOCTB TOTO, YTO IIPU
OJIHOM 3aJII1€ B MUIIEHb [TONAJIET TOJIBKO OJUH CTPEJIOK.
Pewenue:
BepoaTHOCTB TOTO, UTO B MUILIEHB MONAJET NEPBBIA CTPEJIOK U HE MOMAET BTOPOM, paBHA:
P(A1 A2)=0,7- (1-0,8)=0,7- 0,2=0,14
BeposTHOCTB TOT0, 4TO MOMAa aeT BTOPOU CTPEJIOK B MUIIEHb U HE MOMAJIET EPBBIN, paBHA:
P(A1 A2)=(1-0,7)- 0,8=0,3-0,8=0,24.
BepoATHOCTh TOTrO, YTO B MHILIEHb IONAJAET TOJBKO OJWH CTPENIOK, PaBHA CyMME€ ATHX
BEpPOSITHOCTEM:
P(A1 A2 )+P(A1 Az )=0,14+0,24=0,38.
Ipumep 25
CKOJIBKO JTOJDKHA IUIAHUPOBATh Mapa UMETh JeTel, 4To Obl BEPOSTHOCTb XOTs Obl OJHOTO
MasburKa Obi1a Beiie 90% (BEepOSATHOCTD POXKICHHUS Manb4rka U neBouku — 0,5).
Pewenue:

HYCTL BCPOATHOCTH TOTO, UTO BCC NCBOYKMU:

P =—>=..on=¢{=3"=09

BepOHTHOCTB TOT'0, YTO HE BCC JCBOYKU:
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P(xoTs1 OBI OJIMH MaIb4HK)= | - (%}” =0,9.

0,1= ¢33 ;= = 1/2" 2"=10 =n~ 4.
27 10
6.@opmyaa baiieca

®opmyna baiieca npumensiercsi, koraa coObiTHe 4, KOTOPOE MOKET MOSIBUTHCS TOJIBKO C
onHo¥ w3 runore3 Hi, H ...H,, npou3onuio U HEOOXOJUMO MPOU3BECTH KOJIUYCCTBEHHYIO IIe-
PCOLICHKY anpuopHulx BEpOsSITHOCTeW sTux runore3 P(Hi), P(H2), ..., P(H,), W3BECTHBIX [0

UCIIBITaHUsA, T.C. HaWUTH anocmepuopHbvle (nonyqaeMLIe IIOCJIC ITPOBEACHUA I/ICHHTaHI/IH) YCIIOBHBIC

BepositHocTH rurnote3 P(Hi/A), P(H2/A), ..., P(H/A):

P(Hi)-P(A/Hi)

P(H/4) = T80

Unu Bmecto P(A) wucnoinp3yeM ee 3HAuyeHHe, BBIUMCICHHOE 10 (opmyse MOIHOU

BEPOSITHOCTH:
P(Hi)-P(A/Hi
P(H/A) = — (')(/ )
P(Hi)-P(A/Hi)+..+P(Hn)-P(A/Hm)
Wrtak, mycTe 10 omblTa MMEHOTCA runoressl i, Ha, ..., H,. Ilocie ombita CTaHOBUTCS

M3BECTHOM MH(pOpPMAIUS O pe3ysibTaTax OIbITa, HO HE MOJIHAsI, a8 UMEHHO: Pe3yNbTaThl HAOIIOACHUIM
MOKA3bIBAIOT, YTO HACTYIHIIO HEKOTOPOE COOBITHE A.

CunrtaeTcs, 4To J0 OIbITa OBUIH U3BECTHBI (anpuophsvie) BepostHoctu runores P(Hy),P(H>),
...,P(H,) wu ycnosuvie Bepositnoctu P(A/Hi), P(A/H2),..., P(A/H,). Heobxoaumo ompeaeanThb
anocmepuopHule BeposiTHocTy Tunote3 P(Hy/A), P(H2/A), ..., P(H/A).

3unauenue ¢popmynsl baiieca cOCTOUT B TOM, YTO MPHU HACTYILIICHUU COOBITHSIA, T.€. IO Mepe
MOJTydeHUsT HOBOM HMHGOpPMAIIMU, MBI MOXEM IPOBEPATh M KOPPEKTUPOBATH BBIABUHYTHIC 0
HCIIBITAHUS TUIIOTE3bI. TaKkol MOoaX0/ Ha3bIBAETCS OalECOBCKUM.

IIpumep 26

JIBa OXOTHHMKA OJTHOBPEMEHHO CTPENISIIOT OJMHAKOBBIMH NYJISIMU B MenBensd. B pesynbrare
MeABeab ObLT yOUT ofHOM Tynelt (coObiTne A). Kak OXOTHUKHM JOMKHBI MOAETUTH MIKYpY YOUTOTO
MeJIBE/Is, €CITM U3BECTHO, YTO BEPOSITHOCTH MoMaianus y nepBoro oxoTHuka 0,3,a y sroporo 0,6?

Pewenue:

Bocnonszyemcst hopmynoit baiteca. Onpenenum npeaBapuTeIbHO TUIOTE3HI.

I'mnoresa A1 :nmonan nepBelii OXOTHUK, BTOPOU MPOMAXHYJICS.

I'unoresa H>: momnan BTOpOM, NEPBBIM MPOMaXHYJICS.

['unoresa H3: monanu o6a OXOTHHKA.

['unoresa Ha: 06a IpOMaxHYIHCh.

82



CoOBITHEAMOXKET MPOU30NTH TOJIBKO TOTJa, KOrjaa mpousonuia jubo rumore3a Hi, audo

rumiore3a Ho, T. e.:

P(A/H1)=1, P(A/H3)=0
P(A/H2)=1, P(A/H3)=0

Hpez[nonaraeM, 4TO IIonajgaHus OXOTHHKOB B MCIABEAA HE 3aBUCAT APYr OT Apyra. n

HOJy4daeM:

P)=0,3-(1-0,6) =0,12;

P(H>)=0,6:(1-0,3) =0,42;

P(H3)=0,3-0,6 =0,18;

P(Hs) =(1-0,3)(1-0,6) =0,28.

[Mpumensiem popmyny baiieca:

P(H1)-P(A/H1)

P(HYA) = 5o D + POi2) POA/H2) + P(I3) P(A/H3)  PIA) PA/HD)
P(HY/A) = 0,12:140,42-1+0,18:0+0,28:0 9
P(H2/A) = P(H2)-P(A/H2)

P(H1)-P(A/H1) 4+ P(H2)-P(A/H2) + P(H3)-P(A/H3) + P(H4)-P(A/H4)

0,42-1 7
P(H/A) = =7
0,12-1+0,42-1+0,18:0+0,28-0 9

o 2
Takum o6pa30M, IIpH CIIpaBCAJIMBOM ACJICHUHN IICPBbIM OXOTHHUK IOJIZKCH HOJ'Iy‘lI/ITLE HIKYPHI,

T.€. MEHbIIE YETBEPTOM YacTH WIKYpbI, B TO BpeMs KakK, Ha IEPBBIM B3IJIAJ, Ka3aJOCh, YTO €MY

HpI/I‘II/ITaeTC}Ié mkypsi (0,3).

3aganus:
Bapmuanr 1

1. KaxkoBa BeposiITHOCTb TOTO, YTO HayJauy BelOpaHHOE 11es10e yucio ot 40 1o 70 sBisercs
KpaTHbBIM 67

2. KakoBa BepOsITHOCTb TOTO, UTO MPH MATH OPOCAHUAX MOHETHI OHA TPU pasa ynajaer repoom
KBEepxy?

3. KoHCynbTanmoHHBIN TYHKT YHUBEPCUTETA MOTYYaeT MaKeThl C KOHTPOJIBHBIMU paboTaMH U3
roponoB A, B u C. BeposTHOCTh nonydeHns nakera u3 roposaa A pasza 0,6, a u3 ropona B
—0,1. HaiiTi BepoATHOCTB TOT0, YTO OYEpPEIHOM MmakeT OyaeT nosydyeH u3 ropoja C.

4. BeposITHOCTH TOTO, YTO B JICTHIOI CECCHIO CTYIEHT CIAcCT TEpBbI »k3ameH, paBHa 0,8;
BTOopoit — 0,9; Tpetuit — 0,8. Haifti BeposITHOCTD TOTO, YTO CTYJAEHT CIACT XOTS ObI OJIMH
9K3aMEH.

5. Hmeercs nBa OJMHAKOBBIX SAIIMKA ¢ IIapamMu. B nepBom simuke 2 Oenbix U 1 yepHsIi map, a

BO BTOpoM — 1 Oenblii u 4 yepHbIX mapa. Haynady BeIOMpAIOT OAMH SIILIMK M BRIHUMAIOT U3

Hero map. KakoBa BeposSITHOCTb TOT0, YTO OCTABILUICS IIap SIBIISIETCSA OeNbIM?
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Bapuanr 2

1.

KakoBa BeposITHOCTB TOTO, UTO HayJauy BbIOpaHHOe 1enoe yucio ot 1 qo 30
(BKJIIOUMTENBHO) SABIISIETCS AeauTeneM uncia 307

B HUU pa6otaet 120 uenoBek, u3 Hux 70 3HAIOT aHTJIMMUCKUH s3bIK, 60-HEMenkHii, a 50-
3HalOT 06a. KakoBa BepOSITHOCTh TOTO, UTO BHIOPAHHBIN Hay/1ady COTPYIHUK HE 3HAET HU
OJIHOT'O UHOCTPAHHOTO sI3bIKa?

C nepsoro npennpusatas noctynwio 200 mpoOupok, u3 KoTopsix 190 cranmapTHBIX, a cO
Broporo — 300, u3 kotopbeix 280 crangapTHbIX. HaliTh BepOSTHOCTH TOro, YTO HayAady
B3sTas MpoOupKa OyAeT cTaHAapTHOM.

BeposiTHOCTh OJ1HOTO ToOMaaaHus B 1I€JIb MPU OJHOM 3ajlme u3 JAByX opyauil paBha (,38.
Haiitu BepoOSATHOCTh MOpPaKEHUS LEIM IPU OJHOM BBICTPENIE MEPBBIM U3 OPYAHH, €CIH
M3BECTHO, UTO JJIsl BTOPOT'O OPYIUs 3Ta BEpOSTHOCTH paBHa 0,8.

JIBa aBTOMaTa MPOU3BOIAT OJUHAKOBBIC XUPYPTUUYECKUE 3aXUMbL. [IpOM3BOAMTENHLHOCTH
[IEpBOro aBTOMara BJIBOE€ Oouiblile, 4ueM BTOporo. [lepBblii aBTOMAT NPOU3BOJIUT B CPETHEM
60% 3a)KMMOB OTJIMYHOTO KadecTBa, a BTopoil — 84%. Haynauy B3sThIN 3a)KUM OKa3aics

OTIIMYHOI0O KadecTBa. Halitu BCPOATHOCTDb TOI'O, YTO OH IIPOU3BCACH IICPBLIM aBTOMATOM.

Bapuant 3

1.

I'pynna Typuctos, cocrosiiias u3 12 roHouel u § 1eBylieK, BHIOMPAET M0 KpeOHto
XO35IIICTBEHHYIO KOMaHAy B cocTaBe 4 yenoBek. KakoBa BEpOSITHOCTb TOTO, UTO B UUCIIE
M30paHHBIX OKAXKETCS JIBOE IOHOILEH U JIBE EBYIIKU?

Nmeercs Tpu ypHbl. B nepBoit Haxoautes 5 6enbIX mapoB U 3 YepHBIX, BO BTOPOil — 6
OenbIX U 2 YepHBIX, B TpeTheii—10 OenbIx mapoB. BeiHuMaroT Hayraa oauH map. YpHa
BbIOMpaeTcs Toxxe Hayraj. HaliTu BeposSTHOCTH TOr0, YTO ATOT IIap OembIi.

Ha tpuanatu wucropusx Oone3nu Hamucanbl 30 AByx3HayHbIX ymcen oT 1 mo 30 (ux
MOPSAKOBBIE HOMEpa). DTH MCTOPUM OOJIe3HEH JiexaT Ha IOJIKE B CIydallHOM MOpsJIKe.
KaxoBa BeposITHOCTh BBIHYTh HCTOPUIO 00JIE3HH C HOMEPOM, KpaTHBIM 2 uiu 37

OTzen TEXHUYECKOr0 KOHTPOJIS MPOBEPSIET MEAUIIMHCKOE U3/I€ME Ha CTaHIaPTHOCTb.
BeposTHOCTB TOTO, 4TO M3/€IUE CTaHAapTHO, paBHa 0,9. HaliTu BEposATHOCTB TOTO, YTO U3
JBYX IPOBEPEHHBIX U3/I€THUH TOJIBKO OJHO CTAaHJAPTHOE.

B nsaTH anTeukax HaXOAATCs OJUHAKOBBIE IO Macce U pa3Mepam TabieTku. B 1Byx — mo 6
3eNeHBIX U 4 )KeNThIX TabneTok. (JTo anTeuka coctaBa Hi). B AByx npyrux anredkax
(coctaBa H2) — 1o 8 3eneHbIx u 2 )KeNnThIX TabJeToK. B oqHOM anteuke (coctaBa Hz) — 2
3eNIeHbIX U 8 JKenThIX TabneTok. Haynauy BeiOupaercs anrTedka v U3 Hee U3BJIEKAETCS
TabJeTka, KOTopas oka3ayach 3efeHoi. KakoBa BeposTHOCTB TOro, UTO 3eneHas TabiaeTka
W3BJIEUYCHA U3 allTEUYKH NIEPBOTO COCTaBa
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INPAKTUYECKAAPABOTA Ne 15
Ha3Banune npaktuyeckoi padorol. Peuienue 3a0au na gpluucienue 6epoamuocmeil ¢
UCNOIb306AHUEM ITIEMEHN 06 MAMEMAMUUECKOU CINAMUCMUKU.
Henp padorel: HayunTscs pemars 3a1a4u ¢ HCIIOJIB30BAHUEM JIEMEHTOB MaTeMaTUYECKOU
CTaTUCTUKH.
3HAHUSA:

OCHOBHBIC TOHATUS W METOJbl OCHOB JIMHEHHOHN anreOpbl, AMCKPETHOH MaTeMaTHKH,

MaTEMaTHYECKOTO aHaJln3a, TEOPUM BEPOSTHOCTEM M MAaTeMaTH4YEeCKOHM CTaTUCTUKH,

OCHOBHBIE YHCIIEHHBIE METO/IbI PELICHMS IPUKIIAHBIX 33124
YMEHMS:

NPUMEHSITh MaTEMAaTHIECKHAE METOJIBI [T PEUICHHUs IPOPECCHOHATBHBIX 3a1a4

TeopeTnyeckuii MaTepua:
1. Caryyaiinble BeJTHYMHBI

Cnyuaiinas éenuyuna — 3TO BEIMUYMHA, KOTOpas B Pe3yJbTaTe UCIBITAHUS B 3aBUCUMOCTHU
OT ciydas NPUHUMAET OJHO W3 BO3MOYKHOIO MHOXKECTBA CBOMX 3HAU€HUN (Kakoe MMEHHO —
3apaHee HEU3BECTHO).

Huckpemnas cayuaunas eeiuuuna — OTO ClydaiiHas BEIWYMHA, KOTJA IPUHUMAET
OTJIEIbHOE U30JIMPOBAHHOE, CYETHOE MHOXKECTBO 3HAUEHUH.

Henpepuvignas cnyuarinas eéenuyuna — 3TO ClydalHas BEJIMYMHA, MPUHUMAIOIIAS JTIOOBIC
3HAUEHUSI U3 HEKOTOpOro MHTepBaia. [loHATHE HENpepbIBHOM CIy4allHOM BEIWYMHBI BO3HUKAET
IIPU U3MEPEHUSX.

CrnyualiHple BelIMYMHBI O0O3HAYAIOTCS KOHEYHBIMHM 3arjaBHbIMM OyKBaMHM JIATUHCKOIO
andasura X, V, Z , a uX 3Hau€HUS — COOTBETCTBYIOLIUMHU CTPOUHBIMH OYKBaMH X, J, Z.
2.3aK0H pacnpejiesieHUs1 CJIy4aiiHOW BeJMYHHbI

OTO BCSKOE COOTHOUIEHME, YCTAHABIMBAIOUIEE CBS3b MEXAY BO3MOKHBIMHM 3HA4YEHUSMHU
CIIy4aiiHOM BEJINYMHBI U COOTBETCTBYIOIIUMHU UM BEPOSITHOCTSAMHU.

Jns ouckpemmnoti ciiy4aiiHON BEIMUYMHBI 3aKOH pacHpeesIeHUs] MOXKET ObITh 3a7jaH B BUJE
mabauybvl, AHATUTUYECKHU (B BUJE popmynvl) u epaguiecku.

Tabruya — 370 pocTeiimas Gpopma 3ajjaHus 3aKOHa pacrpesienenus. B Hell mepednciens! B
MOPSAJIKE BO3pPACTaHMsI BCE BO3MOXKHBIE 3HAYEHUS CIydallHON BelW4YuHBI X U COOTBETCTBYIOIIME

BEpPOSITHOCTH. DTa TabJIMIIa HA3BIBACTCS PLOOM PACNPEOETIeHUSL.

X1 X2 ... Xn

p1 P2 Pn
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n
pi=1

i=1

Psin pacnpenencHuss MOXKeT ObITh M300paXKeH rpadUUYecKH, eCd MO OCH abCIUCC OTKJIAIbIBATh

3Ha4YCHUA cnyqaf/iHoﬁ BCJIMYMHBI, @ IO OCH OpAWHAT — COOTBCTCTBYIOHNIUC HX BCPOATHOCTH.

CoenuHenue 00pa3zyeT JIOMAHYIO JUHHIO. JTO MHOTOYTOJbHUK WM TIOJIUTOH paclpeneieHus

BEPOATHOCTEH.

Pi A

X1 X2 X3 Xn X

v

Ilonueon pacnpeoenenus 6eposimHocmell

Ipumep 1
3a/1at0T 1M 3aKOHBI PacIpeie]ICHHs TUCKPETHON ClIy4ailHOWBETUYUHBI CIIEAYIOLTUE TaOTHUIIbI?
A) b)

xi| 1l 2 3 4
Pil0,1]02]03|0,5

xi| 1 2 3 4
Pil0,1/04]03|0,2

Pewenue

A) Ta, TaKk KaK BBITIOJHACTCS yCIoBHE Y, iq pi = 1: 0,1+0,4+0,3+0,2=1

b) Her: 0,1+0,2+0,3+0,5 # 1.
Ipumep 2
B nenexnoii norepeu BoinymieHo 100 Ouneros. PaspirpeiBaercs oauH BeIUrpsiil B 50 py6uteit u 10
BbIMTphIIEi mo 1 pybmto. HaiiTu 3akoH pacnpeneneHusi ciydailHOM BETUYMHBI X — CTOMMOCTH
BO3MO>KHOT'O BBIMTPBILIA JUISI BJIJIEIIblIa OJIHOTO JIOTEpEHHOro Ouera.

Pewenue: 603M0OKHBIE 3HAYESHUS X

P Xi 50 1 0
1= pi 0,01 0,1 0,89
El
—_— 10 . —_
Pz—m,Ps— 1-(P2+Py)
Kountposns: 0,01 +0,1 +0,89 =1
Ipumep 3
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BeposiTHOCTE TOTO, YTO CTYACHT CHACT CEMECTPOBBIN SK3aMeH 1o Omodusmke paBHa 0,7, a 1o

ouoxumun — 0,9. CocraBbTe 3aKOH pacIpelesieHUs] YHhcia CEeMECTPOBBIX IK3aMEHOB, KOTOpHIE

caact cTyaeHT. [locTpouTh MHOTOYTOJIBHUK paclpeiesIeHNsl BEPOSITHOCTEM.

Pewenue

Bo3moskHbIe 3HaUeHUs X — YHCIIO CAaHHBIX dK3aMeHoB: 0,1,2.

CunTaem BEpOSITHOCTH:

P(X=0) = P(A1) P(A2) = (1 - 0,7)-(1 — 0,9) = 0,3-0,1 = 0,03

P(X=1) =P(A1A2+ A1A7) = P(A1)-P(A2) + P(A1)-P(A2)=0,7-0,1 +0,3:0,9 = 0,34

P(X=0) = P(A1A2) = P(A1)-P(A2) = (1 - 0,7)(1 — 0,9) = 0,7-0,9 = 0,63.

Psan pacnpenenenus uMmeer BUA:

Xi 0

P 0,03

0,34

0,63

Kontposs: 0,03 +0,34 + 0,63 =1.

pif
0,6 T
04 1
0,2 T,

v

0 1 2 3

MHozoy20n1bHUK pacnpedesneHus

3.@yHKIHSA pacnipeaeeHns CIyYaiiHbIX BeJIMYUH

Xi

Oyukuus F(x), Belpaxkaromas i KaXxa0ro X BEpOSTHOCTh TOrO, UTO Cily4aiiHasi BETUYHMHA

XOprUMeT 3HAY€HUE MEHbIIE HEKOTOPOro (PUKCHPOBAHHOIO X, Ha3vlgaemcs (yHKyueu pacnpe-

Oenenus ciaydaHoi BenuuuHbl X: P(x) = P( X< x). Ee Takxe Ha3bIBaIOT unmezpanvHol QhyHkyueu

pacnpeoenenusi TACKPETHBIX U HEMPEPHIBHBIX CIIyYailHbIX BETUYHH.

IIpumep 4

Xi 1 4

pi 0,4 0,1

0,3

0,2

JlaH psin pactipeneneHus CaydailHbIX BEJTMYNUHBI:
Haiitu u n300pa3uth rpadguk ee GyHKIMN pacTpeeICHHS.

Pewenue

By,[[CM 3aaBaTh pa3JIMYHLIC 3HAYCHUA Xid HAXOJAUTH JJIA F(X)I
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1. Ecmu x<1,F(X)=0

2. [Mycth 1< x <4, (mampumep, x = 2), F(x) =P(x =1) =0,4.

3. [Tyctb 4< x < 5, (Hanpumep, X = 4,25),

F(x) =P(X <x)=P(x=1) + P(x=4)=0,5+0,4=0,5

4. [Tycts 5< x <7, F(x) =(P(x=1)) + P(x=4) + P(x=5) = 0,5+ 0,3=0,8.
5. [Tycts x>7

A
10 4 —
o8 | ."—i
0,6 B e : !
S I
O‘—I ———— i >
1 2 34%56 7

®yHKyus pacnpedeneHus OuckpemHol cay4yaliHocmu 8eauyuH

F(x) = (P(x=1) + P(x=4) + P(x=5) + P(x=7) = 0,8 + 0,2 =1
CDYHKI_II/IFI pacipeaciICHuA 1000 I[PICKpGTHOﬁ CJ'Iy‘IEIfIHOfI BCJIMYHHBI €CTh pa3pbIBHAA CTYIICHYATAaA
q)YHKHI/IFI, CKa4YKu KOTOpOﬁ IMPOUCXOAAT B TOYKaX, COOTBETCTBYIOIIMX BO3MOKHBIM 3HAUCHUAM

CJIy4alHOM BEJIMYMHBI U PABHBI BEPOSATHOCTAM ITUX 3HAYCHUI.

4. YucioBble XapaAKTEePUCTHKH TUCKPETHOM CJIy4aiiHOM BeJMYHNHBI
1. Mamemamuueckum oxcudanuem M(X); TUCKPETHOU CIIy4allHON BETWYUHBI HA3BIBACTCS
CyMMa IPOU3BEICHHI BCEX €€ 3HAUCHHI HE COOTBETCTBYIOIINE MM BEPOSTHOCTH:
M(X) = XL, xipi
Ipumep 5
M3BecTHBI 3HaUCHMs pacHpeieseHus ClydyalHbIX BeMUYMH X U Y — 4YHCIO OYKOB BBIOMBAEMBIX

IEPBBIM U BTOPBIM CTPCIIKAMMU.

Xi 0 1 2 3 4 5 6 7 8 9 10

pi 0,15 | 0,11 | 0,04 | 005 | 0,04 | 0,20 | 0,10 | 0,04 | 0,05 | 0,12 | 0,20

Xi 0 1 2 3 4 5 6 7 8 9 10

Pi 0,01 | 0,03 | 005 | 0,09 | 0,11 | 0,24 | 0,21 | 0,20 | 0,10 | 0,04 | 0,02

HeoOxonuMo BBISIBUTB, Kakoil W3 JBYX CTPENIKOB cTpenseT ayunie. [locTpouts MHOTOYroiabHUKU

pacrpeeseHusl.
88




Pewenue:
OdeBHIHO, YTO W3 JBYX CTPEIKOB JydIlle CTPENsSeT TOT, KTO B CpPEIHEM BBIOMBaeT OoJibllee
KOJIMYECTBO OYKOB.

M(X)=0-0,15+ 10,10 + 2:0,04 + ... + 90,12 + 10-0,2 = 5,36

M(Y) = 0-0,01 + 1-0,03-0,05 + ... +9:0,04 + 10-0,02 = 5,36

To ecTb cpeaHee YnCIIO BHIOMBAEMBIX OYKOB Y IBYX CTPEJIKOB OJJUHAKOBO.

IIpumep 6

CnyuaitHas BenuurHa X 3aJjaHa 3aKOHOM PaCIIpe/IC/ICHHS:
Xi 1 2 )
Pi 0,3 0,5 0,2

Pewenue: M(X) = 10,3 +2-0,5 + 50,2 =2,3

2. Jlucnepcus MUCKPETHOMCIYYaiHOCTH BEIMYUHBI. CIIOBO «IHMCIEPCHUS 03HAUACT «PACCESTHUEC):
D(X) = M(X — M(X))2.

Hucnepcuei D(x)cmyyailHOH BETUYMHBI HA3bIBACTCS MAaTEMATHUYECKOE OXKUJIAHUE KBajpara ee

OTKJIOHEHUS OT MaTEMAaTUYCCKOTO OXKHIAHHSI.

Cpeonee keadpamuueckoe omiioHeHue G (CTaHIAPTHOE OTKJIOHEHHWE WJIM CTaHIAPT) CIy4alHOU

BEJIMYUHBI X — 3T0 apu(PMeTHIeCKOe 3HAUCHUE KOPHS KBAJIPATHOTO U3 €€ IUCIICPCHH:

o =/D(X)
IIpumep 7.
B 3a1a4e lo CTPCJIKax BbIYUCIIUTE JUCTICPCUIO YUCIIa BLI6I/ITBIX OYKOB JISI KaKAO0T'0 CTPEJIKA.
Pewenue:

O‘{CBI/II[HO, YTO JIYy4IIC CTPCIIAI TOT CTPEIIOK, Y KOTOPOr'o IMpH PaBECHCTBC CPCAHUX 3HAYEHUI Yyucia
BBI6I/ITBIX OYKOB MCHBIIC OTKIIOHCHHUEC JOTOro 4YucCjla OTHOCHUTCIBHO CpPCAHCIO 3HAYCHUA
(mucmepcus).

D(X) = (0-5,36)? -0,15 + (1 — 5,36)%:0,11 + ... + (10 — 5,36)>-0,2 = 13,6

D(X) = (0 - 5,36)? -0,01 + (1 — 5,36)%-0,03 + ... + (10 — 5,36)-0,02 = 4,17
Omeem: Jlucriepcust MEHbILIE Y BTOPOTO CTPEJKA.
IIpumep 8
B 3agade 2 BBIUMCIUTH JUCTIEPCHIO.

Pewenue:

D(x)=(1-2,3)?-0,3+(2-2,3)2-0,5+ (5-2,3)>0,2=2,01
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5. I1.IOTHOCTH BEPOSITHOCTH HeNPEPbIBHBIX CAYYAHHBIX BeJIUYHH
IInomnocmuio  6eposmuocmu, uiu niomuocmvlo pacnpedenenus f(x) wuenpepuwisnou
cyyatiHoll BEMMYUHBI X, Ha3bIBACTCS MPOU3BOIHAS €€ (YHKIIUU PACTIPEICTICHHS:
f(x) = F'(x)

Ee maxorce nasvisarom ougppepenyuanvroii GyHkiueit pacrnpeaeineHus.

flix) %

o

v

0
a b X
Csoticmeo niomHocmu 6epoOSIMHOCU.
1. HeorpunarensHast pynkuus f(x) >0 .
2. Ilnomans ¢uUrypel, OrpaHUYCHHON KPUBOH pacupeAeNieHHs M OChl0 abCLuCC, paBHA
eMHUIIE.
3. BeposiTHOCTh TOMafaHus HEMPEPHIBHOW CITy4yallHOM BEJNMYMHBI B MHTEpBal [a, D]paBHa

OIIPECACIICHHOMY UHTETpally OT €€ IJIIOTHOCTU BEPOATHOCTU B IIPCALiIax OT a A0 b.

b
P(anSb)=J f(x)d

['eomeTprueckas HHTEpPIIPETALINS:

[TonydyeHHass BepOSATHOCTh paBHA IUIOWIAAM (UTYpbl, OrpaHUYEHHOW CBEpXy KpHUBOMH
pacrpeesieH st U ONUPAIOIIEeHCst HAOTPe3oK [a, b].

HempepeiBHast ~ ciydaifHass ~ BelIMYMHA  ONUCHIBAE€TCS  CIEAYIOLIMMH  YHUCIOBBIMH

XapaKTePUCTUKAMU:

1. Maremaruueckoe oxuaanne: M(X) = f_oooox - f(x)dx
2. Jucnepcus D(X) = fjooo(x — M (x))?-f(x)dx
W D(X) = [ x2-f(x)dx — (M(x))?

6.HopMaJsibHbIii 3aK0H pacnpeejeHus

DTOT 3aKOH HauboJIee YacTo BCTpeyaeTcst Ha MpakTuke. OH SIBISETCS MPEAeIbHBIM 3aKOHOM,
K KOTOpPOMY TPHOIIKAIOTCS JApYrHe 3aKOHbI pacmpeneneHus. HopmanbHoe pacnpezaeneHue
SABJIICTCA OJHHUM M3 CaMbIX Ba>XHBIX pacnpe)leneHI/If/'I B cratucTthke. OOLIYHO BCE CpaBHHUBAKOT C

HOpPMAaJIbHBIM 3aKOHOM PaCIpECaACIICHHA.
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HemnpeppiBHasi cinydaiiHas BeIWYWHA XHMEET HOPMAIBHBIM 3aKOH pacmlpeneieHus (3aKoH

[aycca) ¢ mapaMeTpaMHu (L U G2, €CIIH €€ TIOTHOCTh BEPOSTHOCTH UMEET BHI:

_G=1?
e 202

f(X)=m/Zz

Ceoticmea niomuocmu pacnpeoeieHus 6eposimHoCmel.
> Omna komokoo0pa3Has («kosokol ['ayccay), nHa4e YHUMOJAIbHAS.
> [TnoTHOCTH OmpenenseTcst AByMsl lTapaMeTpaMu: MaTeMaTHYECKUM OXUIaHHeM (L) U

CPEIHUM KBaJpaTUYECKUM OTKIOHECHHEM (G).

> CuMMeTpHuyuHas OTHOCUTEIBHO CPEIHETO.
> Cpennee u Me1MaHa HOPMAJIBHOTO pPaclpeeICHUs PaBHBI.
> KpuBas cnaBuraercsi BIpaBO, €CIM CpeJHEE YBEIUYUBACTCS MPH MOCTOSHHOM

KBa/IpaTU4ECKOM OTKJIOHEHUH (pHC. 0), U CIIBUTAETCSI BJIEBO, €CIIU CPEHEE YMEHBIIIAETCS.

> KpuBas pacuupsiercs, ecinu cpeiHee KBaJIpaTUYECKOCOTKIOHEHUE a YBEINUUBAETCS
(ecnu cpeiHEe MOCTOSHHO).

> KpuBast craHoButrcs 0ojiee OCTPOKOHEYHOH C MeEHbIIEH IIMPUHOM OCHOBaHUS
KOJIOKOJIA, €CJIM @ YMEHBIIAETCSl IPU CPETHEM ITOCTOSTHHOM (TIUIOMIAIb MO/ TpaiKOM BCeria paBHa

1)(puc. B).
a) 6)

o) fx) |
1

oV2r

M2

(7]

J

v

X

LY LN S
Ml M
I{pueaﬂ HOPMAlbHO20 3AKOHA pacnpeéeﬂeyu;z U ee UsMereHusl npu

U3SMEHEHUU napamempos
ﬂOl’lOJZHZU’I’IEJZbele ceoucmsa.

BepOHTHOCTB TOro, 4TO HOpMaJIbHO pacHpCaCICHHAA cnyqaﬁHaﬂ BCJIMYHMHA X CO CPpCAHUM L

" CPCAHNUM KBAAIPATUICCKHUM OTKIIOHCHUCM G (CTaH,Z[apTHOC OTKJ]OHCHI/IC) Haxo4quTCsa MCKIY (},l - G)
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u (1L + o), paBHa 0,68, T.e. 68% cimyyaiiHON BEIMYUHBI X OTIMYAETCS OT CPEAHEro He Oosee ueM Ha
OJTHO CTaHJAPTHOE OTKJIOHEHHE =+ G.

BeposiTHOCTh TOTO, YTO HOPMAJBHO paclpelelieHHas CllydailHas BEJTMYMHA X HAXOIUTCS
Mexay (| - 26) u (1 + 206), paBHa 0,95, T.e. mpumepHo 95% ciay4aifHON BETHYNHBI X OTIMYACTCS OT
CpEHEero Ha JiBa CTaHJAPTHBIX OTKJIOHEHHS +2G.

BeposiTHOCTh TOTO, YTO HOPMAJBHO paclpelesieHHasi ClydailHas BEJMYMHA X HAXOIUTCS
Mexay (U - 30) u (ut+ 30), paBHa 0,99, T.e. 99% (IpPaKTUYECKH TOCTOBEPHO). ITO CBONWCTBO HOCHT

Ha3BaHUC IMPABUJIO TPEX CUI'M.

f(x) 1

N

95% |>:

32---

o U+G

99%

Mpasuno mpex cuzm

Xoa padoThi:

1. JluckpeTHas ciy4aiiHas BenmnuuHa XUMEET 3aKOH pacIpeIeIICHHs.

Xi 0,2 0,4 0,6 0,8 1

pi Oll 012 014 P4 0,1

Uemy paBHa BepoaTHOCTb P4(X = 0,8)? IlocTpouTh MHOTOYTrOJIBHUK pacnpezenenus. Haitu
MaTEeMaTHYECKOE 0KUIAHUE U TUCTIEPCHIO.

2. I[I/ICerTHaH cnyqaﬁHaﬂ BelIMUMHA XUMEET 3aKOH pacnpeaciiCHus.

Xi 3 4 5 6 7

pi P 0,15 P3 0,25 0,35

Haiitu BepositHocTh Pi(x = 3) m P3(x = 5), ecnu u3BecTHO, uTo P3B 4 paza Gosbimie Pi.
[TocTpouTh MHOTOYTONBHUK pacmpesenenus. HailTu MareMaTH4eckoe 0KUJaHUE U TUCTIEPCHUIO.
OTBeThTE HA KOHTPOJIbHbIE BONPOCHI:

3. Kakas BemuunHa Ha3bIBACTCS CIIydaliHOM?
4. 3aKkoH pacnpeaeneHus CIyIaiHbIX BETUINH

5. UYrto Ha3bIBAE€TCS MJIOTHOCTHIO BCPOATHOCTU
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Kpurepun oueHuBaHusI NPAKTHYECKUX PadoT

- OLICHKA  «OTJIMYHO»  BBICTABISCTCS  OOydaromemycss 3a  paboTy, BBINOJHEHHYIO
6€301100YHO, B MTOJIHOM 00BEME C YU€TOM PALMOHATIBHOCTH BHIOPAHHBIX PEIICHU;
- OLICHKA «XOpOIIO» BBICTABISACTCS OOydaromeMycst 3a padoTy, BBIIOJIHEHHYIO B IOJHOM
o0beMe ¢ HeoueTaMu;
- OLIEHKA «YIOBJICTBOPHUTEIBHO» BBHICTABISIETCS O0yJaromemMycsi 3a paboTy, BHIIIOJIHEHHYIO B
He monHOM oOwveme (He MeHee 50% mpPaBUIBHO BBIMOJHEHHBIX 3aJaHUN OT OOIIEro oOdbema
paboThl);

- OLICHKA «HEYJIOBJIETBOPUTEIHHOY BBICTABIACTCS 00ydaroneMycs 3a padoTy, BBIIIOJIHCHHYIO B HE

moJiHoM o0beMe (MeHnee 50% MpaBUIIBHO BHIMOJIHEHHBIX 33JJaHUI OT 00I1Iero 00beMa padoThI).

JIMTEPATYPA

1. Hexneuxnii N.JI. Marematuka [Tekct] : yue6. mocodue mis cTyn. YupexaeHuii cpea. npod.
obpazoBanms /M.JI. [lexnenkuii. - 12-e uzz., crep. — M.: M3narenbckuii meHTp «Akagemus», 2017
.= 320c.

2. TI'puropses B.I1. Matemartuka: yueOHUK JuIst CTy. YupesxkaeHuii cpes. mpod. o6pazosanust /
B.I1. I'puropre, T.H. CabGypoBa. — 2-e u3n., crep. — M: M3narenbckuii neHTp «Axagemus», 2018.
—368 c.
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[Tpunoxenue A
HexoTopsble cBeieHUs U3 3JIEMEHTAPHOM MAaTeMaTHUKH
Aareopa
3aKoHbDI AeliCTBHII HAX YHCIAMH

[lepemecTuTenbHBIN 3aKOH cIOXKeHUs: & + b =D + a.

CoueTaTeNnbHbIN 3aKOH CIIOXKEHUs: (@ + b) + ¢ =a + (b + ¢).

[lepemecTuTeNnbHBIN 3aKOH YMHOKeHHS: ab = ba.

CoueTaTenbHBIN 3aKOH YMHOXEHUS: (ab)c = a(bc).

PacnpenenuTenbHbIi 3aKOH YMHOKEHHSI OTHOCUTEIBHO CIOXKEHUS: (@ + b)c = ac + bc.
PacnipenenutenbHblil 3aKOH YMHOKEHHSI OTHOCHTENIBHO BhiuMTanus: (a - b)c = ac - be.

JpoOHble BbIpasKeHU sl

ac  a
—=—=,b20, c=0.
OcHOBHOE cBOIfcTBO Apodu: b

JetictBus ¢ 1po0sMu (MIpeATIoaracTcs, 4YTo 3HaMEeHATeIu APOOCi OTIUYHBI OT HYJIA):
a b a+b a ¢  ad+be

G € € bg bd

CreneHu U KOpHU
Cmenenw ¢ yenvim nokazamenem

oseonll
(n a3’??€?'f, =l

1 0 - bl 1
a'=a, a =1 (a=0), a™ =1/a" (a=0)
CBoilicTBa:
aman ao am+n, am/an - am-n’ (am)‘ con amn,

(ab ) = a™", (afp] =a”/b".
Kopenwv n-ii cmenenu

. g a0 Ha20, neN, n>1.
Va - apudmeTHyeckuit KopeHs N-if cTenenu u3 yucna = i

CgoiicTBa:
Jap =Nafib  (b>0), Yifa=va
Vaf =a, Va* =

B wacTHOCTH, Va - apudMeTHUeCKHii KBaAPaTHBIH KOPEHb:

Cmenenb ¢ OpoOHbIM (PAYUOHATLHBIM) NOKA3AMeENeM
» » b
a™t = 3la , meZ, nreN, nz2 a>0.
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Ceoticmea cmenenu ¢ 0elicmeumenbHblM noKa3amesnem

(>0, >0, xeR, yeR)
dlat=ig™? (a")v=a"", (ab)”=a”b”,
(afb) = a*fb*, o' = bee,

a" =e"™ = exp(xha), a*=10""

IIporpeccun
Apugmemuueckasn npozpeccus

(a, )
RD
Apudmerndeckas IpoOrpeccust - YUCI0Bask MOCIEI0BATEIBHOCTD onpezenseMas

=z o\ G =ta, ¥l n=d.2,..
yeousimu: 1) @1 = &, 2) Tasl T T " W
MIPOTPECCHUN ).

CBoiicTBa apu(pMETHIECKON IPOTPECCUU:
ax+1 i ax = am+2 = an+la am+1

=a+d(n-1)

" (d - pasnocTh apupMeTHICCKOM

i ak i ax+2

a
®opmyna N-To YaeHa:

@opMyIIbl CyMMBI N IIEPBBIX YIECHOB:
g Z(al+an)n g =251+d(”‘1)n

n ? n
2

2

T'eomempuueckas npoepeccusi

(&)

FGOMeTpI/I‘leCKaﬂ IIpOorpeccus - 4ucCJjioBas 1oCICA10BATCIIbHOCTb ®ed orpeacirieMan

by=b [b=z0) Din =D 0
yenoBusivu: 1) ! ( ) 2) 9 (g=0) n=1,2,...(q - 3HamMeHaTeIb
reOMETPHUYECKOM MPOTPECCHH).

CBoiicTBa TeOMETPUYECKOMN MPOTPECCUH:

bml !;bx = bx+2 /bml ) bx2+1 = bu bx+2 4
b =bg".

(g=1)
cDOpMyHBI CyMMBI n HepBHX JJICHOB .

g ohd-h o _ble"-1)
q—l

Cymma 0ecKOHEYHOH TeOMETPUYECKOM MPOrPeCcCHu:

b+bg+bg’ + . =bfll-g), o<1

dopmyna N-To YieHa:

@opMyJibl COKPANIEHHOT0 YMHOKEHUS

a®-b* ={a-b)a+b),
a®-b* = (a-B)la® +ab+b?),
a®+b° = (a+b)la® —ab+b*)
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at-b* =(a-bla’ +a*b+ab® +b%)= (a-b)a+blla® +b?),
a —b5 = (a b)(a4+a3b+a2b2+ab3+b )
a’+b’ = (a+d )(a‘—a3b+a2b2—ab3+b ),
a* -b* = (a-bla™ +a b+ ...+ @™ b,
B gl (a+b)(a2" T L I SO X S X N XL ),
(a+b) =a*+2ab+b*, (a-b)=a’-2ab+b?,
(a+b) =a® +3a’b+3ab* +5°,
(a-bf = a®-3a’b+3ab® - b°.

(a+b+cf = +b* + %+ 2ab+ 2ac+ 2bc,

(c;z+b—c)2 =a* +b* +c +2ab- 2ac - 2be,
(a+b+c+df =a® +b* +F +d* +2ab+2ac+2ad + 2bc +2bd + 2cd,
(a+b-c-df =a*+b* +* +d* +2ab- 2ac- 2ad - 2bc— 2bd + 2cd,,

alx-x)0c-x) = +bx+c,

IJie X1, X2 - KOPHU KBaJpaTHOTO TpexuieHa ax> + bx + C.
CBolicTBa YHCJIOBBIX HEPABEHCTB

1) Ecau a < b, To mpu ar06om C: a + ¢ < b + c.
2)Ecima<bwuc>0, 10 ac<bc.

3) Ecrma<bwuc<0, 10 ac>bc.

4) Ecnu a < b, a u b ognoro 3naka, To 1/a > 1/b.

5 Ecoma<buc<d toa+c<b+d,a-d<b-c

6) Ecoma<b,c<d,a>0,b>0,¢c>0,d>0, Toac <hbd.
a® <b, a"<b (neN)
7)Ecrma<b,a>0,b>0, 10

8) Bcm la| < |B] o a® < b

Jlorapugmsi

log,b (2>0, a=l, b>0)
- norapudm ygucia b mo ocHoBaHHMIO a.

alogab — b
OcHoBHOE Orapu(MUUECKOE TOKAECTBO:
lgd y 10%° =,
- IIeCATUYHBIN Jorapudm (norapudm no ocHoBanuro 10): s
e =b.
- HaTypaJbHbIH Jorapudm (Jorapum Mo OCHOBAHUIO €):
Ilepexoa OT 0AHOTO OCHOBaHMS K JPYTrOMY:
log, b
log ,b=——
log, @
1 b b
logab=1 _k =" ,hb= ]gb Eo
B wactHOCTH, 085 ]g 2 a’ ge M (

M=lge= — 04343
In10 - MOJYJIb NI€PeX0/ia OT HaTypalIbHBIX JIOTapU(PMOB K
JECSATUYHBIM).
CaoiictBa norapugmos (U, v >0):
log,a=1 log,1=0, log,(wv)=log,u+log,v
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log,l=—logcv, log, —=log,u—-log, v,
%

log ,u* = alog, u, 1oga’&&:= log,u, neN, n=l

Bl—= 8

Tpuronomerpuyeckue (popmy.abl
Tpuronomerpuyeckue pyHKIUH

SM &, COS &,
tga =sin Gfcosa, a#Af2+m, neZ,
ctga=cos&fsin @, @#m, nEL,
seca=1lcosa, @#af2+m, nel,
coseca=1fsin@, @#m, nel.

3HAKH TPUTOHOMETPHYECKUX (PYHKIHUI

YeTeepTh Benuyuna yrna sin & COS ¥ tga ctg &
I 0<a<af2 + + + +
I a2 << + - - _
I TL <32 - - + +
v 3nf2<a<2n - + - -

®opmyJibl IPUBEICHUS

8 sin 8 cos 8 tg8 ctg 8
nf2+a cos & —sin. @ —ctga —tga
T+a —sin & —cos& g cigl
3nf2+a —cos @ sin @ —ctgl —tg&
2T+ & sin & cos & iga cigl
-& —sin & cos & —lg& —citgd
af2-a Cos & sin & cigl tga
T-& sin & —cos & —lg& —cigd
3nf2-a —cos & —sin @ ctg tga
- —sin & cos & —lg& —cigd

OcHoBHbIE TPUTOHOMETPHUIECCKHUE TOXKIECTBA

sin ‘@+cosia=1
tge -ctga =1, a=anfl, ne Z,
l+tgta=1/cos* @, a=nf2+m, nelZ,
l+etgla=1fsn*a, a=zm, nel

BoipakeHue TPUrOHOMETPHYECKUX (PYHKIUIA Yepe3 OJHY M3 HUX TOI0 Ke apryMeHTa

(BBIOOD 3HaKa Mepe/] KOPHEM 3aBHCHUT OT TOTO, B KAaKOi 4eTBEPTH HaxoauTcs yron & )

Uepes st &
cos @=*t+1-sn? @,
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COS &

UYepes :
sin @ = ++/1-cos® @,

tge = t+fl-cos” @ ctga= cos&
cosex ++1-cos? @
g
UYepes &
cig =—,
tga
Sin & = e COS& = L
if,{1+rg & iq{1+fg2a
cigd
UYepes :
g = g
ctg&
1 ctgey

DopMyJibl CJI0KEHUS

sin (@ + &)= sin @ cos 8+ cosasin 8,
sin (@ — 8) = sin @cos 8- cos asin 8,
cos{@ + 8)= cosa@cos §—sin asin 8,
cos{@ — 8) = cos @cos 8+sin asin 8,

tgax+igh tga—tgh
Gatg)- 1-tga g8’ g(e= )=1+zga:-zg,8

(B mocieHuX AByX Qopmynax & # A2+, S#Af2+mm y
cootBercTBenno &+ 8 # Af2+m, a- G#af2+m, nely

cige-cighf—1 ciga-cigf8+1
ctgla+g)= . ctgla-g)=
ctghB+ ctg ctgB—cige
(B mocyenHuX ABYX opmymax & # 7, S # My
cootBercTBenHo & + 8 # M, @- G#m, n€l),
IIpeoOpa3oBanne cyMMbl TPUTOHOMETPHYCCKHUX (PyHKIMI
: : . &+ & -
sin @ +sin 8= 2sin 2'8003 2ﬁ,
; : . &- &+
sin @—sin 8 =2sin 2ﬁcos 2'6,
a+ @ -
cos@&+cos 8 =2cos 2'8005 2'8,

cos@—cos 8=-2sin a;’gsin a; ﬁ,

in | &+ T
3ga’+3gﬁ=M a,,8¢5+m, nez,

cos @cos 8

sin (& — T
zga:—zgﬁ=M & B+—+m, nez,

cos@cos 8
sin (& +
cig+cigh= ————— ( .'8), &, B#m, nelz,
sin &sin 8
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sin (8- )

ctga —cigh=
sin @sin 8
Asin x+ Beosx= /A + B sin(x+ @, ),

IIpeodpa3oBanne npousBeaeHNsi TPUTOHOMETPHYECKHUX (PYHKIMI B CyMMY

&, B+ m, nez,

sina'sinﬁ=l[cos(a—,3) os(a + 8],
cosa cos 8= E[cos(a:— gl+e (af"‘ 28)]
sin @cos 8 = %[sin(a'— ,3)+ Siﬂ(af"'ﬁ)}

Tpuronomerpuyeckue pyHKIUH IBOMHOI0 M TPOMHOI0 aprymMeHTa

s 2@ = 25M & COos,
cos2a=cos’ @—-sin‘a@=1-2sn’*a=2cos’ @-1,
sin 3 = 3sin @— 4sin’ @, cos3a=4cos’ &—-3cosa,
2tz dga-tgia
tgla= & 5 rgScr:u.

2

1-tg’a l—3£g2a

Tpuronomerpuyeckre GyHKIUH MOJTOBUHHOIO apryMeHTa

af2

(BBIOOp 3HAKA 3aBUCUT OT TOT'O, B KAKOH YETBEPTH HaXOJAUTCS YTOJI )
L& 1-cosa & 1+ cose
sm—:iw/—, cos—:i,‘—,
2 2 2 2
& 1-cosa & sin & 1-cosa
tg—=%, {—, tg —= =— .
2 1+cose 2 l1+4cosa sm &

Bblpa)l(eﬂl/le TpI/IFOHOMeTpI/I‘-ICCKOﬁ (l)yHKIII/[l/I qyepe3 TAHTCHC MOJIOBUHHOI'0 apryMeHTa

_ogla)2?) _1-tg*(@f2)
e 1+t (af2)’ R 1+t (af2)
uglefa) . _1-ig'(af2)

mtgt(a/2) 50T argla)

tga =
YucioBble PyHKIUH

OcHOBHBIE TOHATUSA

4
O0uacTpb onpeeneHus (MHOXECTBO 3a1aHus ) QyHKIwmY f: : X=D ().

E(f)={rx)re x}= r(x)

MHosecTBo 3HaueHu# GyHKIuH f:
I =[(x, y)eR2|xeX, y=f(x)l

I'padux GpyHKIUY:
VxeX =>-xeX . Fl=x) = f(x)

YerHast QyHKIMS:

VreX =>-zxeXx fl-x)=-7(x)
Heuernas dhynkmms: u
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a. VxeX=x+welk, x-welX
[Mepuoanyeckas GpyHkus (mepuoaa = ):

fro)= 1)

MoHoToHHBbIEe PyHKIUMN

®ynkius f crporo Bo3pacraer (Bo3pacTaeT) Ha MHOXKECTBE X
Noes06 €& x1<x2:>f[x1) ( %

®ynkuus f BozpacTaer (He yObIBacT) Ha MHOKECTBE X
Vx,x, € X, x;<x, = f(x)<

®ynkuus f crporo yobiBaet (yObIBaeT) Ha MHOXKECTBE X:

)

flx)

N eX et =>f(x1)>f(x2)
)

2

Oyukius f yobiBaer (He Bo3pacTaer) Ha MHOXKECTBE X
Vx,x, e X, xp<x, = fx)2 flx
y=x%, a€er
menenHas QhyHKyus

a=2n ne N .

1.
y=x", D(f)=R, E(f)=[0, +o .
] —w; 0] [0, +oo [
OyHKIHS YeTHAsI, CTPOTO yObIBACT Ha U CTPOTO BO3pACTaeT Ha (puc.
2.1).

) a=2n-1, neN:

y=x"", D(f)=R, E(f)=R
OyHKIMA HEUETHAs1, CTPOro Bo3pacTaet (puc. 2.2).
a=-2n neEN .

1

y=ke, dr)=r\0) (7)-]0, s
0] Jo;+eo]
CDyHKHI/Iﬂ YCTHAasd, CTpOTo BO3PACTACT HA " CTpOTO Y6LIBaeT Ha
A 2 YA y=x? J A
b aX
1 1 y=x? i (y=1/x%
|
\\\ ‘ / T \
/ e
e 1 x N y= a2
%l Z Pl
NP = 7 = .
-1 g f X 7 X

4 a=-2rn+1, neN:

1
Y= ng: D(f)= R\{O}: E(f)= R\‘{O}-
-, 0] o+
OyHKIMS HEYETHAsI, CTPOro yObIBaeT Ha u (puc. 2.4).
5 agZ:

y=x*, D(f)=]0 +o| E(f)=]0 4o
pu mexotopeix & D(f) u E(f) MoryT 6bITh mupe.
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¥y
Vy= 14
\
\
~1 NS
™ 1 7
-1
\
\
\
Dxcnonenma

@yHKIHUA CTPOro BO3pPACTAET.

YA

yugt
7
.—/'
g X

YA y:fOx

i

o
~Y

y=e =eplx), D(f)=R, E(f)=]0, +u].

Toxkazamenvnasn ¢pynkyus (puc. 2.6)

y=a“=e”

a>0 a=l

D(f)= R, E(f)=]0; +o]

ITpu 0 < a < 1 ¢yskus cTporo yobIBaeT, npu a > 1 cTporo Bo3pacraert.
Jlocapugpmuueckas hynxyus

Jlorapu¢gm HatypanbHbIi

OyHKIHS CTPOrO BO3pPACTaET.

Jlorapu¢gm ¢ ocHoBaHMeM a

y=tnx D(f)=]0, +a, B()=R

\

y={nx

D(f)=

y=log,x, a>0, a=l,
?q+@,goj=g

YA

ITpu 0 <a <1 ¢. cTporo yosIBaer, npu a > 1 cTtporo Bo3pacraer.

Tpuconomempuyecxkue QynKyuu

= smn
1.y

1 X
(puc. 2.9):
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Y
? y=CosXx  y=sinx

S LIS o
‘]I/ZMQ Aa I/ZWJL/;/ 2T X

Puc 29

@ = 2.
OyHkiusa HeuetHas. [lepuon Ha xaxxnom u3

[-7f2+ 27k, nfe+27k | ke Z,
MIPOMEXYTKOB
[n/2+ 27k, 3nf2+2nk |, keZ,
Ha

o ¥ =cosx

¢. cTporo Bo3pacraer,

CTPOro yOBIBaeT.
(puc. 2.9):

D(f)=&, B(f)=]-1 1]

@ = 27, [27k, m+27%) kez,
Oyukius yetHas. [lepuon Ha xaxxnom u3 mpomMexyTKOB

[7T+ 2k, 27r+27#c], ke Z,

¢. crporo yObIBaeT, Ha CTPOTO BO3pacTaert.
y=igx
3. (puc. 2.10):

D(f)=Rr\{nf2+nk|kez), E(f)=R
YA

B N
| | | } I
A AN AR/
WeLWe w2 [Inf2)

; |
o At ak
} [ | I |

y=t9x

@ =7
@ynkuusa HeueTHas. [lepron @yHKIUA CTPOro BO3pPACTAECT HA KAXIAOM U3
Frfe+n, nfo+nk], kez
IIPOMEKYTKOB
4.7 = “EBY (hue. 2.11):
D(f)=R\(nk|k ez}, E(f)

J

> ¥

|
I
I
|
|
1
{
|
|
|
|

R.
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ST
OyHkiusa HeuetHas. [lepuon DYHKIUS CTPOTO YOBIBACT HA KaXIOM U3

[ﬂfc; 7r+m’c], ke Z.

IIPOMEXYTKOB

Obpamuvie mpueconomempuyecKkue yHKyuu
y=arcsmx
1. (puc. 2.12):

D(f)=[-1, 1], &(f)=[-~=/2; n/2]

@DyHKIUS HEUETHAs!, CTPOrO BO3PACTAET.

: .1 N2 o
arcsin 0= 0, arcsm —=—, arcsm —=—,
2 6 2 4
3w ; T
amsm;:;, arcsnl:E.
g, V= AICCOSX (e 2.13):

@OyHKIHUS CTPOTrO YOBIBAET

arccos(-1)= , arccos[— “‘E] = %}T, arccos[— ”‘E] i

[ 1] 2 T 1
arccos| —— |= —, amcosO:—, arccos — = —,
2 3 2 2 3
27 NER
arccos —= —, arccos— = —, arccosl= 0.
2 4 2 6
Y1~ YA
72 z
- /2
9 /10 1 % \
“]f/Z =
~1 0 T x

peneanst

CaoiicTBa mpenenos

1. Ecou IIOCICI0BATCIIBHOCTHU )41 CXOAATCA, TO
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lim (e +& )=lim ¢ +lm &,

Im e b =lm g lm & ,

n—« n—« n—w n—w© n— © n—©
lim (@, —&,)=1lm @, - lim &, lmca, =clm a,,
n-3© n—w© n—© n—w© n—w
g Ima,
fii Gl (Lun b, # 0)
nsw b Im A e
n nl>g0 n
lim e, =a, a,<b, Vn, a<b.
2. Ecmm 7% u TO
a,<c,<b, Vn, lma,=lmd,=a Imc, =a
3. Eciu u e e TO *7©
im ¢, =@, lmla, =|a|
4. Ecim *?% 0 ™7
HeKOTOPI)Ie npeaejabl
lim{+x)" =e, lmi+1/x) =e
x>0 2 X 2
. Inll+x . log 1+ x 1
lim —( ) =1, lim g"( ) = 5
=0 x x>0 X Ina
et =1 oat -1
lim =1, lim =lna,
=0 x =0 x
. Shx . chx-1 1 . thx
lim—=1, lim —=—,u lim—-=1,
=0y =0 % 2 x50
. [La)®es _
hm(—)=a, lim x*Inx=0 (x>0}
x>0 b >+
. In“x ;.  x* -
lim ——=0 (a>0)} lim =—=0, lim x*=1.
=ty >0 o =+
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lim ng™ =0 (|q|<ll

n—3c

lm g =0 (g|<1}
Im(1+1/n) =e, lm[p“/a”)=0 (a]>1)
lni{)nw(a”/n!r =0, lm(inn/n)=0,

lm (in?n/n*)=0 (a>0) lm¥a=1 (a>0),
lim ¥ =1, lm{/Af)=0, lm[n/3n)=e,

k k-1
ain” + il +..+a, ag

lim = b #0
e b+t vl +b, By (8 =0}
1P +27+...+n? 1
lim +1 = ¢
n3 n? p+1
lim —L—+ - +...+—}— =1n2,
moln+l n+2 21
2

2:3---2R 1 Vi3
lim =< i opmyna  Banmica),
n»w[l-:a---(zn—l)J el B )
lm S0E gy TTOSE L B
=0y *=0 x 2 =0y

IIpousBoaubie u auddepeHunaIbI

Omnpenesienne NPON3BOAHOM

Florg +Ax)= flxy)

S %)= Jim, . :
71(x,) = lim f(x)—f(xo),

on x_xO

71(x)=lim Jlx+ h)—f(x)-

h=0 h

OnHoCTOpOHHHME NPOU3BOIHBIC

f(x0+£3x)— f(xo)

5 (xo )= alxignw K »
) e rl5)

Dyukuusa, 1updepeHunupyemMas B TOUKe Xo
Flxo + Ax) = flx, )+ AAx+ 0(Ax) Ax >0
pu
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A=z )
JAnddepenuuan

dy = 1k, )=,

JMuddepenunpoBanne apupmMeTndecKUX KOMOUHAIUH

a’
(u, v, w - mudpdepentmpyembie GyHKIUH, - IOCTOSIHHBIE

(e + ,S\J)r =au'+ &', dlau+ §)=cdu+ S,
(uv) =uv+iy, a’(uv)=ua’v +vdu,
(1evw) =uyw+ ' + 10w,
d (uvw) = ywd+uwdv + vidw,

f

4 S i

v V
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IIpou3BoaHbIe OCHOBHBIX dJIEMEHTAPHBIX (PYHKIIUM

7(x) /(x) 7{x) /(x)
c 0 a’ a’ Ina
X 1 In x 1/x
x* ax’™s Inx| 1/x
v 2x log, x x; -
Vx ﬁ> x>0 sin x cosx
1/x ol COSX —sinx
1
7 al B cos’ x
1 1
1 - th
8 sin® x s chx
1 1
arcsin x ﬁ > lx| il cthx “r
1 1
arceosx _ﬁ> pe| <1 1n(x+ qfx2+1) T
1
arctg x ; : . ln’x+ Nx? —1| ﬁ, x| >1
+ X D
arccig x . 1—ln i L
: lapac? 2 |l-x ] ce?
shx chx 1(x) 5(x)
chx shx

IIpon3BoaHasi cTeNeHHO-NOKA3ATEJIbHON (PYHKIUHN

f f

(u”) = (e““) =y tu'+utlnu v,

IIpon3BoaHbIe BHICHINX MOPSAJIKOB HEKOTOPBIX (PYHKIHI
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7(x) Ao

e 0
P ala-1)--(a-n+1)x*™
Inx (-1 (r-1)x(0=1)
g’ e’
a’ a'In"a
sin x sin (x+ m/2)
COSX cos(x + m/2)
shx npu n=2k,
shx
chx npu n=2%k-1
chx npu n=2k,
chx

shx npu n=2k-1
y =arcigx y() n 1)'005 ysmn(y+fr/2)

JlokanbHbI 3kcTPpeMyM 1 depennupyemoii pyHKuMU

Heobxooumoe yciaosue 10OKAIbHO20 IKempemyma

f'(xo >= 0.

Ecau Xo - Touka 10KaJIbHOTO IKCTpEMyMa (bYHKI_II/II/I f, TO

ﬂOCWleOllele YCo8UA TOKATIbHO2O IKCmpemyma

f(xo >= 0.

I IIpaBuJo. ITycts

Ecnu f' mpu mepexoe depe3 TOUKy Xo MeHsieT 3Hak ¢ "+" Ha "-", To Xo - TOUKa JIOKaJIBHOTO
MakcHUMyMa.

Ecnu f' mpu ne €X0J€ Y€pe3 TOUYKY Xo MECHSECT 3HAK C "-"ga "+", TO Xo - TOYKA JIOKAJIBHOTO
2
MHWHUMYMa.

Ecnu f' ipu mepexoie uepe3 TOUKy Xo HE MEHSIET 3HaKa, TO TOYKA Xo HE SABJISIETCS TOUKOMH

JIOKaJIbHOT'O JKCTPEMyMa.
Filxr=0, Jx)e0.

II MpaBuao. ITycts f nBaxkabr uddepenmpyema B Touke Xo,

f ﬂ(xo ) < O>
Ecmmn TO X0 - TOYKA JIOKAIBHOI'O MAKCUMYyMa.

"

S()>0,
Ecmn TO X0 - TOYKa JIOKAJIBHOIO MUHUMYMa.
III Mpasuao. [Tycts f n pa3 HETIPEPBIBHO ﬂHd)d)epeHquyeMa B

Al 2 e s g ey A e

TOYKE Xo U
f (=) (xu )< 0,
Ecau n - uetHOE M TO Xo - TOUKA JIOKAJIBHOTI'O MaKCUMyMa.
f (ﬂ)(xo ) > Oa
ECJ'H/I N - 4eTHOE U TO Xo - TOYKA JIOKAJIBHOI'O MI/IHI/IMYMa.
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Ecnu n - HedeTHoE, TO Xo HE ABJSAETCSA TOYKON JIOKAIBHOTO SKCTPEMYyMa.
Toukn nepernda

[Tycts yukiust f onpeneneHa B HEKOTOPO OKPECTHOCTH TOYKH Xo, HETIPEPHIBHA B
TOYKE X0 U KIMEET B 3TOM TOYKE KOHECUHYIO WIIK OECKOHEUHYIO MPOM3BOIHYI0. Eciiu npu
repexojie yepes TouKy Xo GyHKIwms f MeHsIET HalIpaBICHHUE BHITYKIOCTH, TO X0 HA3bIBAIOT
TouKo# rmeperuda ¢pyukuuu f, a Touxy (Xo; f(Xo)) - Toukoit mepernda rpaduxa Gyunximm f.
['pacduk GyHKIMH TIEPEXOUT C OJTHOM CTOPOHBI KacaTeIbHO, MpoBeIeHHOW B Touke (Xo; f(X0)),
Ha Jpyryio cropony. Touku neperuba f - Touku sxcTpemyma ast f'.

Heobxooumvle ycrosus nanuuus nepecuba

f"(x0)=0 f“(%)

h117 (0] HE CYIIECTBYET.

ﬂOCmeOllele ycaosusl Hajauvus nepeeu6a

f(x)
1. Ecnm MEHSIET 3HaK IPHU IIepexo/ie Yepe3 TOUKY Xo, TO Xo - TOUKA IMeperuoa.
f"(xo )= fm(xo )= see S f(n_l)(xo ): q, f(n)(xu ) #0,
2. Ecnu TO MpHU N YETHOM X0 -
TOYKa Nepernoda, mpu N HEYETHOM Xo HE SBJISIETCSI TOUYKOU Ieperud
HeonpenesienHblii HMHTErpas

IlepBoobGpa3nasn

[TepBooOpasnoii pynkuuu f Ha mpomexytke | HaszbiBaeTcs GpyHkims F, Takasi,
Fix)= f(x) ¥xel
4TO

HeonpenejeHHblil HHTErpaJ
[#(x)dx = F(x)+C,

rie F - mepBooOpasnas pynkuuu f (Ha npomexytke); C - MPOU3BOJIbHAS TIOCTOSIHHASL.

Ocnosnble ceoticmaa

Uf (x)dx)r=f () @[ f(x)dx= f(x)dx

1.
[Fi(x)ax= F(x)+C, [aF(x)= F(x)+C.
2.

Jf(x)dx = F(x) +C,
3. Eciou TO

J Flax+bd)dx =
Jlet (x)+ Belx)ax = e[ f(x)ax+ 8

Flax+b)+C, a=0,

2| =

TN

x)dx, o’ +,{i‘2 %0
4,

3amena MEPEMECHHBIX B HEOINPEACJTCHHOM MHTErpaJIe

1 Jf(u(x))u'(x)dx = Jf(u)du =Flu)+C=Flu(z)+C.

x=plt), @()=0, F (gople,
2. Ecmu - IepBOOOpazHast IS TO
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[elx)ax = glol))e(e)de = Fl)+C = Flp™ (x))+C.

(I)OpMy.]'la HHTEIrPUPOBAHUA IO YaCTHAM

judv =uy —Jvdu,
(u, v - mudpdeperumpyembie GyHKINN).

IIpocreiime HHTErpasbI
Jo-ax=c, [1-dx=]dx=x+C,

5 " S
X x%
— == 2+C', Jx"’dx= +C, ezx-1
x X o+

ik 7 = . T J_lfig = arcig x+C,

1
J 5 2=—a:rc‘£gx+f_'f a=z0,
a” +

J dx ¢ |l+x|

=—1n +C,
1-x* |l x|
[ 2=l1na‘+’{+c, a0,
a’—x 20 |la—x

j xix = l1n|;c2 +a|+C’
x

s
= arcsin X+C

Jﬁ =
—ln(x+«fx_+1)+c,

Inlx ++x° —l‘+C’,
x+dx +a}+C,

= arcsin x+C,

J—
I

=ln

x2+a:

jd" = —ctax+C, = tgx+C

—— = =CIg% =tgx+C,
S X COS X

JJieMeHThl KOMOMHATOPUKH, ¢popmyJia HeroToHa

IlepecranoBku. Pazmemenusi. Coueranusi.

Uwucno nmepecTaHoBOK U3 N DJIEMEHTOB:
P =123 ..n=n.

m(n 2 m)
Yucno pazMelenuit u3 N mno




m(an)_

Yuciao coueTaHui U3 N mo

|
C::‘:L,
m!%z—m)!

Cm_ﬁ(ﬁ—l)..-(}’z—?%'l'l n(}’l—l)...(ﬂ_m_'_l)
" mll T U

CBoiicTBa COUCTAHMIA:
Cr=CI™, 02m<n, C,=C}=]
CL+Cl+..+CF=2"
PexypenTHas ¢hopmyna i 9uciaa COUCTaHUM:
crict=Cc*. 0<m<n

n+l

®opmyaa ounoma Herotona

(a+b) =a+b,
(a+b) =a® +2ab+ b,
(a+b) = a® +3a’b+3ab’ +5°,
(a+b) =a* +4a°b+6a°H* + 4ab® + b
(a+b)’ = a® +5a*b+10a’p® +10a°b® + 5ab* +5°,
(@a+8)" =Cla” +CLa" b+ C2a™p? +...+
+Cra bt +.. +CLDY, ne N
T
Ecmu k-it unen ((K+1)-e cmaraemoe) pasjioeHus CTeleH:n OMHOMa 0003HAYaTh Yepes3 ¢ , TO
T, = Cla**b*.
Tpeyroasnuk Ilackans

0 1

1 1 1

2. 1 2 1

31 3 3 1

4 1 4 6 4 1

5 1 5 10 10 5 1

6 1 6 15 20 15 6 1

71 7 21 35 35 21 7

8 1 8 213 56 70 56 28 8

9 1 9 315 84 126 12¢ 84 36 9 1

10 1 10 45 120 210 252 210 120 45 10 1
o et

(n-s1 cTpoKa COCTOUT U3 YHCEN ).

Bo3Benenune MHOro4JieHa B CTENEHb

(c:t+b+::)2 =a’ +b* +¢* +2ab+ 2ac+ 2bc,

(a+b-c)'=a® +b* +* +2ab-2ac - 2be,

(az—b—::)2 =a’+b* +* - 2ab- 2ac+ 2bc,
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(a+b+cf =a® +b°+c% + 3(azb+a20 +bla+bic+
+02a+02b)+ 6abe,
(a+b+c) =a* +b* + +4(a3b+a3c +bh'a+
+b’c +c3e::z+c3b)+6(afb2 +a’ct +b%c? )+

+1 Z(agbc +bac+c’ ab),
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