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AKT COI'JIACOBAHUSA
MeToauueckux peKOMEHIAIMI 10 BBIMOJIHEHUIO MTPAKTHYECKUX padoT
1o qucHumimHe «MaTemMaTHKay ISl ClIelualbHOCTH
22.02.03 JIuTeriHOE MPOU3BOICTBO YEPHBIX U LIBETHBIX METAJUIOB
(6a3oBasi MOJArOTOBKA),
pa3paboTanHbIX penoaaBateneM K)xHo-Y panbckoro
roCy1apCTBEHHOI'O0 TEXHUYECKOTO Koyutemka Yepnosout N. .

VYyeOHass guciuiuiiHa «MareMaTuka» — SBISETCS  4YacThl0  MPOTrpamMMbl
HNOJATOTOBKU CHEIUAIUCTOB cpeaHero 3BeHa cormacHo OI'OC mo cneunnasbHOCTH
CIIO 22.02.03 JluteitHoe MpOM3BOACTBO YEPHBIX M I[BETHBIX MeTauioB (Oa3oBas
HOJArOTOBKA). YueOHas nucuuiuinHa « MaTemMaThkay OTHOCUTCA K MaTeMaTU4eCKOMY
U 00lLIeMy E€CTECTBEHHOHAYyYHOMY LMKIY U OIpeaesseT oOmuil oObeM 3HaHUM U
YMEHUH, COCTABIIIOMIMNX 0a3y NpodhecCHOHATbHBIX KOMITETEHLIUN.

[IpakTryeckas HampaBIE€HHOCTh YYEOHOW AMCLMUIUIMHBI PEATU3YETCS 4Yepes
BBIIIOJIHEHHE MPAKTHYECKUX PadOT, HA IPOBEJIEHNE KOTOPBIX MPOTPaMMOM OTBOJIUTCS
32 yaca.

MeTtonuueckre pEKOMEHJAlUWd 10 BBINOJHEHUIO TPAKTUYECKUX padoT
pa3paboTaHbl ¢ yuyeToM TpeOoBaHMI paboTojmaresis K MOATOTOBKE CIEIHATNCTOB
CpPEIHEro 3BEHa IO JAHHOM CIENMaJIbHOCTH W BKJIIOYAIOT B ceOst 16 mpakTHuecKux
palboT, HallpaBJIEHHBIX HA Pa3BUTHE YMEHHUM aHaIM3UPOBATH CIIOKHBIE (YHKIMH U
CTPOUTb HUX TpaUKH; BBIIOJHATH ACHCTBHUS HAJ KOMIUIEKCHBIMU YHCIIAMU;
BBIYMCIIATh 3HAYECHHMSI TE€OMETPUYECKUX BEIWYMH; IPOM3BOAUTH OIEpaluy Haj
MaTpulaMy U ONPEICIUTEISIMU; PEIIATh 3aJa4d HAa BBIUMCIEHUE BEPOSITHOCTH C
UCIIOJIb30BaHUEM D3JIEMEHTOB KOMOMHATOPHUKH; pellaTh MPHUKIAJHBIE 3aJadd ¢
HCIOJIb30BaHUEM 3JIEMEHTOB JU(p(epeHINaTIbHOTO U UHTErpajlbHOIO HCUUCICHUN;
penaTh CUCTEMbI TMHEHHBIX YPABHEHHI pa3IMYHbIMU METOJAMHU.

[IpakTuueckue paboOTBl OOECNEUUBAIOT YCIOBUS Aid  (popMUpOBaHUS
KOMIIETEHTHOCTH CIIELUAJIUCTOB B OCYIIECTBICHUH TIOUCKAa W HCIOJb30BaHUSA
nHpopmanuu, HeoOX0AUMON i 3(PPEKTUBHOTO BBIMOJHEHUSI MPOQPECCUOHATBHBIX
3aa4, MNPOPECCUOHAIBHOIO U JIMYHOCTHOIO PpPAa3BUTUA, B  HCHOJb30BAHHUU
MH()OPMAIMOHHO-KOMMYHUKAIIMOHHBIX ~ TEXHOJOTHMH B MNpodeccCHOHaTbHOU
NEeSATENBbHOCTH, B pad0OTE C KOJIEKTUBOM, PYKOBOACTBOM, MOTPEOUTEIISIMHU.

MeTtoauueckre peKOMEHJAIMU MO BBIMOJHEHHUIO MPAKTUYECKUX padOT MOTYT
OBITh WCIOJIB30BAHBI JUIsl Pa0OTHI B YUPEKICHUAX CPEIHEro MpodhecCHOHATBHOTO
o0Opa3oBaHUs.

Benymmui cnenuanuct
KY3HEUHO-JINTEMHOTO TUBU3UOHA




HHOACHUTEJIBHAA 3AIIMCKA

MeToauueckie pEeKOMEHAALMK [0 BBIMOJIHEHUIO MPAaKTUYECKHMX paboT mo ydeOHOU
mucuuiuinHe «MareMaThkay TpeJHa3Ha4YeHbl /s CTYAEGHTOB 2 Kypca, OOydarommxcsl TII0
cnermanbHocTH  22.02.03JIuTeliHoe TPOM3BOACTBO YEPHBIX M I[BETHBIX MeETAIOB (Oa3zoBas
MOATOTOBKA)

[TpakTHyeckue 3aHATHUS SBISIOTCS BaXXHBIM 3JIEMEHTOM yueOHOM nucUUIUIMHBL. B mporecce
BBITIOJIHEHUS] TPAKTUYECKUX PA0OT 0OydaronIMecs CUCTEeMATU3UPYIOT U 3aKPEIUIAIOT MOTy4YeHHbIE
TEOPETUYECKHE 3HAHUS, Pa3BUBAIOT HWHTEIUICKTyallbHbIE M  NPOPECCHOHANbHbIE yMEHUS,
(bOpMHPYIOT AJIEMEHTHI KOMIIETEHIUH OyIyIINX CHEIMAINCTOB.

MeToauueckie  peKOMEHJAlMK  NpeJHa3HAayeHbl JUIS  OpraHu3allud  BBITOJIHEHUS
MPAaKTUYECKUX paboT 1o yueOHoi mucturinae «MaTteMaTHKay.

[Tporpammoii yueOGHOM aucHUIUIMHBL «MareMaTuka» MpPeayCMOTPEHO BbIMOJIHEHHE 16
[IPAKTUYECKUX  pabOT, HANpaBJIEHHBIX Ha (OPMHUPOBAHUE  IJIEMEHMOE  CEOYIOUUX
KomnemeHuuii.

OK 1. [TonuMarh CymiHOCTh M COIMAJIBHYIO 3HAYMMOCTh CBOeW Oynymed mpodeccun,
IIPOSIBJIATH K HEW YCTOWYMBBINA MHTEPEC.

OK 2. Opranu3oBbIBaTh COOCTBCHHYIO JICSITEIBLHOCTH, OIPEACISATh METOIBI U  CIIOCOOBI
BBITTOJIHEHUS TPO(ECCHOHAIBHBIX 33/1a4, OLIEHUBATh UX 3(()EKTUBHOCTH M KAYECTBO.

OK 3. Pemrate mpoOnembl, OLIEHUBATh PUCKA W MPUHUMATh PEIICHUS B HECTaHIAPTHBIX
CUTYaIUsX.

OK 4. Ocy1iecTBisTh MOKUCK, aHAIW3 U OLEHKY MH(OpMAIuU, HEOOXOAUMOM IS TOCTAHOBKHU
U peuieHus NpodecCHOHANBHBIX 3a/1a4, MPOPECCUOHAIBHOTO M IMYHOCTHOTO Pa3BUTHSL.

OK 6. PaboTaTh B KOJUICKTHBE W KOMaHjE, oOecrneunBaTh €€ CIuioueHue, 3(PQPeKTHBHO
o01IaThCs ¢ KOJUIeraMu, pyKOBOJICTBOM, MOTPEOUTEIISIMH.

OK 7. CtaBuTh 1€IH, MOTHUBUPOBATH JEATEIBHOCTh IOAYMHEHHBIX, OpPraHU30BBIBATH U
KOHTPOJMPOBATh UX PabOTy C MPUHSATHEM Ha ceOs OTBETCTBEHHOCTH 33 PE3YJIbTAT BBITIOJIHEHUS
3aaHUH.

OK 8. CamocTosTeNnbHO ONpeAesaTh 3aa4u Mpo(ecCuoHaNIbHOTO U JIMYHOCTHOTO Pa3BUTHS,
3aHUMATHCS CaMOOOpPa30BaHNEM, OCO3HAHHO MJIAHUPOBATH MOBBIIICHNE KBATU(UKAIIHH.

[1K 1.3. BBImonHATE ~ pacyeTbl, HEOOXOMUMblE TpH  pa3pabOTKE TEXHOJIOTHYECKHX
IIPOLIECCOB U3TOTOBJIEHUS OTIUBOK.

1K 3.3. PaccuuThIBaTh IO MPUHATOW METOAOJOTUHA OCHOBHBIE TEXHUKO-IKOHOMHYECKUE
nokaszaTeny paboThl KOJUIEKTUBA.

B pe3ynbrare nzyueHus AUCUUILIMHBI 00ydaroluiics JOKEH

ymembp:

- AHanu3MpoBaTh CIOXHbIE PYHKIIUHN U CTPOUTH UX IpaduKH;

- BrinmosnHATH neiicTBUS HAJl KOMIUIEKCHBIMU YHCIaMU;

- BbluncnATh 3HaUEHUS TEOMETPUUECKUX BEJINYMH;

- IlpousBoauTh omnepanuu HaJl MaTPULIAMHU U OIIPEIEIUTENAMU;

- PemaTe 3a1aun Ha BBIYMCIIEHUE BEPOSTHOCTH C UCIIOIb30BAHUEM DJIEMEHTOB
KOMOMHATOPHKU;

- Pemare npukianHbie 3aa4K ¢ UCIIOJIB30BaHUEM IEMEHTOB AU hepeHInaIbHOTO U
MHTETPAIIbHOTO UCUUCIICHU;

- PemaTte cucTeMbl IMHENHBIX YPABHEHUH Pa3IMUYHBIMU METOIaMHU.

3HaATb:

- OcHOBHBIE MaTEMaTHICCKHE MCTOABI pCHICHUS MPUKIAHBIX 3a1a4,

- OCHOBHEBIC OHATHS U METOABI MAaTEMATHYCCKOI'O aHaJIn3a, JIMHEMHOM anre6pbl, TCOpHUU
KOMITJICKCHBIX YUCEJI, TCOPHUU BepOHTHOCTeﬁ 1 MaTeMaTHISCKOM CTaTUCTHKH,

- OCHOBBI UHTCTPAJILHOTO U I[I/I(l)(l)epeHLII/IaHBHOFO HUCUYHUCIICHUAA,

4



- Ponp 1 MecTo MaTeMaTHKH B COBPEMEHHOM MHPE ITPH OCBOCHUH MPO(ECCHOHATBHBIX
JTUCLUIUIAH U B cepe NpoPecCHOHANBHOMN e TeTbHOCTH.

INEPEYEHDb [IPAKTUYECKUX PABOT

Nen\n Ha3zBanue npaktuueckoi paboTs Yacsl
1 Brruucnenue onpeaenurene. 2
2 Peuienue cucrtem N TMHEMHBIX YpaBHEHUHN ¢ N HEU3BECTHBIMU METO0M 2
Kpamepa.
3 Yucnosbie MHOKECTBA. YnciOBbIE TPOMEKYTKH. OKPECTHOCTH TOUKHU. 2
4 Brruucnenue npeaenos. PackpeiTrie HeonpeaeaEéHHOCTH. Boiuncienue 2

OIHOCTOPOHHUX IPCACIIOB.

3) Beranciienue npon3BOAHBIX JIEMEHTAPHBIX M CIOXKHBIX (YHKIIUH. 2

6 AHanu3 clI0XHON (GYHKIIMH U TOCTPOCHUE TPadUKOB. 2

7 Boruncnenue HeonpeenéHHbIX HHTErpanoB. Tabauna oCHOBHBIX 2
MHTETpajioB

8 Brruncnenue HeonpeaeIEHHOTO HHTETpaja 3aMEHOM MEPEMEHHOM, 10 2
qacTsM.

9 Pemenne npuknaaHbIxX 3a1a4 ¢ UCIOJIb30BAaHUEM UHTETPAIbHOTO 2
HCYMCIICHUS.

10 Pemenue cucrteM TMHEHHBIX OHOPOIHBIX YPABHEHUN NIEPBOTO NOPSJIKA. 2

11 Pemenne nuddepennmanbHbIX ypaBHEHUH BTOPOTO MOPsIIKA. 2

12 Pemenne npodeccuoHanbHbIX 3a/1a4 € UCIOJIB30BAHUEM 2

TuddepeHIaIbHbIX YpaBHEHUH.

13 JIuHeliHbIe onepanuy HaJ| BEKTOPaMH, CKaJIsIPHOE IPOU3BEICHUE BEKTOPOB 2

B IIPOCTPAHCTBE.

14 HaxoxneHne paccTosiHUs MEKIy AByMsl Toukamu. Pemenue 2
TPEYrOJIbHUKOB.

15 Pemenue npuknaaHbIX 3a1a4 ¢ UCIOJIb30BaHUEM KOMOWHATOPUKH 2

16 Pemenne npodeccuonanbHbIX 3a/1a4 Ha BHIYUCICHUE BEPOSITHOCTEH C

HCIIOJIb30BaHUEM DJIEMEHTOB MaTeMaTHUECKOM CTaTUCTUKH

Hroro: 32




INPAKTHYECKASA PABOTA Nel

Ha3panune npaktuyeckoi padoroi: Boiuucnenue onpedenumeneit
Llesib padoThI: HAYYNUTHCS BHIYMCIATD ONPENEIUTENN PA3HBIMU CIIOCOOAMH.
3HaAHMSA!

OCHOBHBIC MOHATUS U METOJbl OCHOB JIMHEHHOH anreOpbl, AMCKPETHONH MaTeMaTHKH,
MaTEeMaTHYECKOT0 aHalIM3a, TEOPHH BEPOATHOCTEH M MAaTEMAaTUYECKOH CTaTUCTHKH; POJIb M MECTO
MaTeMaTHKHd B COBPEMEHHOM MHpE MPH OCBOCHHH MPO(PECCHOHANBHBIX IUCHHUIUIMH U B cdepe
po¢eCcCHOHATIBHOM 1A TEIbHOCTH
YMEHHS:

IMPOU3BOJAUTD OIICpALlMH HAZl MaTpUllaMu U OMMPCACIIUTCIAMU

Teopernyeckuii MmaTepuaJ:

1. OnpeneanTe/ib2-ro NopsiaAKa
OmnpenesanresneM .BTOPOTO MOPsIKA HA3BIBAETCS BHIPAXKCHHE BUA:

a. a
1 12 =aq1a0-az1a12;

Ay Ay
Uucna ai1, a12, a21, a22 HA3bIBAIOT AJIEMEHTaAMU OIPEACTUTEIS.
Junaronaiib, oOpa3zoBaHHasI JICMEHTAMU a11; 422, HA3BIBACTCS TJIABHOM, a JMATrOHAIIb,
oOpa3oBaHHAsI JICMEHTAMH 412321 - TOOOYHOM.
TakxuMm oOpa3om, ompeeNuTeNb BTOPOTO MOPSAIKa PABEH PA3HOCTH MPOU3BEICHUN
9JIEMEHTOB TJIABHOM M ITOOOYHOM THaroHaaeH.

3amemum, ymo 6 omeeme NOIYUAEMCI YUCTLO.
Ipumep 1

12
=1-4-3-2=-6.
3 4

2. Onpeaenuresib3-ro nopsiaka
OnpeaenuresemM TPETHETO MOPSIKA HA3BIBACTCS BBIPAXKEHUE BUA!

ayp 4 dgg
a, a4, Qa,|=aiiazasstaziasalztalzaz3aszl-as1azealz-a32azaall-a21a12ass.

A3 Ay dgy
DJIeMEHTBI a11; a22; 433 — 00Pa3yroT MIaBHYIO JuaroHanb. Yucia ais; azz; a1 — 00pasyror

HO60‘{HyIO JuaroHalib.

N300pa3um, cxeMaTu4ecku, Kak 00pa3yroTcsl caraeMble ¢ TUTFOCOM U C MUHYCOM:



C mIrocoM BXOAT: TPOU3BEACHUE JIEMEHTOB Ha ITABHOW TUAaroHaJIM, OCTAIbHBIC /1B
CJIaraeMbIX SIBJISIIOTCS IPOU3BEACHUEM 3JIEMEHTOB, PACOI0KEHHBIX B BEPIIMHAX TPEYTOJILHUKOB C
OCHOBaHUSIMU, TAPAILICIBHBIMY TJIaBHOM AHArOHAIH.

CraraemMbie ¢ MUHYCOM 00pa3yroTCsl IO TOH JK€ CXeMe OTHOCUTEIILHO TOOOYHON TUaroHasu.

DTO MPaBUJIO BHIYUCIICHUS ONPEICITUTEINS TPETHErO MOPSIIKa HA3bIBAIOTPABUIIOM

TpeyroJibHUKa uin npasuiaom Capproca:

IIpumep 2.
-1 3 2
2 8 1/=-1-82+2-1-2+3-1-1-1-8-2-1-1+(-1)-2-3-2=-16+4+3-16+1-12=-36
1 1 2

3. BoruncieHnue onpeaenuTesi:

a1 @17 43

_ @y 4n3) n 4n) @31 @m
@y d3p dy3| =4 - Svh Sk

@37 €33 @3] d13 3] 33
@3] @33 d1q

Breruucnenue OpCACIIUTCIIA TPCTHETO MOPAAKAa CBOAUTCA K BBIYMCIICHHUIO TPEX onpenenHTeneﬁ
BTOPOI'O IOopAAKa.

IMpumep 3.
8 -3
-1 1 1 -1
-1 1 |=1- - 8- +({-3)- =38.
-6 -1 -1 -8
-6 -1

3a;1a}me: BoinosiHuTE 3a1aHKS 110 BapuaHTaM:

Bapmuanr 1
L3 2 4 6
1. Haiigute npousBeaenue matpuil A u B, ecnu A=|5 7 ,B=| 8 10 O;
9 11
2 1 -1
2. Haiimute obpatnyro matpuny A: A=1|5 2 4
7 3 4
3. HaiinuTe onpeneauTenu MaTpuIL:
1 -1 2 5 2 5
A=|1 2 1] A=|-2 -1 -8
2 0 3 2 -3 =2
3 1 1 1 4 1
A=|1 2 3|. A=|-1 1 3
-2 5 -2 1 2 -1




1 -1 -1 2 5 -6

A=10 6 2 A=|14 3 -1
-6 -3 -2 -1 2 =2
Bapuant 2
0 -1 3 3 2
1. Haiigute npousBeaeHue matpuil A u B, ecnu A= 9 4 7 ,B=| 1 0
- 1
1 2 -1
2. Haiigure ob6patayto matpuny A2 A=10 -3 1
0 O 1
3. Haiinure onpeaenuTeny MaTpuIL:
-1 1 -1 3 2 -1
A=14 4 2 A=(2 4 1
1 2 3 -1 0 -2
6 3 8 1 2 3
A=(3 2 3 A=17 -1 5
-1 0 —4 2 3 =3
1 1 -4 3 1 1
A=]3 -3 2 A=1]2 -1 3
-5 1 4 4 1 1

KouTpoJbHbIe BOpoChI:
1) Yro Ha3bIBaeTCs onpeaenuTeneM 2-ro nopsjaka?

2) HazoBuTe aBa crioco0a BEIYUCICHUS 3-TO MOPSIKa.

IHPAKTHYECKAS PABOTA Ne 2

Ha3panme mnpaxkTuyeckoit padorbl: Pewenue cucmem N JUHEUHBIX YPaAéHeHun ¢ N
Heu3zgecmHuvbimu memooom Kpamepa

Iean padoThl: HAYYUTHCS PEIIATh CUCTEMBI JIMHENHBIX ypaBHEHUN MeTo1oM Kpamepa

3HAHUA:

OCHOBHBIC TOHATHS W METOJbl MaTEeMAaTUYECKOro aHajiu3a, JUHEHHOW aireOpbl, TEOpuu
KOMIUIEKCHBIX YHMCEJI, TEOPUH BEPOSTHOCTEN U MaTEMaTHUECKON CTaTUCTUKH; OCHOBHbBIE MTOHSTHS U
METOJIbl MaTEeMaTHYECKOIro aHaju3a, JIMHEHHOW anreOpbl, TEOpUHU KOMIUIEKCHBIX YHCEJ, TEOpUHU
BEPOATHOCTEN U MAaTEMaTHUUECKON CTaTUCTUKU;

YMEHHs:

pelaTh CUCTEMBbI JINHEHHBIX YPaBHEHUH pa3TuYHbBIMU METOAAMHU; IPOU3BOIUTD

orepary HaJ MaTpULaMH U OIPEeIUTEIIMU

Teopernuyeckuit maTepual:



1.®opmyanl Kpamepa st cucteMbl U3 IBYX YPaBHEHUI

CucrteMbl U3 IByX ypaBHEHUH
ayx+a,y=b

)
anx+ayy =",

Omnpenenenue. OnpeneanuTeNb, COCTABICHHBIN 13 KOA()(PHUITMEHTOB PH HEU3BECTHBIX, HA3bIBACTCS
OTIpEeICTTUTENIEM CUCTEMBI U 0003HadaeTcst A (IenpTa):

Omnpenenurenu AX, Ay mosiydaroTcs myTéM 3aMeHbl KO3 GUIIUEHTOB MTPU COOTBETCTBYIOIINX
HEU3BECTHBIX CBOOOIHBIMU YJICHAMH:

Ax=|P % =biazs-arobp; Ay=|“" i a11bz-b1az.

b, ay Ay 2

A#ED

HaiiTn 3Ha4eHUAXNYBO3MOKHO TOJIBKO IIPU YCIOBHH, €CIIU
DTOT BBIBOJ CIEIYET U3 CIEAYIOLIEH TEOPEMBI.

2. Teopema Kpamepa: Eciu onpedenumens cucmemvl omiuyeH om HyJs, mo cUCmema JTUHeluHbIX
VpasHeHuil umeem 00HO eOUHCMBEHHOe peuletue, NPUYEM Heu38eCmHoe PaeHO OMHOULEHUTO
onpeodenumernei. B 3namenamene — onpedenumens cucmemsl, a 6 Yuciumene — onpeoenumennb,
NOTYYEHHDIU U3 ONnpedenumensi CUCIeMbl NYMEM 3aMeHbl KOIPhuyuenmos npu 3mom Heuz8ecmHom
CB0O0OHLIMU YNleHAMU. Dma meopema umeenm mMecmo OJisi CUCHEMbl TUHEUHbIX YPAGHEHU 1100020

nopsoka.

Takum oOpazom, bopmynst Kpamepa ons cucmembul u3 08X YypaGHeHUN. X= % , y= % .

IIpumep 1. Pemuts cucreMy TMHENHBIX YpaBHEHUMN:
3xtix, =1
nt+dxr, =-3

CornacHo popmynam nosydaem:

1 2
~3 4 le4-28(=3 446 10 _

X = = = =—=1,
3z Zed—1m2 12—-2 10
1 4
51
1 -3 T —o_ _
%, = =3-(3] 11 -9-1 1[31:_1.

T Zed4_281 12-2 10
1 4



WTaK, pemenue cUCTeMbl 1 Lz =-1

2. YacTHblE CiIydau
Tpu cayyasi npu pelieHUM CUCTEM JIMHEHHBIX YPABHEHUI:

1) cucreMa JIMHEHHBIX YpaBHEHUI MMeeT eJUHCTBEHHOE pellleHne(CUCTeMa COBMECTHA U
onpeenéHHa)
@ &
1 %z
@ @
VYcnosus: A0, ay a
2) cucTemMa JIMHEHHBIX YPABHEHHI HMeeT OecuncIeHHOe MHOKeCTBO pelleHuii(cucrema
COBMECTHA U HEOTpe/IeTIEHHA)
gy &y

_ a c
YcnoBus: A=0 , a1 2

IponopuroOHaJIbHBI.

&
2, T.e. KO3((PULKMEHTHI IPH HEU3BECTHBIX U CBOOOHBIC UJICHBI

3) cucrema JTUHEHHbIX YpaBHEHUH pellleHnii He UMeeT(CHCTeMa HECOBMECTHA)

c c )
11 12 1
—_ = #
=0, @y @y E:':4

YcnoBus:

Wrak, cucrema M TUHEHHBIX YpaBHEHUN C N TIEPEMEHHBIMU HA3bIBACTCS HECOBMECHOLL,
€ClIM y He€ HET HH OJIHOTO PEIICHHUS, U COBMEeCMHOU, €CITA OHA UMEET XOTsI ObI OJTHO PEIICHHE.
CoBMecTHas cucTeMa ypaBHEHUH, IMEIOIas TOJIbKO OJIHO PElIeHHE, HA3bIBACTCIONpeOeéHHO, a
0oJ1ee OJTHOTO —HeonpeoenéHHOll.

3.®opmyasl Kpamepa 1151 cucTemMbl U3 TpeX YPaBHEHUit

ayx+a,y+az=b,
ApX+ayy+a,=h,,

Ay X + gy + 83,2 =D,.
Ax. _AYy.,_ Az

x="F" y=—2,;7=—"".
A . A A

I'ne A (nenbta) cocraBieH U3 KO3PPUIMEHTOB IPU HEU3BECTHBIX:
a'11 a12 al3

A=|a, a, a,|A onpenenutenu AX, Ay, Az nonydarotcs myTéM 3aMeHbl KO3OPPUITUEHTOB MTPH
a31 a32 a33

COOTBCTCTBYIOIINUX HCU3BECTHBIX CBO60}1HBIMI/I YJICHAMU:

b, a, a; a, b a, a, a, b
Ax=|b, @, ayu|;Ay=|a, b, ay,|;Az=|ay, a, b,
b, a, a; ay by ag ay a,; b,

b#ED

Haiitu 3HAYCHUAX, Y U ZBO3MOKHO TOJIBKO IIpH YCJIIOBHUH, €CIIN

10



IIpumep 2. Pemnth cuctemy JUHEMHBIX YPaBHEHUM:
2x, —x, —3x; =3
3x, +4x, —5x, =8,
2x, +Tx, =17
2 -1 -3
A=]3 4 -5=79,
0 2 7
3 -1 -3
Ax=-8 4 —5=395,
17 2 7
2 3 -3
Ay=

Ortser: (5; -2; 3)

3ananue:Pemnre cucremMbl ypaBHeHHH

Bapmuanr 1

3Ix+y+z=-2

x—y=3 3x —4y =5 T
a){3x—2y=1 6){6x—8y=10 ) xsnyyrSZZ___lfz

2x—y+3z=1 2x —4y +2z=5

x+3y—z=0 xX—2y+z=3
Il){ e){
7x+7y+3z=2 3x—6y+3z=9

Bapmuanr 2

2x+3y+z=-1

a){x+2y=8 ){2x+3y=5
x—y—z=3

x+2y—z=-3
3x—y=3 4x + 6y =7 C){

2x—3y+6z=11 2x — 8y + 6z =10

x+3y—4z=5 x—4y+3z=5
8x -3y +10z =21 3x —12y+9z =15

11



KoHTpoJibHbIE BOIIPOCHI:

1) Yro Ha3bIBaeTCS CUCTEMOM JIMHEHHBIX yPaBHEHHIA?

2) Kaxkas cucreMa Ha3bIBaeTCs COBMECTHOM, KaKasi HECOBMECTHOH ?

3) Kaxkast cicteMa Ha3bIBaeTCS ONPEICIICHHON M HEOIIPE/ICIICHHON ?

4) Tlpm KakoM YCIOBUM MOXHO HCIIOJBb30BaTh (GopMyibl Kpamepa mis pelieHHs CHUCTEMBI

YpaBHEHUI?

ITPAKTHYECKAS PABOTA Ne 3

Ha3zBanue mnpakTudeckoidi padoTbl: Onpedenenue HUCI06LIX MHOMHCECME, YUCTOBHIX
NPOMEIHCYMKO8, OKPECIHOCHU MOYKU

Leap padoThI:Hay4YNUTCS BBINOIHATH IEHCTBUS C UACIOBBIMU MHOXKECTBAMHU.

3HAHUSA:

OCHOBHBIE TIOHSATUS M METOAbl MaTEMaTHMUECKOrO aHalIu3a, JUHEHHOW anredphl, Teopuu
KOMILIEKCHBIX YUCEJN, TEOPUU BEPOSATHOCTEN U MATEMATUUECKOW CTATUCTUKU; OCHOBHBIE MOHATHS U
METOJIbl MaTEeMaTHYECKOr0 aHaiu3a, JIMHEHHOW anreOpbl, TEOpUH KOMIUIEKCHBIX YHCEN, TeOpUHU
BEPOATHOCTEN U MATEMaTUUYECKON CTaTUCTUKHU
YMEHMS:

BBITIOJIHATH IEUCTBUS HaJl KOMIUIEKCHBIMHU YHCIIaMU

Teopernyeckunit marepuan:

MHo0:kecTBOMHA3bIBACTCSI COBOKYITHOCTh HEKOTOPBIX AJIEMEHTOB, OOBEIMHEHHBIX
KaKUM-TM00 OOIIMM NpPU3HAKOM. DJIEMEHTaMH MHOXKECTBa MOTYT OBbITh 4Mcia, (UTYpHI,
MPEAMETBI, TOHATHUSA U T.II.

MHoxecTBa 0003HAYalOTCsl MPONMUCHBIMU OYKBaMH, a JJIEMEHTBl MHOXECTBO
CTPOYHBIMH OyKBaMH. IJIE€MEHTHI MHOXKECTB 3aKJII0UAI0TCS B UTYPHBIE CKOOKH.

Ecau sneMeHT X TpPUHAUICKUT MHOXKECTBY X, TO 3amuchiBaloT XEX(E—
MIPUHAIIEXKHNT).

Eciau MHOXeCTBO A SIBISIETCS 4acThi0O MHOXecTBa B, To 3ammchiBaloT ACB(C—
COJICPKUTCH).

MHOXecTBO MOXKET ObITh 33/1aHO OJHUM M3 JIBYX CHOCOOOB: MEPEUMCIEHUEM U C
MIOMOUIBIO ONPEAEISAIOLIETO CBOWCTBA.

Hanpumep, nepedncieHreM 3a1atbl CIEAYIOIUE MHOXKECTBA:

. A={1,2,3,5,7} — MHOXECTBO YHCEI

. X={X1,X2,...,Xn} — MHOECTBO HEKOTOPBIX IEMEHTOB X1,X2,...,Xn

12



N={1,2,...,nN} — MHOXECTBO HATypaIbHBIX YUCEI

. 7={0,£1,£2,...,£n} — MHOECTBO LEJIBIX YHUCEI

MHOXeCTBO (-00;100) Ha3bIBACTCAUUCIOB0U NPAMOL, A IIOO0E YUCTIO — TOUYKOU ITOU
MPSMOM.

[Tycth @ — mpou3BoJIbHAS TOYKA YHUCIOBON MPSAMOM U O — MOJOKUTEIBHOE YHUCIIO.
WNutepsain (a-0; a+0) HA3BIBACTCS 0-OKPECMHOCMbIO MOYKU d.

Eciiu MHOXECTBO HE COJEPKUT HU OJHOTO AJIEMEHTAa, TO OHO HAa3bIBACTCS NYCHbLM
MHOCecmsom 1 3anuchbiBaetcs O.
YucsioBble IPOMEKYTKH

Yucnosvie Oompe3KU, URmepedilbl, NOJyuHmepealvbl u Jjbyd4u Haszvlearont 4ucilo6biMu

NPOMENCYMKAMU.
Hepagencrso, Oo6o3HaueHune
. Ha3zBanueuncjioBoro Yuraercs
3a/1a1011eeYH CJI0BOI YHCJIOBOT0
NMPOMEKYTKA TaK:
NPOMEKYTOK NPOMEKYTKA
a<x<b [a;b] Yuc10BOI OTPE30K OTtpe3ok ot a 710 b
a<x<b (a;b) Wureppan WurepBai ot a 10 b
[TonyunTepsan ot a
a<x<b [a;b) [MonyunTepBa Y p
1o b, Bxkirouas a.
[TonyunTepsan ot a
a<x<b (a;b] [MonyuHTepBaT Y p
1o b, Bxkirouas b.
YucnoBoi 1yy oT
xX>a [a; + ) YucnoBoii 1yq aJIOTLTIOC
OCCKOHEYHOCTH
OTKpBITHII
OTKpBITHIA YHCIOBOM YUCIIOBOM JIy4 OT
X>a (a; + o) p yq
Ty4 aJIOTLITIOC
OECKOHEYHOCTH
Yucnosou ny4y
x<a (- 0, d] YucnoBoii 1y OTMHUHYC
0ECKOHEUYHOCTH J0a
OTKpBITHII
. o YHUCJIOBOU J1y4
OTKpBITHIN YUCIIOBOM
Xx<a (- 0; a) 1 OTMHHYC
i OECKOHEYHOCTH JI0
a

IIpumep 1. Onpenenenne YUCI0BOrO0 HEPABEHCTBA

OTmMeTM Ha KOOpPAMHAaTHOM NpSMOM TOYKM € KoopauHaramu -3 wu2. Ecam Touka
pacrioyio’keHa MeX/1y HUMH, TO €l COOTBETCTBYET YHCII0, KOTopoe Oosblie -3 1 MeHbIe 2. BepHo u
oOpaTHOE: €ClIM YHUCIO X YJOBIIETBOPSAET YCIOBHIO -3<x<2 , TO OHO H300pa)kaeTcsi TOUKOH,
JIeXKaIEed MEeXIy TOYKAMU ¢ KOOpJAUHATAMH -3 U 2.

Mnoowcecmeo  6cex  uucen,  yoosremeopawux  ycioguro  -3<x<2,  Ha3zvleaemcs

YUCTIOBLLMIPOMENCY MKOMUTIU NPOCIMO NPOMeENCYmKoM om -3 00 2 u ob6o3navaemcsi mak. (-3;2).
13



¢
Y

? X [ i
F

[ ] |
G—O >~
‘T" i

Ha pucynkax u300paxeHbl MHOXKECTBO YHCEN X, JUIsl KOTOPBIX BBIMOIHSIETCS HEPABEHCTBO
x<I0 m x=10. DTy MHOXKECTBA INPEACTABIAIOT COOOW MPOMEKYTKH, O0003HAUAEMBIE
oo ==
coorBeTcTBeHHO (- ; 10) m (- ; 10]. Uuraercs Tak: YMCIO X MPUHAICKHT HPOMEKYTKY
oo
orMuHyc OeckoHedHocTd (- ) g0 10 (x<10) U 4UCIIO X TPUHAJICKUT MPOMEKYTKY OTMHHYC

= = <
oeckoneunoctu (- ) a0 10, Bxmovas uymcmo 10 (x—=10). 3HaK paBeHCTBA B HEPABEHCTBE

O603HaqaeTCﬂKBaHDaTHOﬁ CKOOKOMB YKa3aHuU IMPOMEIKYTKaA.

LLLLLLEE
S -

i

EE NN |
- -

| [

IIpumep 2. [lepecedenne YMCIOBBIX TPOMEKYTKOB

Mnoowcecmso, cocmasnsowee 06wyl Hacmv  HEKOmMopwix MHoxcecms A u B,
HA3b18AIOMNEPEeceyeHUeMdImMuUX MHodcecme u obosnauaiom A M B.Ilpomexyrok [3;5] saBisercs
nepecedeHrueM npoMexxyTkoB [1;5] u [3;7]. D1o MoxkHO 3amucaTh Tak: [1;5] M [3;71=[3;5].
I . [

D -

3157 [

[Tpomexytku [0;4] u [6;10] HE UMeErOT OOMMX 3JIeMEHTOB. EcCiiM MHOXECTBO HE HMEET

O6HII/IX 9JICMCHTOB, TO FOBOpﬂT, qT0 HNX HGpGCG‘IGHI/Ie HyCTO. 3Ha‘II/IT, HGpGCG‘IGHI/Ie HpOMe)KYTKOB
[0;4] 1Y [6:10]=0.

B e s

i g

IIpumep 3. O0beAMHEHUE YUCTOBBIX TPOMEKYTKOB
Kaxxmoe uncno u3 mpomexytka [1;7] mpuHAIEKUT XOTS OBl OTHOMY U3 MPOMEKYTKOB [1;5]
u [3;7], To ecth, MO0 mpoMexyTKy [1;5], mubo npomexytky [3;7], 160 UM 060UM.

MHnoorcecmso, cocmosAiyee Uz 3J1eEMeHmaoe, npuHaOJzeafcau;ux xomsi Obl O()HOMy uz MHOaIcecme

A u B, nazvisaiomobwedunenuemdmux muoxcecms obosnauaiom =5 .
[Ipomexxytok [1;7] siBnsiercss oObeaumHeHUEM MpoMexyTkoB [1;5] u [3;7]. DTO MOXHO

sammmcats Tak: [1;5] [3;7]=[1;7].

14
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TFI’F* t_

I

3ameTnM, 4TO 00BEIMHEHHE MPOMEXKYTKOB HE BCETJa MPEACTaBISET COOOW MPOMEKYTOK,

HanpumMep MHOKeCTBO [0;4]"* [6;10] He sBIsIETCS TPOMEKYTKOM.

3ananue: BolnmosiHUTE 1eHCTBUA M0 X014y PadOTHI.

1. BeiGepuTe npaBuiibHOE H300paKEHUE TPOMEXKYTKA [-2;4] HAa KOOPAMHATHOM MPSMON

I L]
! L'Jl' I'_? T ! 1 ? hv--
1) | 2) -
I EEEEE
e —4 - P YA A
2 5 2 4
3) | 4) 1

2. BeiGepute mpoMeKyTOK, N300paskeHHBIN Ha KOOPIMHATHOM MPSIMOIi:

TLLLEEL

-

v

-t

a) x= 8;0) x<8§; B) x>8;1) X =¥

3. IlpuHaanexuT 1 NPOMEXYTKY [-8;-5] umcno...

a) -9; 0) -8; B) -5,5; 1)-5; n)-4; e)-7,5?

4. Micionb3yro KOOPAWHATHYIO TPSAMYI0, HAWTUTE MIEpeceueHue MPOMEKYTKOB:

a) (138) 1 (5;10); 6) [-4:8] m [-6:6; B) (-5;1] w (-4:2]; 1) (- %3] m [0:+ 7],

5. Ilokaxkute MTPUXOBKOW HA KOOPAMHATHOMN NMPSAMON 00bEIMHEHUE TPOMEKYTKOB:
a) (-7 4) 1 105+ %9); 6) [3:+ %) 1 (8:+ %°); ) [-4:8] 1 [-6:6]; 1) (-5:1] m (-4;6].
6. Boibepute npaBuiIbHBINA OTBET

6.1.YncioBbIM TPOMEKYTKOM Ha3bIBACTCH. . .

@) MHOJICECMB0 6cex uucel, Y0061emeoPAIOUSUX HEPABEHCMEBY;

0) MHOXXECTBO BCEX YHCEN,

B) IEPEMEHHBIX.

6.2. Kakne u3 uncern He yIOBJIECTBOPSIOT HEPABEHCTBY -2<X =8
a)2u5;06)-1u8;8)-2u9r)0us.

6.3. YKaxure MHOXKECTBO pelIeHni HepaBeHcTBa X>20:

15



a) (-7 20); 6) (20; + “°);8) [20; +7°); D)[-20;+ 7).
6.4. YkaxuTe MHOXKECTBO, MPEACTaBJIAIoNee COO0H 00IIYI0 YacTh MHOYKECTB:
Xx=3u -5<x<3,2:

a) (- 5; 3); 6) (-5; 3,2); B) (-5; 3]; 1) [3; 3,2).

KoHTpoJibHbIE BOIPOCHI:
1) HazoBUTE OCHOBHBIC YHCIIOBBIC MHOXKECTBA;
2) Yro Ha3pIBaeTCs 00bEIMHEHUEM MHOKECTB?

3) Uro Ha3bIBaeTCs MEpeCceYCHUEM MHOKECTB?

IMPAKTUYECKAS PABOTA Ne 4

Ha3zBanue npakTuueckoii padborol: Botuucnenue npedenos, packpvimue HeonpeoenénHocmu.
Buiuucnenue 00nocmoponnux npeoenos

Llesb padoThI:HAYUUTHCS BBIYUCIIATD MIPEIEIIbI.

3HAHMSA!

OCHOBHBIE TIOHSATUS M METOAbl MaTEMaTHYECKOIO aHalu3a, JUHEHHOW anredphl, Teopuu
KOMIUIEKCHBIX YHMCEJI, TEOPUH BEPOSTHOCTEN U MAaTEMaTUUECKON CTaTUCTUKH; OCHOBHBIE IIOHATHUS U
METO/bl MaTeMAaTUYECKOI'0 aHaIN3a, JIMHEWHOW anreOpbl, TEOPUM KOMIUIEKCHBIX YHCEJ, TEOpUU
BEPOSTHOCTEW U MaTeMaTHYECKON CTATUCTUKH
YMeHMS:

AQHAJIM3UPOBATH CIIOXKHBIE PYHKIIMU U CTPOUTH UX rpapuKu

Teopernyeckunit marepuan:
Onpenenenue (HaxoxaeHue npenaena GyHKIUA Ha OECKOHEYHOCTH).
Yucno A uaseiBaercs npeaenom ¢yukuun f(X) mpu X =% ecnu 115t m060# 6eCKOHEYHO GONBINONN
M0CJIeI0BATEIbHOCTH apryMEHTOB (YHKINHU (O€CKOHEYHO OOJIBIION MOJIOKUTENTFHON WIIN
OTPULIATENIbHOM), TOCIEI0BATEIbHOCTh 3HAYCHUH 3TOM (PYHKIIMHM CXOAUTCS K A.

O6o3navaercs lim f(x) = A.
X—>00

3ameuanue.
IMpenen ¢pynxuuu f(X) mpu X —* 2 GeckoneueH, eciu Is 000N GECKOHEYHO OOIIBIION
MOCJIEIOBATEILHOCTH apTryMeHTOB (QYHKIIUU (OECKOHEYHO OOJIBIION TTOJIOKUTEIHHON UITH

OTPUILIATENIEHOM ), TOCIEI0BATEIbHOCT 3HAYCHUN 3TON (PYHKIMH ABIsETCS OECKOHEUHO OOIbIION

lim f(x)=

MTOJIOKUTEITFHON MM OECKOHEYHO OO0JIBIION oTpuniaTenbHoi. O003HauaeTcs *—=+=
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OcHoBHbIE HeoNpeaeJIeHHOCTH Npe/iesioB U UX PacKpbITHeE.

o 0
OCHOBHBI€ BUIbI HEOIIPEACJICHHOCTEU: HOJIb JACIIUTH HAa HOJIb (6) 5 OCCKOHEYHOCTh JACIINTDH

o
Ha 6eCK0HeqHOCTb( ), HOJIb YMHOKHUTBH Ha 0€CKOHeUHOCTH (0 * 00), 6ECKOHEUHOCTh MUHYC

o
GeckoHeuHOCTh (00 — 00), eMHNIA B CTENEHH OecKOHEeYHOCTh 1%, HOMb B crenenu HOb 00,
OECKOHEYHOCTh B CTEIIeHH HOJIb 000,
PackpbIBaTh HeonpeaeJeHHOCTH [103BOISET:
yrpolienue Buaa GyHKIuK (Ipeodpa3oBaHKe BLIPAKEHUs C UCIIONb30BaHHeM (GOpMyIl
COKpAIIIEHHOTO YMHOKEHHUS, TPHTOHOMETPHUECKHX (OPMYII, JOMHOKEHHEM HA CONPSKEHHBIE
BBIPAYKEHHUS C TIOCIEAYIONIUM COKPAIEHUEM H T.I1.);

HCIIOJIb30BAHUC 3aMCHATCIIbHBIX ITPCACIIOB;

NpyuMeHeHre npasuia Jlonurans;

HCIIOJIL30BaHHE 3aMEHBI OECKOHEYHO MAJIOr0 BBIPAKCHHA CMY BKBI/IBaJ'IeHTHBIM(I/ICHOJIB3OBaHI/IC

TaOIMITBI SKBUBAJICHTHBIX 0€CKOHEYHO MAJIbIX ).
CrpynmnupyemM  HEONpPEACICHHOCTH B TadaMuy  HeompenejdeHHocteid. Kaxmomy  Bugy
HEOMPEACIICHHOCTH MTOCTABUM B COOTBETCTBUE METO/] €€ PACKPBITHUS (METO HAXOXKICHHS IPECIIa).

Tabnuma 1 - MeToabl Hax0XKJICHUS Mpeena

Bunbr MeToabl HaxOXeHUs Mpeesa
HEOMPEIETEHHOCTEN
0 HeoOxoaumo npeoOpa3oBath U yrpocTUTh BeipaxeHnue. Eciu ecTh
6 sin(kx) kx

BBIPA)XCHHC BU /1A TO IPUMCHACTCA HepBbeI

NN
kx sin(kx)’
3aMeaneHLHBIﬁ HpeI[eH.

(oo) Heo6xonnmo nmpeobpa3oBath M yIpoCTUTh BeIpaxkeHue. Eciu He

© IIOMOTAET, TO MCIIOIB30BATH MpaBwiIo Jlonuras.
. — .. 0 00
(0 - ©),(c0 — o0) Heob6xonnmo nmpeobpa3oBats HEONPEAECIEHHOCTD K BUIY (5) UIn (;), 3a
TE€M IPUMEHHUTH NTpaBuiIo JlonuTans
1%, IIpuMeHsieM BTOPOM 3aMedaTesIbHbINA PEAeII
Ilpumepl:

.
x“+2x-3
- = -
x—=l — >
Brruncnure npeaen =1 3x 5x+2
Pewenue.

IToxacrasinsem 3Hauenue: lim = = |-
x—1 3x2—-5x+2 3:12-5-1+42 0

[Tpunum x HeonpeaeneHHOCTH. CMOTpUM B TaOJIMIly HEOIIpeIeIeHHOCTEH 1 BbIOOpa MeTo1a
pelieHns 1 npodyeM YIpoCTUTh BblpaxkeHHe. Tak Kak U YMCIUTENb U 3HaMEHaTeNIb 00pallaioTcs B
HOJIb TP X=1, TO €CITM Pa3’I0kKUTh HA MHOKUTEIHU 3TH BBIPAKEHUS, MOXKHO OyIeT COKpaTUTh (X-
1) u HeonpeIeIeHHOCTh HCYE3HET.

x%+2x-3 1242-1-3 (o)
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http://www.cleverstudents.ru/limits/LHospitals_rule.html
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PaznoxuM yucaIuTesIr Ha MHOXKUATEIH
x*+2x-3=0
D=2"-4-1-(-3)=16=

7

—2+u'ﬁ_
’)‘

F

xt+2x—3 =I:x+3:}|f_x—1:]

-3

1=

X, =

Pa3noxuM 3HAMEHATe) b HA MHOYKUTEIIN
¥
Ix*—5x+2=0

5-41 2
'x_-l:—:_

2-3 3
X, =5+ﬂﬁ=1:=
©2-3

’J' .
3x1—5_¥+2=3[_r—:\!lfx—1]
35

Ham npenen npumer Bua:
x?>+2x—3 (0 (x+3)x-1)  x+3  1+3

M3x7 —sxt2 6)=333}3(x_§)(x_1)‘L‘ﬂg(x_g)‘3(1_§)‘

[Tocne mpeobpazoBaHust HEONPEIETEHHOCTH PACKPHLIACH.
¥
x“+2x-3
e |

.
L=l 3yt —S5x 42
Omeem.

Paccmotpum npenenbl Ha GECKOHEUHOCTH OT CTENEHHBIX BhIpakeHUd. Ecnu mokazaTtenu
CTENIEHHOTO BBIPAKEHUSI MOJIOKUTEIbHBI, TO TIpe/iesl Ha O€CKOHEUHOCTH OeckoHedeH. [Ipuuem
OCHOBHO€ 3HaU€HHE UMeET HauOOoJbIIas CTENEHb, OCTAbHBIE MOKHO OTOPACHIBATh.

Ilpumep?2:.

fim x +2x° —4

r—m T2
BBIYHCITHTD TIPESien 3x +12

Pewenue.
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.ox +2x"—4 o
lim

x=m 3x +12 =

CTeneHb YNCIUTENA paBHa CEMHU, TO €CTh m=7. CTeneHp 3HaMEHATEISA TAKIKE paBHaA CEMU n=7.

-
i

Pa3ﬂeﬂI/IM W YUCJINTECJIb U 3BHAMCHATCJIb Ha x
; 5 x7+2x5-4 1 2 4 2 4
po X ret—4 e L Mty 1t 1+40-0_ 1
m-——=11mMm —= 11m = = = —
x>0 3x7 +12 x—oo 3x7+12 x—00 34 12 3+ 12 34+0 3
7 x7 07

T o T I
.h.mx +..¥ 4=£
3x +12 3

E—so
Omeem:™ "

sinx

IlepBblii 3aMeuaTe/IbHBIN Mpeaes umeeT BUI: lim =1
x—0

X

Ha npakrtuke game BcrpedyaroTcs MOAM(PUKALUKM NIEPBOro 3aMeYaTe1bHOI0 IpeaeJia B BUC:
lim sin(kx)

x—0 kx

rae, K — koaddunment.

CaencTBua IMEePBOro 3amMe4YaTeJabHOro nmpeaeja:

X 1 1
1. lim =lims=—=-=1
x—0 sinx x>0 X 1
1 1
2. =lim—p=-=1
xo0sinkx  yoo Sinkx 1
kx
Ilpumep 3:
51'11(3_1:}
=0 Iy

Haittu penen:
Pemenue:

[MoacraBiisieM 3HAYCHUE:
. sinf3x) /0

=0 2y )]

HpI/IIHJ'H/I K HCONIPEACICHHOCTHU HOJIb ACIUTHL HAa HOJIb. CMOTpI/IM B Ta6m/1uy

HeomnpeaeNeHHOCTe! i onpeeNieHus: MeTojia perenus. KoMOnHanus cuHyca u ero apryMeHTa
MOJICKA3bIBAET HAM O MMPUMEHEHHH MIEPBOTO 3aMeUaTeIbHOTO Mpejiesa, HO IS 3TOTO CHavaa
HY>KHO HEMHOTO TIpeoOpa3zoBaTh BeIpakeHue. JJOMHOKUM Ha 3X ¥ YUCIUTENbh U 3HAMEHATENb
Tpoowu.
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lim
x-0 2x

sin(3x) B (0) B 3x sin(3x) — sin(3x) 3x i 3 sin(3x)
“\0) T B3x-(2x) s\ 3x  2x)  x%o\2 T 3x

. ((sinf3x
hm[_f- A
B cuiy crencTBrs M3 EPBOTo 3aMeYaTeIbHOTO Mpeaeia 3x /I , II03TOMY IPUXOJANUM K
pe3ynbTary:
. (3 sinf3x)} 3 3
i 3.3005))_3, 3
=02 3x ) 2 2

. . . 1\*
Bropoii 3ameuaTenbHbII Mpeaea umeeT BUI: lim (1 + ;) =e

X—00

WK B IPYTO# 3aIiucu lirr(l)(l +x)V*=e
x—

B ciydae BTOporo 3aMedaresbHOro Mpejiesia HMEEM JIEI0 ¢ HEOIPEIEIEHHOCTRIO BH/IA €IMHMIIA B
crenenu 6eckoneyHocTh(1%) .

IIpumep 4:

Beraucnuts npenen

IToxcrasiisieM OECKOHEYHOCTh:
x%41 00241

I 2 4 2 4 - -
x%<1_x2+1) _(1_002+1> =1-0"=01%

HpI/II_HJ'II/I K HCOIIPCACICHHOCTU CANHHNIIA B CTCIICHU OECKOHEYHOCTb. CMOTpI/IM B Ta6n1/1uy
HCOIIPEACTACHHOCTEH IJIs OMpeCACIICHHUA METOJa PCIICHWA U OCTAHABJIMBACMCA Ha MIPUMCHCHUN
BTOPOTI'O 3aMC€UATCIILHOTI'O IIpeJiciia.

x%+1  x%+1 t
Cnenaem 3aMmeHy nepemMeHHbIX. [lycTht = — — 25 =3
Ecin X —9C g0 I = —°
Wcxoausiii mpeen nocie 3aMeHbl IPUMET BHI:

x4l

]jm[l_ K ={1°°}=]jm[1+ﬂ_%_t . {14_1\.!:‘\' - ze_%

x—sm xl _|_]_JJI f—sm t f—sm

IIpumep 5:

e

x+1jll

Y=

Brerauciauts nmpeaci

Pewenue:
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IToncrasisiem OECKOHEYHOCTE:

. Al
hm[*f_—lJ fim| — {ﬂ} )
x==| x +1 e R 1+0
X

[Tpunum kK HeonpeIeIeHHOCTH eIMHUIA B CTeNIEHN OECKOHEYHOCTh, KOTOPasl yKa3bIBaeT Ha
MIPUMEHEHUE BTOPOTO 3aMeyaTesIbHOro npesena. Boiieaum 1enyro 4acTb B OCHOBaHUU
MOKAa3aTeIbHO CTEIEHHON (PYHKIINH:

x—l_x+l—2 x+1_ 2 B 2
x+1 x+1 x+1 x+1 x+1

Toraa npeaen 3anmuIieTcs B BUJIE:
].i.‘[n[x_l] ={1")= ].‘irﬂ[l— = J
==l x +1 el x+1

CnenaeM 3aMeny nepemeHHbIX. [lycTb

rz—%:ﬂr:—x—l:sx:—m—l

Ecmu X =% 10 I —=C

I/ICXOI[HHﬁ mpeaci 1IocCJC 3aMCHbI ITPUMET BUJI:

i (52 =0 = (1)

x> \X + 1

1\~ N 13!
-lim(1+—) =lim<(1+—>> -(1+—) =e?-(1+0)1=¢e2
t—oo t t—ooo t [o'e}

B npeo6pa30BaHH;1x OBLIHM MCII0JIb30BaHbI CBOMCTBA CTEIICHU M CBOIMCTBA MpeaciioB

3aganue:Bpruncauts npenesa GQyHKIui:

Bapmuanr 1.
Iimﬁ

a) ¥x*-8x+15,
lim X+5

b) x>23X -6
Iimsin17x

C) x>0 5iN12X
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X

nn{1+ZJ3
d) X—0 X

Bapmuanr 2
lim x* +x-20
a) x>4 x> 16
IimM
b) x-22x—4
sin7x

im——
c) x>08in13X |
nn{1+13j4
d) X—>00 X .

KonTposabHbie BoNpochkl:
1) Yro Ha3bIBaeTCS MpEaeIoM QYHKIHHA?
2) Kakast cBsi3b CyIIecTBYeT MEXy OSCKOHEYHO MasIol U OECKOHEYHO OOMbIION (GyHKIHEH?

3) HazoBute BU/IbI HEOTIPEICICHHOCTEH.

IMPAKTUYECKAS PABOTA Ne §

HazBanue npakrudeckoii padorbl: Buiuucnenue npou3eo0Hvlx 31eMEHMAPHBIX U CIOHCHBIX
dynxyui.

Ilesb padoThI:HAYYUTHCS HAXOIUTH IPOU3BOIHBIE GYHKIMK 110 GpopmynaM auddepeHInpoBaHus.
3HAHUA:

OCHOBHBIE TOHSATUS M METOAbl MaTeMaTHYECKOI'0 aHalu3a, JIMHEHHOW anredpbl, Teopuu
KOMIUIEKCHBIX YHCEJI, TEOPUH BEPOSTHOCTEH U MaTEMaTHUECKON CTaTUCTUKH; OCHOBHBIE MOHATHUS U
METOAbl MaTeMAaTUYECKOI0 aHaIN3a, JMHEWHOW anreOpbl, TEOPUM KOMIUIEKCHBIX YHCEJ, TeOpUU
BEPOATHOCTEN U MAaTEMATUYECKON CTATUCTUKH;  pellaTh NPUKIAAHBIE 33Ja4H C UCIIOJIb30BAHUEM
3JIEMEHTOB U] PepeHInanbHOr0 U HHTETPAILHOTO UCYUCIIEHUN
YMEHMS:

aHAJTM3UPOBATH CIOXKHbBIE PYHKIIMU U CTPOUTH UX rpaduKu

Teopernuyecknii MmaTepuaJl
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IIyTh X — aprymenT pynkuun f(X) 1 AX - Manoe yncio, oTINYHOE OT HYIISA.

AX (untaercs «uenbTa MKCY») HAa3BIBAIOT MpHpalleHHeM aprymMenTa pynkmun. Ha pucynke mo

ocH aBCIKCC MOKA3aHO H3MEHEHHE apI'yMEHTa OT 3HAUEHHUs X JI0 3HayeHus ~ © Ax (otcroma BuaHA
CYTbh Ha3BaHUS «IPUpPAILEHUE)» apTyYMEHTA).

Xy . Xpt Ax
[Ipu nepexoze OT 3HAYCHUS apTyMEHTa K 3Ha4YCHUS PYHKIIUU U3MECHSIOTCS

flx) 10 flxy + Ax)

COOTBETCTBEHHO OT [PY YCIOBHH MOHOTOHHOCTH (DYHKIIMH Ha OTPE3KE
[x0; X0 +A x] . PasHoctef (xy +A x) — f(x) =A f(x) Ha3pBaOT MpUpaIeHHEM

¢pyuxunuu f(X), COOTBETCTBYIOIIEM JaHHOMY IIPHPALIEHUIO apryMedTa. Ha pucyHke npupalieHue
(GyHKIMU TTOKA3aHO 110 OCH OpJIMHAT.

wwcleverstudents. ri 1 X X+ ﬁ_'{.'

Onpenenenne Npou3BOIHON (PYHKIIUM B TOUKE.

Xy Yo +Ax

[Tyctes pynkuus f(X) onpenenena Ha npomexyTke (@; b), - TOYKH TOTO

N X
npomexyTka. [IpousBoanoii pynkuun f(X) B Touke ¢ Ha3pIBaeTCS MpeIe OTHOIICHUS

npupaienns GpyHKIHY K IPUPAIIEHHIO apryMeHTarpn S — 0 O6osnauaercs f/(xo) =
Af(x)
Ax—0 Ax

Ipasuaa nuppepenuuposanus. IIpounssoanbie djieMeHTaAPHBIX QYHKIMIA

1.(c) =0 11.(2*) =a*Ina
2. (x) =1 12.(sinx)" = cosx
3. (U+v) =u’ +V/ 13.(cosx)' =—sinx
a.(uv) =u'v+v'u ¢

1e.(tox) - cos® X
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/ / / —
u) _u'v+v 5. (ctax)' =
S(Vj RV (etox) sin® x
6.(cu) = ue’ 16. (arcsinx)’ :ﬁ
7 (X”)/—HX”_1 17.(arccosx) = -1
1— x?
1 /
8.(Inx) == 18. (arctgx) =
(Inx) X (arctgx) 1+ x°
1 R
9. (logx) ==loge 19. (arctgx)’ =
(logx) ~log (arctgx) T

10.e* ) =e*

HaiiTu npou3BoaHble cjeayIOIHUX QyHKIMM:

Ipumep 1
y=x2-4x+3.
Penrtenue:

y'=(x%-4x+3) 1= (x? - (4x) + 3,

o dopmynam 1,2, 3,6 u 7 Tabmume 2.1, momyuum y' = 2x-4.

Ipumep 2

=+/X + ! + 1
Y Jx  x* 3x°
Pemenne:

Bpons I[pO6HBIe " OTPULATCIIbHBIC IIOKA3aTECJIN, Hpeo6pa3yeM JaHHYIO (I)YHKI_II/IIOI

14 1
y=x2+5x°% —x 2 +=x7° .

[Tpumensst popmyiisl (6 1 7), MOTYyUUM:

2

,_ 15 2 1
y 2Jx  3xt x* x*

yl = 1 X%_1 + 5(— %szl - (— 2)X7271 + _(_33) x 31t = %x_;

. Beruncants § /(1).

Pemenne:

4

—Zx 3 4+2x°
3




ITo hopmynam (5 u 7) momyunm:

1 1 1
§'<x):(&)'(1+&)—(1+&)’-&:z&(“ﬂ 2x 22 2

L+ Jx) A+ Jx) (rvx)

TR S
) 2Jx(1+Vx)
()= 1 11
PO fay 22
Ipumep 4
y=(1+\/§)2

X
Pemenue:

PackpbiBaeM cKOOKM U IPOU3BOJUM JIETICHUE:

(1+\/§)2 :1+2\/;+x:1 2
X

—+—=+1.
X X J;

I/ICHOJIbSyeM ,Z[pO6HLIe U OTPULATCIIbHBIC ITOKA3aTCJIN, MPUBOAA HAaHHOC BBIPAXKCHUC K BUIAY (7)

Tadymne! 2.1:

1
y=x'+2x 2 +1 .

Haxomum npon3Boanyo y ':

IIpumep S

Haiit Ipon3BoaHyI0 2-T0 MOpAAKa OT QYHKIHMH y = X - SiN X .

Pemenne:

Hcnonb3ys popmysnst 4,2 u 12 tabaunsl 2.1, noxydum:

y' =(x) sinx+x(sinx)" =sinx +Xxcosx .

JuddepeHnmpys Mpou3BOIHYI0 y |, HMeeM:

y" =(sinx)" +(x)’ cosx + x(cosx)' =cosx +COSX — XSinX =

=2C0SX — XSinX.
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IIpumep 6
JIBr>KeHue JIeTuuKa Py KaTanyJIbTUPOBAHUU U3 PEAKTUBHOTO CamMoJieTa
. Q. 3
MOYXHO MPUOJIU3UTEILHO ONMKUCaTh (OPMYIION S= 3,7t +Int -19t (m). OnpenenuTs CKOPOCTh U

YCKOpEHHE JIETYMKA Yepe3 2 ¢ MOCIIe KaTamyIbTHPOBAHUSL.
Pewenue:
ITo hopmynam 3, 6,7 u 8 Tabmurs 2.1:

v=§,v=(3,73 +Int—-19t)" ,
dt

Torma v=3,7+3t? +% -19=259wm/c; a= 3—\; a=111t% + % -19;

1/ m 1
a=22,2t—t—2(—);at_2 :22,2-2—Z=44,151%2 .

c2

4. Ilpou3BoaHAs CJI0KHON (PYHKIUH
Ecmm y = § (u), rie U = ¢(X), T.€. €CJIH Y 3aBUCHT OT X Y€PE3 IIPOMEKYTOUHBIH apryMeHT
U, TO y Ha3bIBaeTCs CII0KHON (PYHKIUEH OT X.

[IpousBogHas cinokHOW (YHKIMKM paBHA TMPOU3BEIACHUIO €€ TMPOM3BOAHON IO

MMPOMCIKYTOUHOMY apryMmMCeHTY Ha HPOU3BOAHYKO 3TOI'O aprymMeHTa I10 HEe3aBHCHUMOI HepeMeHHOﬁ:
v =f ()’
HeKOTOpre (l)OpMyJ'IBI Ta6HI/II_[BI MMPOU3BOJAHBIX TCIICPb 6yL[yT HUMCETH BUL
") =nu"*-u’
(sinu) =cosu-u’
(cosu) =-sinu-u'’
uT.aO.

5. HaiiTu mpou3BOAHBIE CIACAYIOIIMX (PYHKIMIA:
Ilpumep 1.

y=(1+5x)".
Pemenue:

[onaras 1+5x = U n y = U3, npumensis npaBuito udpepeHIIpOBaHHs CIOKHON (HYHKINH, HMEEM:
2

y =3u’(1+5x) =3(1+5x)" -5=15(1+5x)
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IIpumep 2

y =sin3x.

Pemenue:

[Monaras 3x= U, HaliIeM, KCIOJIL3Ys COOTBETCTBYIOLINE (POPMYJIBL:
. / .

y' =(sinx®) =(sinu) =cosu-u’ =cos3x* -3

y’ =3cos3x.

Ipumep 3

y =sinx’,
Pemenne:

[Monaras x3= U, HaiigeM:
- / -
y' =(sinx®) =(sinu) =cosx-u’ =3x* cos x’.

Ilpumep 4
B kakoif MOMEHT BpEMEHHU CKOPOCTh TeJa, ABHXKYIIETrocs 1o 3akoHy S = 3t? — 15t + 2, pasHa 0?
Haiitn yckopenue tena.

Perienue:

-

- N d

CkopocTb Tena V - 3TO NepBasi IPOU3BOIHASL OT NEPEMELICHUS S 10 BpeMeHHu: V = E; 3aKOHY
2 /
v=(3t? —15t +2) =16t —15.

Ecnu v=0, To 0=16t-15 => t = % =2,5(C)

- - N d\?

Vckopenne @ — 3TO 1nepBasg INPOU3BOAHAs OT CKOPOCTH \/ 1O BpeMeHH: a=—— ;

dt
a=(6t-15) =6[%/.

Ipumep S

Touka coBepraeT kosieOaTenbHbIE NBIKEHHS MO OocH abcuucc 1o 3akoHy X = COS ol. Haiitu
MOMEHT BpEMEHH, KOT/Ia CKOPOCTh paBHA HYI0. UeMy B 3TO BpeMs paBHO X?

Perenue:
dx ) )
Vzaz—cosmcot; O=wsinmt;
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KT OKT
kn=ot=t—: X=cos——==11 .
()] ()]

33}IaHHe:BLIHOHHI/ITe 3aIaHUAII0 BapUaHTaM

Bapuanr 1

1. Haitnute nponssomnyto dynkumit Y (X)=(2X + 1)3.

a) y'(x)=3(2x~+1) 6).  y(x)=3(2x+1)

B) y'(x)=6(2x +1)° r) y'(x)=6(2x +1)
X2

2. Haiinure npoussoanyro dynkiuu f (X) = ?+COS oX.

a). T'(x) =§—5sin5x 6) f'(X) = x—5sin5x

B). f'(X)=x+5sin5x r) f'(X) = X—sin5x

N . 2
3. Haiinure abGcumccy TOUKHM, B KOTOpOi KacarenbHast K rpaduky gynkmumu Y =4X" —6X+3

napajuieiibHa npsamMon Y = 2X+3.

a). -2 0) 1 B). 2 r). 3
4. Haiinure yrinoBod kod()QUIMEHT KacaTenbHOW, TPOBEACHHON K Trpaduky GyHKIUU

f(x)= ex_2 —4X B TOUKE C abcmecoit XO =2.

Bapuanr 2

1. Haiinure npoussonnyto dynkumu Y(X)=(4X+9)" 3,

)y (X)=—12(4x+9) 2 6 y(x)=3(4x+9)"*

B y(x)=-12(4x+9)"* rooy(x)=3(4x+9)7"
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6_1)(4

2. Haitnure npomssonnyio dymxman  f (X) = % X + C0S3X .

a) f’(x)=%x5—x3—30033x
6) f’(x)=x5—x3—35in3x
36

B) f’(x):gxs—x4—sin3x

r) f’(x):3—56x5—x3—3sin3x

3. K rpaduxy ¢ynkuu f (X) = X2 +X+1 B Touke ¢ abcuuccoit X =1 nposenena
KacarenbHas. Haliqure abciuccy ToUku nepecedeHus kacaTeabHol ¢ ocbio OX.
1 1 1
ay 0 0) —= B) —= ry =
) ) 75 ) 3 ) 5

. o X—6
4. VYxaxuTe yrojl HaKJIOHA KacaTeIbHOW, MPOBEACHHON K rpaduky GyHKIUU f (X) = \/§ —€

B TOUKE C aOCIIHCCOi X0 =6.
a) 60° 6) 45° B) 135° r) 0°

KoHTpoJsbHbIE BONIPOCHI:
1) 3anuimTe OnpeeNieHue MPOU3BOTHOI.

2) UYem oTiMyaeTcsl MPOU3BOJHAS CIIOKHON (PYHKUHMH OT MPOM3BOAHON 3JIEMEHTApHOU

byHKIIUN?

INPAKTHYECKAS PABOTA Ne6

Ha3Banue npakTuyeckoii padoTbl: AHaIU3 C10X4CHOU PYyHKUUU U nocmpoenue eé zpaduka
Henp padorbr:HayunTbcs HaXOAUTH ¢ TOMOLIBIO IIEPBOM MPOU3BOAHON TOYKH IKCTpEMyMa

Y MHTEPBAJIbl BO3PACTaHUs U YObIBaHUS (DYHKIIMU; C TIOMOIIbIO BTOPOM MPOU3BOIHON TOUKU
neperuda ¥ MHTEPBAJIbI BHITYKJIOCTH U BOTHYTOCTH (DYHKIIMU; C TIOMOILBIO MTPE/IEIOB

BBIUUCIISATh ACUMIITOTHI Tpaduka QyHKINUU; CTPOUTH TpauK MO MOJTHOMY UCCIETOBAHUIO
byHKIIUU
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3HAHNS:

OCHOBHBIC TIOHSTUS U METOAbl MaTEMAaTHYECKOrO aHaIM3a, JTUHEHHOW anreOphbl, Teopuu
KOMIUICKCHBIX YHCEJI, TCOPHH BEPOSTHOCTEH W MaTEMATHUYECKON CTATHCTUKH; OCHOBHBIC TIOHSATHUS U
METOJBl MaTEeMaTUYECKOTO aHaJIn3a, JIMHCHHOW alreOpbl, TEOPUM KOMIUIEKCHBIX YHUCEN, TCOPHH
BEPOSITHOCTEH U MAaTEMAaTHYECKOW CTATUCTHKH,  pellaTh MPUKIATHBIC 337a4H C UCIIOIb30BAaHHEM
3JIeMEHTOB MU PEPEeHITNATBHOTO U HHTETPATLHOTO HCYUCIICHUN
yMeHHSI:

AHAJTM3UPOBATH CIOXHBIC PYHKIIMH U CTPOUTH UX rpaduKu

TeopeTnyeckuii MaTepuas:
IMosHoe ucciienoBanne (PyHKIHUN U MOCTpoeHue rpaduka.

Crour 3aa4a: MPOBECTH MOJIHOE UCCIeI0BaHNEe (DYHKIIUU U TIOCTPOUTH €€

P X
flx)l=——
4x- -1
rpaduk .
ANropuTM HcCIIe0BaHUS (PYHKIIUH COCTOMT U3 CJICAYIOIIMX IaroB.

1. HaxoxneHnue 00J1acTH onpeaejieHuss PyHKUMU.
DT0 OYeHb BKHBIN IIAT UCCIICAOBAHMS (DYHKIMH, TaK KaK BCE JaJbHEHIINE NEHCTBUS OYayT
MIPOBOJIUTHCS HA 00JIACTH OIPE/ICIICHHUS.
B namem npumepe Hy>)KHO HAWTH HYJIU 3HAMEHATEIISl M UCKITIOYUTH MX U3 00J1acTh
JIEHCTBUTEIILHBIX YHMCEII.

-

4x~ -1=0
1
x=+— =
2
. N L1V (1 .
ye|—om—— lu| —=:= u‘_:_ﬂc
-2 2720 L2 )

(B mpyrux npumepax MOTyT OBITh KOPHH, JIOrapudMbl U T.M.HamoMHUM, 4TO B 3TUX CIydasix
00J1aCTh OIIPeIeTICHUS UIIIETCS CIIETYIOIIUM 00pa3oMm:
Ho

. X
AJI KOPpHS Y€THOU CTCIICHU, HAIIPUMCED, = - 06ﬂaCTL OIIPCACIICHUA HAXOAUTCA U3
glx)=0.
HCPAaBCHCTBA LY ,
lﬂg a g(ﬂ a'|:'{_'] =

Juis orapudma - 0071aCTh OTpEIEICHUS] HAXOIUTCS 3 HEPaBeHCTBA < ).

2. HMccaenoBanne GyHKIMH HA YE€THOCTH WJIH HEYETHOCTD.
. yl—x)= plx)
DYHKIKS ABIAETCS YETHOM, ecli ~ * =7 . YeTHOCTh (DYHKIMH yKa3bIBa€T Ha
CI/IMMeTpI/IIO rpa(bI/IKa OTHOCHUTCIIBHO OCH Op[[I/IHaT.

I
(DyHKHI/Iﬂ ABIIACTCA He'{eTHOI/I, cCliu ’ : . HequHOCTB (byHKL[I/H/I yKa3BIBaeT Ha
CHMMETPUIO rpa)ika OTHOCHTEBHO Hayajaa KOOp/IMHAT.
ECHI/I K€ HU OJHO U3 paBeHCTB HE BBIIIOJIHACTCA, TO Hepeﬂ HaMHU (I)yHKL[I/IH 06H_ICFO BHUJIA.
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y=x)=xx)
B namiem npumepe BBINOJIHSETCS paBEHCTBO * *  ° ~ /1, cnenoBaTenbHO, Halla (PyHKIUS

yeTHast. byJem y4uTbIBaTh 3TO MpU NOCTPOECHUU Tpaduka - OH OyJeT CHMMETpHYEH
OTHOCHUTEJIBHO OCH OY.

Haxo:xaeHnne NMPOMEKYTKOB BO3paCcTaHud " Y6]>IBaHI/IH (l)yHKIII/II/I, TOYCEK IKCTpEeMymMa.

¥
[TpoMexyTkH BO3pacTaHus U YObIBAaHUS SIBJISIIOTCS PELICHUSIMU HEPABEHCTB f l&] =0
L
u f If‘.c )=0 COOTBETCTBEHHO.
Touku, B KOTOPBIX IPOM3BOIHAS 0OpAILaeTCs B HOJIb, HA3bIBAIOT CTALMOHAPHBIMHU.
Kpurtnyeckumu Touxkamu (pyHKIMH Ha3bIBalOT BHYTPEHHUE TOYKU 00JaCTH ONPEENICHNUs, B
KOTOPBIX IPOM3BOIHAsS (DYHKIMH paBHA HYJIIO MJIM HE CYIIECTBYET.
3AMEYAHMUE (BxitoyaTh ¥ KPUTHUECKUE TOUKU B TIPOMEKYTKU BO3PACTAHUS U YObIBAaHHS).
1. Ilonaratot, 4TO MPOMEKYTKH BO3PACTAHHS U yOBIBAHHS SIBISOTCS PELICHUSIMU
¥ ¥
HEPaBEHCTB f “]} 0 u f h]} 0
IIPOMEXKYTKH.
2. TlonararoT, YTO TOYKH, B KOTOPBIX (DYHKIIMS ONpeJiesieHa, a KOHEYHOM MPOU3BOHOMN He
MMEET, HY’)KHO BKJIIOYaTh B IPOMEKYTKH BO3pacTaHUs U yObIBaHUS (HampuMmep,

a

. B atom CJIyd4a€ KPpUTHYCCKHUEC TOUKHU HC BKIIFOYAIOTCs B

=l X o
q)YHKHI/IFI ol B TOuke x=0 OIIPCACIJICHA, a IIPOU3BOAHAA B 9TOU TOYKE
1 v 1
y=—, }"(G]=E=:c
R |
OeckoHeuHa 3-x , X=0 ciexyeTr BKIIOYUTH B IPOMEXKYTOK

BO3pacTaHus (pyHKIUN).
Msi1 OyieM BKITFOYaTh KPUTHYECKHAE TOYKU B IPOMEKYTKH BO3PACTAHUS U yOBIBAHMUS, €CITM OHU
NPUHAIICHKAT 00JIACTH ONPEIEIICHUsT (PYHKIINU.
TakuMm 00pa3om, 4TOOBI ONPeaeJTUTh MPOMEKYTKH BO3PACTAHUSA U YObIBAaHUS (PYHKI[HH
®  BO-TICPBBIX, HAXOUM ITPOU3BOIHYIO;
® BO-BTOPBIX, HAXOJUM KPUTHICCKUE TOUKH;
® B-TPETHUX, pa3OUBaeM 00JACTh OMPEICIICHHS KPUTHICCKUMHU TOYKAMU Ha WHTEPBAJIBI;
® B-UCTBEPTHIX, ONMPEACIIIEM 3HAK MPOU3BOJTHOMN HA KAKIOM U3 MTPOMEKYTKOB. 3HAK
«ITI0C» OYZIeT COOTBETCTBOBATH MPOMEKYTKY BO3PACTAHMSI, 3HAK «MUHYC) -
MIPOMEXKYTKY YOBIBAHHSI.

Haxoaum npou3BoiHyI0 Ha 00J1aCTH OTpeIeTICHUS
N £ [ o ) H PSR b
flel=n—w— =
4x* 1T |4x" —1T

HaXO)II/IM KPUTHYCCKHUEC TOYKHU, AJId 3TOTO:

3. HaxojmM CTalnMOHApHbIC TOUKH (OHM e HyJTH YHCIUTENs): B HAIIeM puMepe *  © ;

4. Haxoaum Hynu 3HaAMEHATENs: .
HanocuM 3Tr TOUKH Ha YHCIIOBYIO OCh M OIPEAEIISIEM 3HAK MPOU3BOJHON BHYTPHU KaXXJI0T0O
MOJTy4EHHOTO MPOMEKyTKa. Kak BapraHT, MOKHO B3STh JIIOOYIO TOUKY U3 TIPOMEKYTKA U
BBIYMCIIMTh 3HAYEHHUE MPOU3BOIHOM B 3TOM ToUke. Eciy 3HaueHne Mmoj0KUTEIBbHOE, TO CTABUM
IUIFOCUK HAJl 3TUM IIPOMEKYTKOM U MEPEXOIUM K CIEAYIOLIEMY, €CIIHM OTPULIATEIBHOE, TO
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i 13 -2-(-1 2
fl-1)=—=22 =59
41 -1/ 2

craBuM MuHyc U T.4. K npumepy,

MIEPBBIM CJIEBA UHTEPBAJIOM CTaBUM ILIIOC.
+ + - -

, CIICI0OBAaTCILHO, HAL

c C & » X
T % el 0 ~ % ~
1. Jlemaem BBIBO:
— am— l\ — l 0
2] 2
e (yHKIHS BO3pACTaeT HA MIPOMEKYTKE 1 Ha MPOMEKYTKE ;
0. 1) 10
El — o0
2) 27 )
e (yHKUMS yOBIBaCT Ha MPOMEKYTKE U Ha POMEXKYTKE = .

CxeMaTH4HO ILTFOCaMU / MHUHYCaMH OTMCUCHBI IPOMEKYTKH I'IC IIPOU3BOJHAA IMOJIOKUTCIIbHA /
oTpuuarenbHa. Bo3pacratomue / yObIBaloImue CTPENIOYKY TOKA3bIBAIOT HATIPABICHHUE
BO3pacTaHus / yObIBaHUSI.
Toukamu sxcmpemyma @yHKyuy SIBISIOTCS TOUYKH, B KOTOPBIX (QYHKIIHS ONpeAeieHa U POXOIs
Yyepe3 KOTOpbIe TPOU3BOIHAS MEHSET 3HAK.
B Hamem npumMepe To4Koi SKCcTpeMyMa sBiseTcs Touka x=0 . 3HaueHne QPyHKIMU B 3TOH TOUKE
2

f(0)= =0
paBHO 4:0°-1 . Tak xak mpon3BoiHAsI MEHSIET 3HAK C IUTIOCA HA MUHYC IIPU
MMPOXOKACHNUU YCPE3 TOUKY x=0 , TO (0, O) SIBASETCS TOYKOM JTOKAITLHOTO MaKCuMyMa. (ECJII/I OBl
NPOM3BOIHAS MEHsIIA 3HAK C MUHYCA Ha IUTIOC, TO MBI HIMENU OBl TOYKY JIOKAJIbHOTO MUHUMYMa).

4. HaxoskaeHne NpOMeKYTKOB BBIINYKJIOCTH H BOTHYTOCTH (DYHKIIMH H TOYeK nepernoa.

HpOMe)Ky'TKI/I BOTHYTOCTH U BBIITYKIIOCTU (I)YHKI_II/II/I Haxo4ATCs IMPU pCUICHUAMU

fﬂﬂzﬂnfﬁﬂgﬂ

HCPAaBCHCTB COOTBETCTBCHHO.

HNuorna BOTHYTOCTB HA3bIBAIOT BBIITYKJIOCTBIO BHU3, a BBIITYKJIOCTh — BBIITYKJIOCTBIO BBEPX.

31ech TakXkKe CIIPaBeUIMBbI 3aMEYaHuUs, TOAOOHbIE 3aMEYaHUAM U3 ITYHKTA [P0 MPOMEXYTKU
BO3pacTaHUs U yObIBaHUS.

Taxum 006pa3oM, 4TOObI ONPeAeTUTH MPOMEKYTKH BOTHYTOCTH U BBIITYKJIOCTH (PyHKIUH :

BO-TIEPBBIX, HAXOJIUM BTOPYIO MPOU3BOJIHYIO;

BO-BTOPBIX, HAXOJAUM HYJIW YUCIIATEIS U 3HAMEHATEIsI BTOPOM IPOU3BOIHOM;

B-TPEThUX, pa30MBaeM 00JIacTh OnpeAeseHus OTyYeHHBIMU TOUYKaMU Ha MHTEPBaJIbL;
B-YETBEPTBHIX, ONPEIEISIEM 3HAK BTOPOH IPOU3BOAHON HA KAXKJIOM U3 ITPOMEKYTKOB. 3HAK
«IUTIOCY Oy/IeT COOTBETCTBOBATH MPOMEXYTKY BOTHYTOCTH, 3HAK «MUHYC» - IPOMEKYTKY
BBIITYKJIOCTH.
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Haxoaum BTOpYIO MPOU3BOIHYIO HA 00JIACTH OMPEICICHHUS.
[

fﬁl:l_'(jlz | i
.__|:__4x3 —1\]'

-.
1=
I
|

m

o

(29 [ —1f —cavfar —1f ) 24 2
(4 1) (4 1]

I[aﬂee HUIIEM HYJIU YUCIUTCIIA U 3HAMCHATCIIA.

=1

Fa | =

B Hamem npumepe HyJel YACIUTENS HET, HyJIM 3HaAMEHATEIIs
HanocuM 3TH TOYKM Ha YHCIOBYIO OCh U OIIPEAEIIIEM 3HAaK BTOPOU IPOU3BOJHON BHYTpHU
KQ)KIOTr0 MTOJIyY€HHOT'O IIPOMEKYTKA.

1. Jlemaem BBIBOA:
e (byHKIHS BBITYKIIas HA TIPOMEKYTKE

~
. q)YHKHI/ISI BOT'HYTAas Ha IIPOMCEIKYTKE U Ha IIPOMEXKYTKE *=

(xc% f (x,: n . o
Touka HA3BIBAETCS MOUKOL nepe2uba, eClIi B JaHHON TOUYKE CYLIECTBYET
KacaTenbHast K rpaduKy QyHKIIUH 1 BTOpasi MPOM3BOIHAS (PYHKIIMU MEHSET 3HAK TPU

X,
IIPOXOXKACHNUN dyepe3 ~ 0.

Hpyrumu cioBamu, TOYKaMH Meperunda MOTryT SIBISTHCS TOUKH, POXO/Is Yepe3 KOTOPhIE BTOpas
MIPOM3BOIHAS MEHSIET 3HaK, B CAMUX TOYKaX JMOO paBHA HYIIO, IUOO HE CYIIECTBYET, HO ATH
TOYKHU BXOJST B 00J1aCTh ONpeAesieHUs (PyHKITUH.

B namem npumepe Todek nepernba HET, TaK KaK BTOpasi POU3BOIHAS MEHSET 3HAK MTPOXO/IS
1
x=t—
-
qepe3 TOUKU “ , a4 OHU HE BXOJAT B 001aCcThb OIIPCACIICHUA (byHKHI/H/I

5. Haxmlcz]elme TOPU30HTAJBHBIX, BEPTUKAJBHBIX U HAKJIOHHBIX ACUMIITOT.

T'opuzonmanvhvie unu HAKIOHHbIE ACUMNMOMbL CIIEAYET UCKATh JIUILb TOI1a, KOraa QyHKIUs
ornperneneHa Ha 6eckoHeuHocTH. Ha rpanunax obiactu onpeneneHus QyHKIUsS

UMEET 8epMUKAbHbIE ACUMNIMOMbL, €CIIA OJHOCTOPOHHUE NpeJienbl PYHKIUHU B 3THX
IPAaHUYHBIX TOYKaX OECKOHEYHBI.
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==

b | =

B namem npumepe rpaHUYHBIMU TOYKAMU 00JIACTH ONpPEACTICHUS SIBISIOTCS
Hccnenyem noBepaeHne GyHKIUU TPpU TPHOIMKEHUN K THM TOYKaM CJIEBa U CIIPaBa, JIIs Yero
HalJIeM OJIHOCTOPOHHUE IIPEIEIIbI:

. x? . x? 1/4 N
im ———= lim = = 4o
x=—3-0 4x2 —1 x—>—5-0 Cx—1D2x+1) (=2)(-0)
i x? . x? 1/4
m -———-7—= llm = = —
X240 4x2 —1 X540 Cx—1D2x+1) (=2)(+0)
" x? " x? 1/4
im ———=lim = - _
xori-04x? =1 1ol o 2x—=1D(C2x+1)  (+2)(=0)
" x? " x? 1/4 N
im ——— = lim = = 4o
xotrodx? =1 o liox—D@2x+1)  (+2)(+0)
= il
Tak KaK OJHOCTOPOHHHE MPE/ENbl GECKOHEUHBI, TO IPAMBIE < ABISIOTCH
BEPTUKAJIHHBIMU ACUMIITOTAMU TpaduKa.
(]
k = lim
H y=ix+b p—m Y
AKJIOHHBIE ACHMIITOTBI UIIYTCS B BUJIE OPSAMBIX * , TIIe

b=1lim| flx)- x|
" i A L
Ecau k=0 u b He paBHO OECKOHEYHOCTH, TO HAKJIIOHHAS! ACUMIITOTA CTAHET 2OPUZOHMATbHOLL.
UYrto Takoe BOOOIIE ITH ACUMIITOTHI?

OTO Takue JTUHHUH, K KOTOPHIM NpuOmmkaercs rpaguk QyHKIN Ha 6ECKOHEYHOCTH. Takum
00pa3oM, OHM OYEHb IOMOTAl0T IPU NOCTPOCHUHU Tpaduka QyHKIHH.

Ecny ropr30HTaIbHBIX WM HAKJIOHHBIX aCUMIITOT HET, HO (DYHKIMS OoNpezesieHa Ha ITH0C
0ECKOHEUHOCTH M (MJIM) MUHYC OECKOHEYHOCTH, TO CJIEYeT BBIYUCIUTD peaes GyHKIUN Ha
TUTIOC OECKOHEYHOCTH U (MJIM) MHUHYC O€CKOHEYHOCTH, YTOOBI UMETH TIPE/ICTABIICHUE O
NOBEJICHUU TpaduKa QyHKIIUH.

J{ns Hamero npumepa

X

F=tim I g A =1 g
X—so _'{' Y=o _'{

.t ot S X 1
b=lmlflx|-kx|=lm ——==
x—w T B S I |
1
y=—
- FOPU30HTAJILHAS ACUMIITOTA.
Ha >ToM ¢ nccnenosanue (pyHKIHU 3aBepIIaeTCs, TIEPEXOAUM K TOCTPOEHHIO TpaduKa.

Boruncisiem 3HayeHHus1 QyHKIIUM B IPOMEKYTOUHBIX TOUKAX.

st 6o1ee TOYHOTO OCTPOCHUS Tparika peKOMEHIyeM HaTH HECKOJIBKO 3HAaYeHUH (YHKIIUU B
MIPOMEKYTOUHBIX TOUKAX (TO €CTh B JIOOBIX TOUKAX U3 00JACTH onpeaeeHus QyHKIUN).

Jlyis Hamero nmpuMepa HaiijieM 3HaueHust QYHKIMH B ToUukax x=-2 , x=-1 , x=-3/4 , x=-1/4 . B
CUJIY UeTHOCTH (DYHKIIMH, 3TU 3HaYeHHs OyIyT COBMAAATh CO 3HAUCHUSIMHU B
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ToukKax x=2 ,x=1 ,x=3/4 , x=1/4.

2= A2t = * 027
fi=21=f12) - = 0.2
AV ISENE T
Fl=1)=fl1)= :_1=%«G‘33
B
C3y (3 4 9 .
- = _|=,.,—J—~=_=Da4-
f| 4) ‘f\_{' f3 20
470 -
4)
(Y
f|_l'j:f|l'j: \4) :_i%_gfgg
4 Yla) Y 12
4= -1
4

7. IlocTtpoenme rpaduxa.
CHauaina CTPOUM aCUMIITOTBI, HAHOCUM TOYKH JIOKAJIbHBIX MAKCUMYMOB U MUHHUMYMOB
(GyHKIMHU, TOYKH TIepernda u mpoMexyTouHble TOUKH. 11 ya100cTBa nocTpoeHus rpaduka
MO>KHO HAHECTH U CXEeMaTHIeCKOe 0003HAUYCHUE TIPOMEKYTKOB BO3paCcTaHusl, yObIBAHHUSI,
BBIITYKJIOCTH U BOTHYTOCTH, HE 3PSl )K€ MbI TPOBOJIWIINA UCCIICIOBAaHUE (DYHKIIUU =).

1 1
T=—— o= —
i | .
\\I" __n' \ Il.""
\ / 4 \\ /
N ___,-*“‘ 1 g
- 1
- - I-II = -
- . L - 4
I f I | 'I. - ¥ | | T |
3 2 -1 0 | 2 3

OcTranock MPOBECTH JTUHUH TpaduKa Yepe3 OTMEUEHHBIC TOUKH, TPUOJIMIKAS K ACUMIITOTaM U
CIEAYs CTPEIOYKaM.
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[
|

3aJIaHI/Ie:BbIl'[OIIHI/ITe 3alaHUs 110 BApUAHTaM

Bapmuanr 1
1. Haiitu npoMeXyTKH BO3pacTaHUs U YObIBaHUS (DyHKIMH
1
y=3—x3 _EXZ + 6%

2. WccnenoBarh (hYHKITUIO U TIOCTPOUTH €€ TpaduK.
f(x)=x"—-2x+8.

2x* 2
f(X)=——+x+—.
(x) 3 3

f(X) = —x* +5x+4.

2
fo=X X 1
416 4

Bapmuanr 2
1. HaiiTu npoMexXyTKH BO3pacTaHUs U yObIBaHUS (PYHKLIUU
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1 1
y=§x3—§x2+6

2. HccnenoBarh GyHKITHIO U IIOCTPOUTH €€ TpaduK.
f(x)=—x>+3x-2.
f(x)=x"-2x*-3.
f(x)=x%+3x+2.
f(x)=3x*-x°.
KonTposabHbie BONpochI:

1) Ha3oBwute anroput™ aHanu3a GyHKIHH.

2) HazoBuTe BU/IbI aCUMITOT.

ITPAKTHYECKAS PABOTA Ne 7

Ha3panme mnpaxkTudeckoil padorbl: Boiuucnenue HneonpedenénHvlx  uHmezpanog ¢
UCNOIb306aAHUE MADIUYBL OCHOBHBIX UHMESPAI08.

Heab padoTbI:HAYYUTHCS BHIYUCIATH OMPEICIEHHBIN HHTETPaIbl C MOMOIIBI0 TaOIUIIBI OCHOBHBIX
WHTETPaJIOB

3HAHMAL!

OCHOBHBIE TOHSATUS U METOAbl MaTEMaTHUECKOrO aHalu3a, JTUHEHHOW anreOpbl, Teopuu
KOMILIEKCHBIX YUCEN, TEOPUU BEPOSTHOCTEN U MATEMATUUECKOW CTATUCTUKU; OCHOBHBIE MMOHATUS U
METOJbl MAaTEMAaTUYECKOTO aHaln3a, JIMHEHWHOW anreOphl, TEOPUU KOMILUIEKCHBIX UYHCEN, TEOPHH
BEPOSITHOCTEH M MAaTEMAaTHYECKOM CTATUCTHKW;  pPEeIIaTh MPUKIAJIHBIE 3a/1a4U C UCIIOJIb30BAHHEM
AJIeMEHTOB AU PepeHINaNbHOTO U HHTETPATLHOTO UCYUCIICHUN
YMeEHHSA:

Pemate mpuknagHbie 3a1a4M ¢ UCMIOJIB30BAHUEM JIEMEHTOB U] PepeHITnaTbHOTO U
WHTETPAIbHOTO UCYUCIICHUI

Teopernyeckunit marepua:

Onpenesienne nepBoodPa3HOi.

[TepBooOpasnoii ¢pynkimu f(X) Ha mpomexxytke (@; b) Ha3pBaercs Takas pynkuus F(X), uto

( ‘
F'(x)= flx)
BBITIOJIHACTCA paBeHCTBO v 0 IS .THO60FO X U3 3aJaHHOT'O HpOMe>I<yTKa.
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Ecau npuHATE BO BHUMaHKE TOT (DaKT, YTO MPOM3BOAHAS OT KOHCTaHTHI C paBHA HYIIIO, TO
cipaBemBo paseHctBo(F(x) + C)/ = f(x). Takum o6pazom, ¢pyHkims f(X) MMeeT MHOXECTBO
nepBoodpasubix F(X)+C, w1t npou3BosbHON KOHCTaHTHI C, IPUYEM STH IIEPBOOOPA3HbIE
OTJIMYAOTCS APYT OT APYyra Ha MPOM3BOJIBHYIO OCTOSHHYIO BEIMYHHY.

Onpeuene}me HEONPEACJICHHOI'0O HHTErpaJja.

Bce MHOXecTBO epBooOpa3Hbix GyHKIuH f(X) Ha3pIBacTCS HEOMPEICICHHBIM HHTETPATIOM ITOM

jf[x:]dx = F[x:]+ C

GbyHKIMH 1 0003HAYACTCS

Bripaxxenue f If‘.c Jebx Ha3BIBAIOT NOObIHMESPAIbHBIM 8bipadicenuem, a T(X) — noovinmezpanvroil
¢yuxyue. TlogslHTErpaabHOE BRIPAXKCHHE TIpeAcTaBisteT coboi nuddepennunan pynkuun f(X).

JleiicTBYE HaXOKICHHS HEM3BECTHOU (PYHKIIMH TI0 33 [aHHOMY e¢ AuddepeHIrany
HAa3bIBACTCS HEONPEOe/leHHbIM HHTETPUPOBAHKEM, IOTOMY YTO PE3yJIbTATOM UHTCTPUPOBAHHUS
siBJsieTcst He oHa pynkuus F(X), a MHOKeCTBO ee nepBoobpasubix F(X)+C.

Ha ocHOBaHMM CBOWCTB ITPOM3BOTHON MOKHO COPMYITUPOBATE U JI0KA3aTh CEOUCHEA
HeonpeoenenHo20 unmezpana (CBOWCTBa NEPBOOOPA3HON)

([ flxkdx] =(F(x)+C] = flx)

[Tpou3BonHas pe3yabTaTa HHTETPUPOBAHKS pPaBHA MOBIHTETPATbHON (YHKIINH.
jd[F[x,]f] = jF'[xf]d&: = jflf_x’]d&: = Flf_x,]+ C

Heomnpenenennsiii uarerpan auddepennnana GpyHKIUM paBeH cyMMe caMoi GyHKINHU
HPOU3BOJIEHON KOHCTAHTBHI.

[ & fllde =k [ flx)dx
, Te K — mpon3BonbHAs KOHCTAHTA.
Koad¢uimeHT MOKHO BEHIHOCUTH 32 3HAK HEONPEEIIEHHOT0 HHTErpasa.

Il:_fl:_.".’_] tg |'.|l|:fa = Iflalﬂ'x + I g I:__T_ilﬂT_T
HeonpeeneHHbIi HHTErpa CyMMBI/pa3sHOCTH QYHKIMH paBEH CyMMe/Pa3HOCTH
HEONPEIENEHHBIX MHTETPATIOB (DyHKIIUA.

3amaua MHTErpUPOBAHUS SBIsIeTCs 00paTHON 3a7aue TuddepeHIUpOoBaHNs, IPUUYEM MEXKAY 3TUMHU
3aJjauaMM O4€Hb TE€CHasl CBA3b:

NepBOE CBOMCTBO MO3BOJIET IPOBOANUTDH TPOBEPKY UHTErpUpOBaHUs. YTOOBI MPOBEPUTH
IIPABWJIBHOCTD BBIIIOJIHEHHOT'O MHTEIPUPOBAHUS JOCTATOYHO BHIYUCIUTH IPOU3BOJAHYIO
MOJIy4e€HHOT0 pe3ynbrarta. Eciau nonydyennas B peynbrate nuddepeHuupoBanus GyHKIUS
OKa)KeTCsl paBHOM MOABIHTErPANbHOM (PYHKIMH, TO 3TO Oy/JeT 03HaYaTh, YTO MHTEIPUPOBAHHE
IIPOBE/IEHO BEPHO;

BTOPOE CBOMCTBO HEOIPEEIIEHHOI0 HHTErpasia O3BOJIsIeT 0 U3BECTHOMY AU depeHmary
GyHKIIMY HalTH ee epBooOpa3Hyro. Ha 3ToM cBoiicTBE OCHOBAHO HETIOCPEICTBEHHOE
BBIUMCJICHUE HEONPEECIEHHBIX HHTETPATIOB.

HCCOMHCHHO, OCHOBHBIM MCTOJOM HaAXOXACHUA HepBOO6paSHOﬁ (I)YHKI_[I/II/I SABIIACTCA

HEMMOCPCACTBCHHOC HWHTCTPUPOBAHUC C HCIOJIB30BAHHUEM Ta6J'II/II_IBI HepBOO6pa3HBIX )41
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CBOMCTB HEOINpeAeNeHHOr0 WHTerpana. Bce Ipyrue MeTonbl HCIMOJB3YIOTCSA JIMIIb IS

MPUBCACHUA UCXOOAHOI'O UHTCIpaJia K Ta6JII/I‘IHOMy BUAY.

Tabauna nepBooOpasHbIX (HeomnpeaeJeHHbIX HHTErPaJioB).

- i -{-}-

X7 Ay = -, p=-1
- ‘5 _l

O-dx=0C
R, a” _ < odx L x

a cdyv=——=0C, a=l ‘Ifz—fﬂ'ufcg——{:
’ In c a —x° a
[ o v = ¢&" d."i' ., X
Je ar=e -¢ Jf=arcsu‘_——{f

! o= x ¥,

ke | c
v B 11|.T| S G:I:T ]_ ey .

s [ ﬂ o In L
i 7 : X —a 2a |x—a

cosxy-ay=smxy—{_ _
) ey

=—cosx—_ 'r - In ¥ —al=-C
Xt =4

P + -Gy |l — 005 Y
I _ =tgw —C _I . —1n _c

cos T Sin X | S X
R e

— = —cigx=C Poax |1—sin x
YsinT oy =1n _c
; * COSY | COsY

" Gx )

———— =arcsmxy—_
Tl —x-
Ty

=arctgy—C
S1—x"

®opMyIIbl U3 JIEBOTO CTOIOIA TaOIUIbI HA3bIBAIOT OCHOBHBIMU [IEPBOOOPA3HBIMHU.
®opMyIibl U3 IPABOTO CTOJIOIA OCHOBHBIMH HE SBJISIOTCS, HO OYEHb YaCTO UCHOJIb3YIOTCS MPU
HaXO0XJEHUU HEOTIpeIeICHHBIX UHTErpajoB. X MOxHO mpoBepuTh nuddepeHImpoBaHuem.

IIpumep 1:

o .3 L
fﬁ\.‘rJ =27 +- AMir+4
Haiinute MHOECTBO MEpBOOOPA3HBIX (PYHKIIHH - .
Pewenue.

3
(ﬂ +— "«.,.fS'.s::'? + (5r+4\J
3anuieM QyHKIHIO B BHE 2
Tak kak MHTErpaj CyMMbl q)yHKI_[I/II/I paBeH cymMe I/IHTeraHOB TO

Jf[_x_]dr=“1:—ilw -Il'l'dr—I dx + ‘[%-[_Sr—:l_].?dr

-

-
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']lI/I;;ITIOB Tsdp(b 10 ]n_a MO)KHO Bﬂll;f:cm 3a 3HaK UHTETpaJia:

:Ij:dx— -I[_Sx—{ﬁdv

L..'Il LS}

IIepBbIil U3 HHTErPAIOB IIPUBEIEH K TaGJH/IqHOMy BUJLY, [I03TOMY U3 TAOJIULIbI IEPBOOOPA3HBIX JIIS

"J

2y = —+ C,
MOKa3aTeIbHOU (PYHKITUN UMeeM =
1
j (5x+4 Fx
JI1st HaX 0K ACHHS BTOPOTO MHTErpana ¥
xp+1
J x?-dx= +C
JUTSI CTETICHHOM (PYHKITUH p+l1 u
. . 1 . .
ffwnx—bmr=_~anx—m—£'
HpaBI/IJ'IOM e . To ectb
1 1 . WL 3 i
Ihr fFdv=t L syt ec =2 (5x-af C.
5 1 . F _ :I::I . a
—+1
3
CieqoBaTeIbHO
ot 3 . . Lo
Flxlax IE Ty~ E J |2 v—AdF gy =
2" 3403 :
= - - — x4 =, =
In2 2420 ' "
2 o 2
= —— 3y -4 -C
In2 40 '
3
C=C+=C,
rae 2
3aganue:Haiiaure HeompenaeJeHHbIe HHTEerpajibl METOA0M
HHTErpHPOBAHUSA
Bapmuanr 1

1.j 5C0S X — 3x? +1 dx .
X

3% —x® +x*
=
X

2. .
SI@X3“—4hx
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J' dx
5.Y 1+16x°

Bapuant 2

I(Gsin X+ 4x3 —lex
X

1.
, Ix9—3>;:+2x6dx
3 [ (722 +5hix

1 1
Il > +——— [dX
4 +Xx° sinx)

. J~ dx
5 V4A-9x*

IMPAKTUYECKAS PABOTA Ne 8

HaszBanue NMPaKTHYECKOM padoTbI: Buiuucnenue HeonpeoenéHHbIX UHmMezpanos
3AMEHOUNEPEMEHHOI, NO YACHAM

ueﬂb paﬁoTLI:Hay‘II/ITCH BBIYHUCIIATD MHTCI'PAJIbl METOJOM 3aMCHBI nepeMeHHoﬁ, I10 4acCTsiAM
3HAHUA:

OCHOBHBIC ITIOHATHUA 1 MCTOAbI MAaTCMAaTUYCCKOI'O aHaJIn3a, JIMHEMHOMN anre6pLI, TCOpHUUn
KOMIIJICKCHBIX YUCEJI, TCOPHUU BCpOHTHOCTefI 1 MaTeMaTHYCCKOU CTaTUCTUKH, OCHOBHBIC ITOHATHA U
METOAbI MAaTCMATHYCCKOT'O aHAaJIn34a, JIMHEMHOM anre6pLI, TCOpHUU KOMINJIICKCHBIX YUCECJI, TCOPpUU

BCpOSITHOCTGfI 1 MaTeMaTHYISCKOM CTaTUCTHUKH, pemiaTh NPUKIIAAHBIC 3a1a4X C UCITIOJIb30BaAHUEM
9JICMCHTOB I[I/I(l)(bepeHLII/IaJIBHOFO " UHTETPAJIBHOT'O HCYHCICHUI
ymenus:

Pemiate npukiagHble 331241 ¢ UCIIOJIB30BAaHUEM AJIEMEHTOB UG (EepeHIHATBHOTO U
HHTCIrpajibHOI'O ACUHCIICHUH
Teopernyeckuit marepuan:

Metox 3aMeHBI TIepeMeHHO

CyTb MeTO/a 3aKII0YAETCsl B TOM, YTO MBI BBOJJUM HOBYIO TIEPEMEHHYIO, BBIPAKAEM

MOJIBIHTET PANIbHYIO (DYHKIIMIO Yepe3 3Ty EPEMEHHYIO, B pe3yJbTaTe NPUXOAUM K TaOIMUYHOMY
(wm GoJiee MPOCTOMY) BUy HHTETpaa.

OdeHb YacTO METOJI MOJCTAHOBKH BBIPYYaeT MPU HHTETPUPOBAHUH TPUTOHOMETPUUECKUX (PYHKITHIA
1 GYHKIMH ¢ pajvKaiaMu.

Ipumepl.
1
J ————dx
Haiitn HeonpeneneHHbIi HHTErpan x+/2x -9
Peuwenue.
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BBejieM HOBYIO TIEpEMEHHYI0 £~ ¥ 2x=9 . Belpaszum x uepes z:

. z
77 =2x-09= x= =

dx = d‘ i

BI)IHO.HHSIGM HOI[CTaHOBKy MMOJIYYCHHBIX BI)Ipa)KeHI/II\/'I B I/ICXOIIHLIﬁ HHTCrpaI:

‘[w"r ‘[E +9 :2‘[_7:—9

'L

dz p z
ZJ —— =—arctg—+C
13 TaGIHIIBI TIEPBOOOPA3HBIX HMEEM £ +9 3 3
Ocranoch BEpHYTHCS K HCXOAHON HEPEeMEHHOIT X:
2 z 2 2x -9
—arctg—+C=—arctg——+C
3

T
LS

Pewenue:
[Monosxkum x+1=t, Torna x=t-1; x> = (t —1)%; (x + 1)3 =¢3
[poauddepeniposas x+1=t, momyunm dx=dt

x+1l=t

2 x=t—1 (t-1)2 —2t+1
[——=dx = ft—3dt=f dt—f zft f—

(x+1)3 x?=(t—1)?
dx = dt

-1 -2
2t 2de+ [t 3dt =In|t| -2 =+ =4+ C=Inlt| +-— =+ C=Injx + 1| + — —
-1 -2 t 2t x+1

1
2(x+2)2

O06s13aTeNIbHO BO3BpaIllaeMcsl K IpeKHEN nepeMeHHOM.

OueHp qacTo METO 3aMCHbI nepeMeHHoﬁ HCIIOJIB3YCTCA

TPUTOHOMETPUYECKUX byHKIHHA. K puMepy, HCIOJIb30BAHKE

IpHu UHTCTPUPOBAHHNHU

YHUBEPCAIbHOU

TpI/IFOHOMeTpI/IHeCKOﬁ MNOJACTAaHOBKH ITO3BOJISACT Hp€06pa3OBaTb MNOABIHTCI'PAJIBHOC BBIPAKCHHUC K

JTPOOHO palMoOHATFHOMY BHITY.
MGTOI[ IHOACTAaHOBKMH ITO3BOJISICT O6’b$ICHI/ITb IMpaBUIO

jffj\—-x—b‘m%-ﬂ}c-x—bj—c

UHTETrPUPOBAHUS
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z=k-x+b

BBOJMM HOBYIO NIEPEMEHHYIO , TOTJ1a
z b ‘z b} (z b} dz
Y=——— =dy=d|——= =|=——=  dzr=—
ok | k) | koK) k

HOI[CTaBJISIeM IMOJIYUCHHBIC BbIPAKCHUS B I/ICXOZ[Hblﬁ HUHTCIpa:

[ Flle-x=bjde = f(z) % = % [ flzldz =

_1 |Flz]+C| |= Flz} G,
c k k
G_¢

Ecim npunste # Y BEPHYTBCS K UCXOAHOM IIEPEMEHHOM X, TO TOTYyYUM
F ¢, 1

(z]+—1= —-F(lx+b)+C

k k&
Ipumep3

J sin* x cos xdx

Pewenue:

sinx =t |

t5 1
:ft4dt:—+C=—51n5x+C
cosxdx = dt

. 4_ d —
fSll’l X cosxax 5 5

HNHTerpupoBanme mo 4acTsm

WHTerpupoBaHue 10 YacTsAM OCHOBAHO Ha NPEICTABIECHUH MOIBIHTErPATBLHOTO BBIPAXKEHHS B BUJIE
S )be = u(x)-v'{ax)abe = ufx)- d(v(x))
IPOU3BEICHHUS ¥ TIOCJIEIYFOIIEM PHMEHEHHH

(bopMyIIbI j u(x:}- d(v(x )}= u{x}- v(x)_ -{ v(x}-dl:u(x})' DTOT METOJI ABJISIETCSI OYE€Hb MOIIHBIM

MHCTPYMEHTOM MHTEIpUPOBaHUA. B 3aBUCUMOCTH OT NOJBIHTETPATIbHON (PYHKIMH, METOA
MHTErPUPOBAHUS 110 YACTSIM MHOT/Ia IPUXOIUTCS MPUMEHSATh HECKOJIBKO Pa3 MOAPS]L A0 HOTy4EHUS
pesyabTara. /i1 npuMepa HaiiJieM MHOKECTBO IIEpBOOOPA3HBIX (PYHKIIUU apKTaHT€HC.

Ipumep 4.
J arcrg(?x}ix

Brrancinuts HeonpeaeneHHbI HHTErpal
Pewenue.

ulx)=arctg(2x)  d{v(x))=dx

[Tycth , TOrJa
e e . PR 2dx
diulx|l=u'lx ldy = larergl2x ) dy = ———

vix)= [dlvix]]= [dy=x

CremyeT OTMETHTD, YTO TIPU HAXOKACHUU (QYHKIIUH V(X) HE MPUOABISIOT MPOU3BOIBHYIO
noctostHHyto C.
Teneps npumensiem GoOpMyTy HHTETPUPOBAHUS IO YACTSIM:

I arctg 2x dx = ulx ) vix |- Iv[_x_ld[_u (x])=
2xdx

:x-arcrﬂlx]—‘[ﬁ
= L4yt
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[Tocnennuii HHTETPaAT BBIYUCIMM TI0 METOTY MTOJBECHUS MO 3HAK nuddepeHiuana.

. 1 )
d (1 +4x7 ] = [1 +4x° ] dx = 8xdx 2xdx= 1 d{l +4x7 ] |

Taxk xax , TO

2xdy r:fl:l 4x°
] f

{1—r4r:=33=
1+ -I'{' 1+4x° ' ’

[TosTOomMy
CrnemoBarenbsHO,

A

o P 2xdx

Iﬂi‘ﬁgﬂ, 2x bix = x-arctgl2x| —I — =
ot -t 1= 4y

=X mcrm"rl—|—]n|1 4x° | C, =

-

=x-arctgl 2x |- 1]n|1 + 4x° | +C

rae C= _Cl.

Omeem:

J.m'crg[lﬂdr =x - arctg(2x)- %]11|1 +4x° |— C

IIpumep 5.

U =2x+1 dU =2dx 1

3x _ 3x 1 3x 3x 3x
I(2x+1)e dX=| gy _g™ o lew _(2x+1 _[ e*2dx = 3(2x+1)e 5 +C
IIpumep 6.
dx=dV V= x
Ilnxdx=U:Inx dU_—d =Inx-x— Ix —dx xInx—x+c
X
IIpumep 7.
=x? = =U dx=dU
szexdx= U=x du =2xd =x2ex—feXZde=xzeX—ZIxexdx= X X
dV =e*dx V =¢e* dVv =e*dv V =¢*

x%e* —2(xeX —J'exdx)z x%e* —2xe* —2x+c

IIpumep 8
dx=dV x=V 14 x2 =t
Iarctgxdx: U =arctgx dU = - 1 _dx~ xarctgx—fl+ N 2xd>J = Xarctgx—
+X

——I 2X2 dx:xarctgx—lfﬂ:xarctgx—lln|1+ x?|+c
1+x 27t 2

Saualme: BoinmosiHuTe 3a1aHuA 110 BapHaHTaM

Bapmuanr 1
1. Haiinure HeonpeneneHHbIE HHTETPAIBI METOI0OM MOJCTAHOBKU

a) [(@x—4)dx.
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12x3
X
b) -[3x +5x 3

c) jx e¥dx.
2. Haiigute HeonpeneaeHHBIM HHTETPAJI METOA0M MHTETPUPOBAHUS TI0 YACTSIM: I(X + 5)COS xdx .

3.HaiiTu HeomnpeneneHHbIE HHTETPAIbl METOJIOM 3aMEHBI IEPEMEHHOM:
a) fsin(3x +1)dx

b) =

5-2x

Bapmuanr 2
1. Haiitu HeonpeaeneHHbIE HHTETPAIbl METOIOM I10/ICTAHOBKU

a) I(?x + 5)4dx :

18x?
— — dx
b) I —-3x+8

c) I x7 - dx.
2. HaiiTn HeonpeneaeHHbBIN HHTETPal METOJIOM HHTETPUPOBAHUS 110 YACTSIM: J. (X - 2)sin Xdx .

3. HaiiTu HeonpeieIeHHbIE HHTETPATbl METOIOM 3aMEHbI IePEMEHHOI:
X
a. [cosZdx
b. [4%*dx

KoHTpoJibHbIE BOPOCHI:
1) Yro Takoe HeolpeaeneHHbIA HHTEerpa?

2) HazoBuTe OCHOBHBIE METO/IbI UHTEIPUPOBAHUS

IMMPAKTUYECKAS PABOTA Ne 9

Ha3Banue mnpakTuyeckoil padoTbl: Peuwienue npukiaoHvlX 3a0au ¢ UCHOIB30BAHUEM
UHMeZPANbHO20 UCHUCTEHUSA

Heas paGorbi:HayunThcst BBIYMCIATH IUIOM[AAM IUIOCKUX (QUIYp C  TOMOIIbIO
OIIpEAENEHHOTO NHTETpaIa.

3HAHUSA:

OCHOBHBIE TOHSATUS M METOAbl MaTEMaTHMUECKOro aHalnu3a, JUHEHHOW anredphl, Teopuu
KOMIUIEKCHBIX YHMCEJI, TEOPUH BEPOSTHOCTEN U MaTEMaTUUECKON CTATUCTUKH; OCHOBHBIE IOHATHUS U
METO/Abl MaTeMAaTUYECKOI0 aHaIN3a, JMHEWHOW anreOpbl, TEOPUH KOMIUIEKCHBIX YHCEJ, TeOpUU
BEPOATHOCTEN U MaTEMaTHYECKON CTATUCTUKM;  pellaTh NPUKIAAHbIE 33Ja4l C UCIIOJIb30BAaHUEM
3JIEMEHTOB U] PepeHInanbHOr0 U HHTETPAIbLHOTO UCYUCIIEHUN
YMEHHs:

UCIIOJIb30BaTh MNpPUEMBI M METOABl MAaTEMaTHYECKOIO CHHTE3a M aHaiu3a B

Pa3IUYHBIX HpO(l)eCCI/IOHaJ'II)HI)IX CUTyalluiaXx
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Teopernyeckuii marepua:
Omnpenesiennsblii uHTerpaa Herorona-JleiiOnnmna.

Ceifuac moka)keM, KakK JaeTcs TIOHITHE ONpeeIeHHOro nHTerpaia Herotona-JIelOnuma.

[Mycts Gpynkuus y=f(x) umeer neproodpasuyro F(X) Ha orpeske [a; b], mpuyuem 3HaueHne
epBooOpa3Hoii B Touke X=a paBHo Hymo: F(a)=0. Onpedenennvim unmeeparom Heromona-

[ flxldx=F(b)

Jletibnuya Ha3bIBacTCs 3HAUCHUE ITOM IepBOOOpa3Hoil B Touke b, To ecth, *
npu F(a)=0.

jf(x}drzF(b]—F[a}

D70 ompeneneHue TeCHo cBsi3ano ¢ hopmynoit Hetorona-JleitOuuia # .B
dbopmyne Herotona-JIeiibuuiia F(X) — nrobast mepBooOpa3Hast U3 KX MHOXECTBA, a B IOHSATHH
orpeneneHHoro uHrerpanaHeioTona-JIeitoanna Gpurypupyer IMEHHO Ta epBooOpa3Hasi, KOTopas
oOpariaeTcsi B HOJIb IPU X=a.

®opmyny Hetotona-JIeiiOHMIIa HA3BIBAIOT OCHOBHOU (OPMYIOU UHMESPANbHO20 UCHUCTEHUS.

Ipumepl:
3
.
j x“dx
BrruncnuTh 3Ha4€HHE ONPEAEIEHHOrO HHTErpaia ! no ¢popmyine Herorona-Jleitbuuna.
Pewenue.
.
y=Xx
Jlnist Hayasia OTMETHUM, YTO MOJIBIHTErpajibHas PYHKIUSA HerpepbiBHA Ha otpeske [1;3],
CJIeIOBAaTEIbHO, MHTErpUpyeMa Ha HEM.
y=x"

W3 Tabnuiibl HeOnpeeNEeHHbIX HHTETPaJIOB BUIHO, YTO JIJIS (PYHKIIMH MHO>KECTBO

o o X € [1; 3]
T1epBOOOPA3HBIX [T BCEX JAeHCTBUTENLHBIX 3HAUEHHMIT apryMenTa (cieqoBarebHo, u s~ — L7 =)

o, 2 X X’
FE\IJ=‘F:{ dx=T—C F(x)=—

3aIUCBIBAETCS KaK - . Bozemem niepBooOpaznyto npu C = 0: 3.
Tenepsb octanock Bocnosab3oBatkes popmynnoit Hetorona-JleliOHMIa A1 BBIYUCICHUS

P X ¥ 1 26

J‘:{_ c:‘ir_-{ = — = e

] 3 i 3 3
OIIPEAEIIEHHOTO NHTErpaa: !

IIpumep 2:
FAxT -2 pdyt =2
= oax M - Gy
Y.oX” X

BbruncnuTh onpeneneHHble HHTETpaibl -+ -1
Pewenue.

46


http://www.cleverstudents.ru/integral/definite_integral_calculation.html
http://www.cleverstudents.ru/integral/primitives_table.html

—4; —=
T2
Ha otpeske < 1 moppiHTErpanbHas (GyHKUUS HETPEphIBHA, CIEI0BATEIbHO, HHTETPHpPYyEMa.
4x" +2
Y=—73"
Haiinem MHOXeCTBO IepBOOOPa3HbIX GYHKLIUU X
45 +2 2 . 2
j—,dx = 4j xdx+2j xTdy=2x"-=+C
X~ X
2
¥ e
Flx)=2x"-Z
BossmeM nepBooOpazHyto X u no popmyne HeroTona-JIelOHUIIA BEIYHCIUM
TpeOyeMblii ONpeIeIeHHBIA HHTETPaL:
- , -
:4.-{3 n 2 ; . : "-.l B
I—ﬁdx:| 2xT—— | =
X x|,
ra "‘-.: 9 & ) ™,
:”| —l — —| 20-47 - lzl—4—4“—l=—18
L 2) I -4 2 2
2
[lepexoauM KO BTOPOMY OIpe/IeIEeHHOMY UHTErpaiy.
. AxT +2
lim ——— =+
Ha orpeske [-1;1] noasiaTerpanbHas QyHKIMS He OTpaHMyYeHa, Tak Kak , TO
€CTb, HE BBINOJIHAETCS HEOOXOMMOE YCIOBHE HHTErpUPYeMOCTH (QyHKIMH Ha oTpeske. bonee
4x’ +2
% e ~ ol
Flx)=2x" -2 y=tr+2
TOTO, X He sIBIISICTCS MEPBOOOPA3HON PYHKITUH X Ha otpeske [-1;1],

nockoNbKy Touka 0, mpuHa Iekaias OTpe3Ky, He BXOJIUT B 00JIaCTh OonpeAencHus PyHKIIHH.
CrnenoBaTenbHO, HE CYIIECTBYET ONpeneeHHbI nHTerpai Pumana nu Herotona-JleiOnuna s

4x" +2
yV=—

o

byHKIIH X" maorpeske [-1;1].

Berurcienue miomanam OCHOBBIBACTCS Ha CIISTYIONIMX OCHOBHBIX CBOMCTBAX MJIONIAIH:
MonoxuteabHocTh. [Inomans ecth HEOTPUIIATENEHOE YUCIIO.
ANIUTUBHOCTS. [1110111a716 3aMKHYTOM 00J1aCTH, COCTaBICHHBIX U3 HECKOJIBKUX QUTYD, HE
UMEIONIMX OOIIMX BHYTPEHHHUX TOYEK, paBHA CyMME IUIOIIAACH STHX QUTYD.
HNuBapuantHocTb. [1101ma111 paBHBIX GUTYp OAMHAKOBBI.
HopmupoBannocts. [Inomanes kBajgpara, HOCTPOSHHOTO HAa €AMHUYHOM OTpE3Ke, paBHA
CIIMHHMIIE.
Beruncnenue miomanan ¢Gurypsl sSBISETCS OJHOW W3 HamOoiee HE IMPOCTHIX MPOOJIEM TEOpHH
IJIOIMAAEH.
PaccmoTpuM 3a1ady 0 BRIYMCIICHHH TUTONIA M KPUBOJIMHEHHOW Tpareiy, IpHYeM MoJ0HAeM K Hel
B T€OMETPUYECKOM CMBICIIEC. DTO MO3BOJMUT HAM BBIACHHUTH MPSMYIO CBSI3b MEXKIY ONPEICICHHBIM
MHTETrPaJioM | TUIONIA (b0 KPUBOJIMHEHHOM TpanenuH.
[Mycte ¢ynkiusy = f(X) HenpepsiBHa Ha otTpeske [@; D] u He MeHser 3HaK Ha HeM (TO €CTb,
HEOTpUIIaTeNIbHAs WM HeronoxkuTenbHas). durypy G, orpannuennyto muausmu Y = f(x), y = 0, x
= au X = b, Ha3BIBAIOT Kpusoaunetino mpaneyueti. O603ua4uuM ee momaas S(G).
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HpHBEoAHKEHHARA
TRameuna =

1)

X

5 fine—
B BblUMCIeHHMM IUTONIAAM  KPUBOJHMHEHHOM Tpamemuu COCTOUT 2eOMempuyeckuii  CMblCl
b
[ flx)dx
onpeoenenHozo uHme2pand.BeMUCINB ONpeIeNeHHbI HHTEeTpa , MBI HalJeM IUIOIaab
¢burypsl, orpanudeHHON JIMHUAME y = f(X), y=0,x =aux =b.
3ameuaHue.

Ecm ¢ynkumst y = f(X) HenmonokuTelnbHas Ha OTpe3ke [a; b], TO IUIoOmaab KPHUBOJMHEHHON
Tpamnenuu MOKeT ObITh HaiiieHa Kak popmyna

IIpumep3.

yv=2e'", yv=0, x=-21. x=3
Beruncnuts miomans GUryphl, OrpaHuueHHON TMHUSIMU

Pewenue.
[TocTpoum urypy Ha miockoctr: npsmas Y = 0 coBmamaer ¢ 0ChIo adcIuce, mpsamMbie X = -2 U X =

|

yv=2-e
3 mapasuieNIbHbl OCH OpJAMHAT, a KpUBas MOXET OBITh ITOCTPOEHA C
x
V=g
IOMOIIBI0 TEOMETPUUYECKUX ITpeoOdpa3zoBanuii rpadrka GVHKIINA ~
AV /
] !
] - /
5 .
44
3 .
— 3 X
. . } : . : -
-4 -3 -2 -1 0 1 2 3

Taxum o6pa3om, Ham TpeOyeTcsl HAlTH MJIoLaAb KPUBOIMHEWHOM Tpanenuu. ['eomeTpuueckuit
CMBICJI OIIPEJIEIIEHHOTO UHTETpalla HaM YKa3bIBa€T Ha TO, YTO MCKOMas IJIOUIA/lb BBIPAXKAETCS

S(G)= [2-¢7dx

OMMPCACIICHHBIM UHTCTPAJIOM. CJ'ICI[OB&TCHLHO, = . Ortot OHpCZ[CJICHHBIfI HHTCrpal
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MOYKHO BBEIYHUCIIUTH 10 popMyne Hprorona-JIefiOHuIA:

SIG= Jil-eiai'x =‘ 6.e3

a] et

N : |
: =f.&i —fHh.e? =H. e?—e?-‘:

- A | s -

3amMeuyanue.

[Tpy HaXOXKCHUH TUIOIIA/ICH KPUBOJIMHEWHBIX TPANICLIUI COBCEM He 00s13aTeIbHO CHavYaja CTPOUTh
oty urypy. Eciu Bei 3Haere, uro ¢pynkuus y = f(X) HeorpuuarenpHas Ha otpeske [a; b] (kak B
»

5(6)= ] £
HaIlleM IPUMEPE) WITU HETOJIOKHUTEIbHAS, TO MOKHO Cpa3y MPUMEHSTH (DOPMYJIbI a
S(G)=— flx)dx

&

NI

IIpumep4.

Boruncnuth minomaas GUrypbl, orpaHu4eHHON

1/ -
y=-[x+2x-8] y=0, x=-2, x=4
JIMHUSIMHI 2
Pewenue.

[Toctpoum sty purypy. [Ipsimas y = 0 coBnagaet ¢ ocbto OX, npsiMbie X = -2 1 X = 4 nmapaienbHbl

(< 2x—8)= L (x <1} -3
’ .l

Vv=

4

| —

ocu Oy, a rpadpuxom pyHKIIHH SBJISIETCS TTapadosia ¢
BepIIUHOI B Touke (-1; -3) BeTBH KOTOPOii HampaBiieHbl BBepX. HaiieM Touky nepeceueHust IToit
napaboIIbl ¢ 0Ch0 abCLUCC:

lﬁl::r: L2x—8|=0 < ¥ +2v¥-8=0
ﬁ |

D=2"-4.1(-8]=36

—2+4/36 —2—4/36
X, =——=1, X, =——=—4
3 ' :

[

CrenoBatesbHO, 3Ta Mapabosia nepecekaet och abcuucce B Toukax (-4; 0) u (2; 0).
Takum oOpa3om, Hamra purypa G uMeeT CIeTyONIi BHI.
v

] @urypa G

I
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Ota (urypa He ABISIETCS KPUBOJIMHEHHOM Tpamnenue, Tak Kak QyHKIHs
MEHSIET 3HaK Ha oTpeske [-2; 4].
Kaxk sxe 6b1Th B 3TOM citydae? Odenb npocto. durypy G MOKHO NpeACcTaBUTh B BUJIE 0O0BEIUHEHUS

G=G, UG,

" 110 CBOI>'ICTBV AAIUTUBHOCTH

JBYX KPUBOJIMHEWHBIX TpallCLUN

mromam S\G)=S(G: )+ 5(G, )
vk
6_
4_
g G
Mz
_.6 A :-
4

Ha otpeske [2; 4] rpaduk mapabosibl HaXOAUTCS B HEOTPHUIIATEIILHOM 001aCTH,
4

]. M1 !
o " - ¥ _ 1 2
SIG, |= _f? |:\_‘.c 2x—8ldx y== (r 1 2x— g)
[O3TOMY = . Ha orpeske [-2; 2] dynkuus
HEIOJIOKUTENbHAS, CIIEN0BATENBHO, B CHIIY 3aMEYaHMs K TEOMETPHYECKOMY CMBICITY

~

s(G, :]=—j%[xl +2x—8 )k

“

OIIpCACIICHHOI'O MHTCI'palia, UMCEM o . OcTaock BEIYUCIUTH

orpeiesieHHbIe HHTerpaltbl 1o Gopmyne Herorona-JlelOHumna:

-1 -
—lx =2y -8l —

' = 2x—8ldv =
3

*
- =

SIGI=51G, 1- 851G, 1=~

1 g
=——|——x"-8x | ——|—=x -%8x| =
303 |33
R . oA .
=_l| - _:' _S = —| - — :|_—E. [ L
313 3 |
YIECH R
—ol =484 -2 8.2 1=
i3 3 .
g g )
=_l[;_13_;_;@ _l' 64_15_§_1: _124
3.3 3 o33 3
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TUTE BHiIMaHNE Ha TO, YTO HEJE3S HaXOOUTh IIPIIaAb 3TOH GUTypEI
Oo0patute qeao,_oegTao aJb 3TO

.S“[G]:J.—ix:—lx—ﬁﬁx=—‘ +x —8x | =
) I I
._.-" 3 ) ...-I_ F] I:.: ) -\.\I'\l
_14 —4'—8-4—"‘- = (2P -8-(=2]11=
313 S
_1104 1628 _0loy
33 3 /

-

KaK

B Hamem npumepe nosydeHHOE TaKUM 00pa3oM 3HAUEHUE MIPEJICTaBIsIeT cOO0M

Gl :]_S[Gl ] .

Pa3HOCTb S ':

Ilpumep 5

Onpenenuts CUITy 1aBJI€HUS BOJBI HA CTEHKY aKkBapuyMa ¢ ocHoBaHueM 1,8 M u BricoTO# 0,6 M.

Jlano: Pewenue:
I=1,8mP = g = F =p-sF ¥ [ pds.
H=0,6m Benuunna p naBneHus )KUIKOCTH Ha TOPHU3OHTATILHYIO

IJI0MAJIKy 3aBUCUT OT l"J'IY6Id HBbI €€ TIOTPYKCHUA X, T.C. OT

F-?paccrosiHus muomaaku 10 TOBEPXHOCTH KUIKOCTU
—103 KT — e
P=10 /M3 p=p-g-x.

G=9,8M/C2Hnomanb sToM npnocku ds = I - dx.

0,6

x? I
F= f pgx-1-dx = pgl = 0(')6 - %(0,36 —0)=0,18-10%-9,8 1,8 = 3,2(kH).
0

33IlaHI/Ie:BI>Il'l0.TIHI/ITe 3aaHMs 110 BapMaHTaM

Bapmuanr 1.

2
1. BeruucnuTh onpeeneHHbli HHTerpai: I(4X2 +X— 3)jx.
0
3

o 3
2. Bbraucnute onpeaeneHHbI HHTErpaa METOI0M MOJICTAHOBKU: I(ZX —1) dx.
2

3. Bbruucnute, mpeaBapUTENbHO CIENaB PUCYHOK, IUIOMAAb (UTYpBl, OTPAHUYCHHON JIMHUSAMU:

y=—x*+4, y=0, x=-2, x=2.

4. Haiitu o6beM Tena, MOJIYYEHHOIO MpPHU BpaIIEHUH BOKPYr OCH aOCHUCC KPUBOJUHEHHOMN

Tpamneuu, OrpaHUYCHHON JIUHUAMU: Y = \/; , y=0, x=1 x=4.

5. CKOpOCTh JBMKEHHS TOYKM HM3MEHseTcs 1o 3akoHy V=3t*+2t+1 (m/c). Haiitu myts S,

MpOMIeHHBIN TOUKOM 3a 10 cOT Havana IBHKEHHUS.
Bapmuanr 2.
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3
1. BsluncauTe onpeaeneHHbI HHTETpall: I (2X2 - X+ 4)1X.

0
1

1% 4
2. BBIYHCINTH ONpeACIICHHBIH HHTErPal METOIOM OJICTAHOBKHU: I(3X + 1) dx.
0

3. Bbruncnute, npeaBapUTENbHO CIENAaB PUCYHOK, IUIOMAAb (UIYphl, OTPAaHUYCHHON JMHUSAMU:
y=-—x*+1 y=0, x=-1 x=1.

4. Haiitn o0beM Tena, MOMYYEHHOTO IMPH BpAIICHHUH BOKPYT OCH a0CIHMCC KPHUBOJIMHEHHON
Tpanenuu, OorpaHUYCHHON JTUHUSMU: Y = \/; , y=0, x=0, x=1.

5. CKOpOCTb JBMKEHMSI TOUKH M3MEHseTcs Ho 3akoHy V=9t*> -8t (m/c). Haiitu nyrts S,
MPONJICHHBIA TOYKON 32 YETBEPTYIO CEKYHY.

KoHTpoJibHbIE BONPOCHI:
1) 3anumute popmyny Herotona-Jleltouua

2) B yem 3akimrouaeTcsi reOMETPUYECKUI CMBICIT OIPEEICHHOTO HHTEerpaia?

MPAKTUYECKASA PABOTA Nel0

Ha3Banme npakTnuyeckoit padborel: Peutenue oughghepenyuanvnvix ypasnenuit nepeoco
nopsaoka.

Heas padorbi:Hayunrcs pemars auddepeHnnanbHbIX ypaBHeHUH 1-T0 mopsiaka
3HAHUSA:

OCHOBHBIC TOHATHS W METOJbl MaTEeMAaTHYECKOIro aHaiM3a, JMHEHHOW aireOpbl, TEOpHH
KOMIUIEKCHBIX YHCEJI, TEOPUH BEPOSTHOCTEH U MaTEMaTHUECKON CTaTUCTUKH; OCHOBHBIE MOHATHUS U
METOJIbl MaTEeMaTHYeCKOIr0 aHaju3a, JIMHEHHOW alreOphl, TEOPUM KOMIUIEKCHBIX YHCEJ, TEOpUHU
BEPOATHOCTEN U MAaTEMAaTUYECKON CTATUCTUKH;  pellaTh NPUKIAIHBIE 33Ja4l C HCIIOJIb30BAHUEM
3J1IeMEHTOB U HepeHInaIbHOTO U MHTErPAIbHOTO MCUNCIIEHUH
YMeEHMS:

Pemate npuxiagHple 3a7auyd ¢ UCIOJIb30BaHHWEM U depeHIHaTbHOrO U
MHTETPAJIbHOTO UCUNCIICHHUS

Teopernyeckuit marepuan:
Iousitue 00 00BLIKHOBEHHBIX M (pPepeHIHATBHBIX YPABHEHHUAX

Hudgepenyuanvnoe ypasuenue -  3TO PABEHCTBO, COAepXallee MNPOU3BOAHBIE WIIU
muddepeHimansl Heu3BecTHOH GyHkuuu. Oo0mmii Bun auddepennuansaoro ypasuenus: F(X, Yy, v,
y” ...)=0, 3necb F- HekoTOpast u3BecTHas PYHKIUS, 3aBUCAIIAS OT HECKOJIBKUX MEPEMEHHBIX.
[Tpumenenue Teopun nuddepeHnanbHbIX YpaBHEHUH B OMOJIOTHH M MEAUIIMHE 00YCIOBIEHO TEM,

4TO B COOTHOIICHUAX, SIBJIAIOIMIUXCA BBIPAKCHUCM TCX WJIN MHBIX 3HAKOB, B OTIMCAHUAX KOHKPCTHBIX
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CBOMCTB Te€X WIM MHBIX CHCTEM WJIM MEXaHW3MOB BXOJST, KaK IPaBHJIO, MPOU3BOJHbBIE
MHTEpeCYIOmMX Hac (QyHKIMA, a He camu ¢yHKuuU. [lodTOMy CymiecTBeHHas 4acTh HM3Y4EHUS
MHTEPECYIOIIETO0 HAC SBJCHHUS COCTOMT B aHalIM3€ M  PEHIEHUHd COOTBETCTBYIOIIMX
mudepeHInaTbHBIX YPaBHEHUH.

Huddepenunanbuple  ypaBHEHHsI Ha3bIBAIOTCS  OObIKHOBEHHbIMU, €CIH HEU3BECTHAs
(yHKIIMS 3aBUCUT TOJILKO OT OJIHOTO apryMEHTa.

Ilopaodox nuddepeHInaNbHOTO ypaBHEHUST — OSTO TMOPSJOK BBICHICH MPOU3BOTHOM,
CoJIep>KaIleiicss B 5TOM YpaBHEHHH.

Hanpumep: ypaBHenue y”+5y — 3y =0 - 310 muddepeHraIbHOe YpaBHEHHE BTOPOIO
MOpsIKA.

Humeepan (wnmu  pemieHWe) ypaBHEHHME — O3TO  (YHKIUS,  YIOBJICTBOPSIONIAsS
Qg depeHIraTbHOMY YPaBHEHUIO.

Hanpumep, QyHKIMS y=2X sABJISETCS MHTETPANOM ypaBHeHHs Xx’y” — 2xy + 2y = 0 , Tak
KaK, Haiii1 MPOM3BOIHBIC ATOTO YPABHEHUS M IOJCTABIISAA WX B JJAHHOE YPaBHEHHUE, MBI MOIyYUM
TOXJECTBO -4x+4x=0.

Obwee pewenue nuddepeHUaNbHOTO YpPaBHEHHUS COAEPKHUT CTOJIBKO HE3aBUCUMBIX
MTOCTOSIHHBIX, KAKOB MOPSI0K YPaBHEHUS.

Yacmnoe pewieHue-3T0 (PyHKIUS, TONydaeMas TPU PA3IMYHBIX YHCIOBBIX 3HAYCHUAX

IMPOM3BOJIbHBIX IMOCTOSHHBIX.

3agauu, npuBoasimue K U depeHINATbHBIM YPABHEHUAM
Paccmotpum 3amady, mnpuBoAsmlyr0 K AuQdepeHlnaIbHOMY YpaBHEHHUIO: YCTAaHOBUTH 3aKOH
n3MeHeHus ckopoctu U cBOOOTHO Mamaromiero tejaa Macco M 6e3 ydéra CHIIbI CONMPOTHUBIICHHS
BO3/TyXa.

CornacHo BTopomy 3akoHy HproToHa,

rae Mg-cuia TSHKECTH.

du
HOHy‘ICHHOC YpaBHCHHC ABJIACTCA ,Z[I/I(l)q)epeHLII/IaHBHHM, TaK KaK B HEI'0O BXOJAUT NPOU3BOJHAA E

uckomoit pynkuuu U. Pemutes nuddepennnanbioe ypaBHEHHE — 3HAUUT HAWTH TaKylo (YHKIIHIO
U = f(x), xoTOpasi TOPKECTBEHHO YIOBJETBOPSET ITOMY ypaBHEHHWIO. JIErKO MPOBEPUTH , YTO
ypaBHEHHIO yiaoBieTBopseT ¢yHkius Buma U=Qt+C, rme C-moboe ymciio. YKa3zaB HadallbHBIC
YCJIOBHS, MOKHO HAWTH OJIHY (PYHKIIHIO, YAOBJIETBOPSIONIYIO ypaBHeHHWI0. Tak, ecnu mpu t=0 u

U=Uy, To nonyuum ¢pyakuuo U = U, + gt
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CymiecTByeT MHOTO 3a/1ay U3 pa3IMuHBIX 00JIacTell 3HaHUM, peleHue KOTOPBIX CBOIUTCS K

COCTABIJICHHIO U PEIICHUIO TU(PepeHIINaTbHbIX YPAaBHEHUH.

JuddepeHunanbHble YypaBHEHH NEPBOI0 NOPsAKa

Ilpumep 1
IIpoBepHThL II0JCTAHOBKOM, 4To au(depeHIHanbHoe ypaBHeHne y' — 2y = e3* umMeer obmiee
pemenue B Buge y = e3X + Ce?*
HaiiTu yacTHoe pemienue, yaoBieTBopsitoiiee yciaoButo Y=3 npu x=0.
Pewenue:
y = e3* + Ce®*y = 3e3% + 2Ce*X
[ToncraBum auddepeHnnaibHOe ypaBHEHUE:
3e3% + 2Ce?* — 2(e3X + Ce?¥) = 3%
3e3% + 2Ce?X — 2e3% — 2Ce?* = 3
e3% = e3¥ - 510 TOXKIECTBO.
YacTHoe penienue:
y = e3* + Ce?*; 3=¢e%+Ce® =>C=3

y = e3¥ + 3e?* - yacTHOe peleHue.

YpaBHeHus ¢ pa3aeJAIONMMHUCH NTepeMeHHbIMU
VpaBuenne mepsoro  mopsaka  P(x,y)dx + Q(x,y) =0 Ha3bIBACTCSl  VpaGHEeHUem ¢
paszoengiowumucs nepemernvimu, ecinu Qynkuuu P u Q pasnmararoTcs Ha MHOXKHUTENH, 3aBUCAIINE
KaXXJbI TOJBKO OT OJJHOM MEPEMEHHOI:
f; (Of?(y)dx + @1 (X) @, (y)dy = 0

B Takom ypaBHeHuu mocie aenenust wieHoB Ha f;(y) - @1(X) mepeMeleHHbIe pa3aeasOTCS:

L&) 44 020)

@1(x) f,(y)

W kax1bI 4iIeH ypaBHEHUS 3aBUCUT OT OJHOU IIEPEMEHHOM.

dy =0

OO0mwmit HHTETpaNT YpaBHEHUS HAXOAUTCS MOWICHHBIM UHTETPUPOBAHUEM

f; (x) e(y)
J%(x)d”f Gy V=0

Ipumep 1

Haiitu o0mmue uHTErpaibl ypaBHEHUS:
x+13dy— (y—2)%dx =0

Pewenue:
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PaszienuM nepeMeHHbIE B JaHHOM ypaBHEHHUH, Aels obe ero yact Ha (x + 1)3(y — 2)?
dy dx
G-27 +D°
[To4IeHHO HHTErPHUPYSL, TIOJYIUM HCKOMOE O0IIee PEIICHHUE:
1 1

0

_ =C
y—1 + 2(x+ 1)?
IIpumep 2
Haiiti yactHoe pemienne qudpepeHnaIbHOr0 ypaBHEHHSI % = (x — 1)dx, mpu X=2, y=5.
Pewenue:
%=xdx—dx; f%=fxdx—fdx;

In|y| =0,5x% —x + InC.
VmuoxkuM 0,5x%2 —x Halne ,(Ine = 1);
Inly| =Ine®** =X 4 InC;

2_
ly| = C-e%*" =% - 510 obmIee pemenue U(PePEeHINATLHOTO YPABHEHHUS.
Hartioem uacmnoe pewenue. J1ng 3toro BeraucaumMCrpu x=2 u y=5.

5=Ce?"2 => ( = 5. YacrHoe peluenne y = 5e%5% X,

Opnoponnble TuddepeHunAIbHbIE YPABHEHHS IEPBOI0 MOPS/IKA

VpaBuenue mnepsoro mopsaka Y = f(X,y) HaswsBaercs o0owopoonvim, ecam f(X,y) MoOxHO

NpeACTaBUTL KakK q)YHKI_II/IIO TOJIBKO OJHOI'0 OTHOLICHHUA NEPEMCEHHBIX f(X, Y) =@ (g) , T.C.

YPaBHCHUEC BUOA Y’ = @ (X) .

X
OAHOpPOJHOE YpaBHEHHME TMPUBOAUTCA K YPaBHEHHUIO C pa3JeNAIOIIMMUCA IE€PEMEHHBIMH,
CJIeZIOBAaTENbHO, PELIAeTCsl MOCPEACTBOM 3aMEHbl (YHKUMHU Yy (MIU X) HOBOM (yHKIMeld Uumo
dopmyney = ux (uaux = uy).
Ipumep 1
Haiit obmee pemenne ogqHopogHOro 1udGepeHanbHOro ypaBHEHUS
xdy — ydx = xdx.

Pewenue:

U3 ypaBuenue caenyet, uro  xdy = (x + y)dx;

d X + d
AL Zo1+2.
dx X dx X

Tak kak nmoxy4eHHOe ypaBHEHUE sIBisieTcsa (PyHKIHUEN TOJIbKO OTHOLLIEHUS i, TO OHO OZHOPOJHOE.

BBoaum HOBYt0 QyHKIuto U. [Tonorast y = ux, nponuddepennupyem mo X:
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dy du dx dy xdu

=——Xtu--; —=u+—. 2
dx  dx . Ydx dx U7 dx (2)
[Mpuposrsiem (1) u (2): 1 + E =u+ X(;i_;

d
IToncraBum y=ux. [Toxyuum 1 +u = u + %.

[Monyunnu ypaBHEHUE € pa3aeisSIOIIMMUCS IEPEMEHHBIMU:

du dX
1=x— =>dx =xdu =>du=¥;

dx
fdu=

Oo6riee perienne ypapaenus umeet Bua: y = X(In|x| + C) .

dx y
f—; u=Inlx| +C, rgjeu = -.
X X

Ipumep 2

Halitn wactHOe pemieHue OJHOPOAHOrO auPepeHITNATBHOTO YpaBHEHHUS, YAOBICTBOPSIOIICE
ycioBuio Y=-9, npu x=1.

Pewenue:
I dy _ y
pUBENIEM YPaBHEHHE K BUTY = 2 — "
[TorydeHHOE ypaBHEHHE SBISETCS QYHKIIECH TOJIBKO g, CJIE0BATEIbHO, OHO OJTHOPOIHOE.

Jliist penieHus moIoXuM Y=UX 1 poaudhepeHupyem mo X:
dy xdu
ax e

4 = U B UCXOJHOM YpaBHCHHHU:
X

d
3aMeHNM -~ U
dx
du
U+x— =2 - u.
dx

Paznensem nepemennsie: 2dx — 2udx = xdu,;

2(1 —uw)dx = xdu, x _ duw
X 1-u
[TpounTerpupyem: 2f % = i—uu;

21n|x| + 1n|C| = —1n|1 — u|;

OO1iee pelieHne ypaBHEHUS:

_y .. _x(x*0 2 _ g —
u==> i y=——07 nmu x“ — xy = C.
Yacrroe pemerne: 1+9 =C;C = 10. Otser: x2 — xy = 10.

JInHelHbIe OAHOPOAHBIC YPABHEHHUSI BTOPOI0 MOPSAAKA C IOCTOAHHBIMHM KO3 PUUHEHTAMH
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d? d .
d—x}zl +a; d—i + a,y = OHa3bIBAIOTCA JUHEUHbIMU OOHOPOOHLIMU YPASHEHUAMU

VYpaBHeHue Buaa a,
8MOP020 NOPAOKA C NOCMOSHHBIMU KO puyuenmamu.
OOmuii MHTETrpall HAXOAUTCS C TIOMOIIIBIO XaPAKTEPUCTUICCKOTO YPABHECHUS:
agk? + a1k +a, =0

KOTOPOE TIOJYYaeTCsl M3 ATOr0 YPaBHEHUs, €CITU, COXpaHss B HEM Bce KO(DPUIMEHTHI a;, 3aMEHHUTh
¢bynakuuio Y eaununeit (y = 1), a Bce ee IPOU3BOJIHBIE 3aMEHUTh COOTBETCTBYIOIIUMHU CTEIICHSIMH
K. ITpu aToM:

l. Ecnu Bce KOpHU XapaKTEPUCTUYECKOTO YPaBHEHUS OelicmeumenbHvle U paziuyHble,
TO OOIIUI UHTETPATl UMEET BH/I;

y = C,e*1* + C,eke*

Il. Ecnu xapaktepuctuyeckoe ypaBHEHHE UMEET KOPHH Oelicmeumenvhbie U pasHvle

k; = k,, T0
y = CyeKiX + C,xekeX
1. Eciu kopau muumsie K = +bi: y = C; cosbx + C, sinbx .
V. Ecnu KopHH KomniexcHvie K = a + bi:

y = e**(C; cos bx + C, sin bx).
Haiitu obriee penienue ciaenyomux 1uddepeHnaibHbIX YpaBHEHU:
Hpumep 1

d’y _dy
2@—5&4'2}7— 0.

Pewenue. CoctaBuM XapakTepUCTUYECKOE YpaBHEHUE:

2k* —5k+2=0.
O6mee pemenne: k; = 2, k, = % , vy = Ce®X + Cyez.

Ilpumep 2

d2
&y _ 5
dx?

dy

— 42y =0.

dx y

Pewenue. CocTaBuM XapaKTepUCTUUECKOE YpPaBHEHUE:!

2k? —5k+ 2 =0.
O6mree pemenne: k; = 2, k, = %, y = C,e®* + C,ez.

Ilpumep 3

d’y _dy
— 2 _g2 41 16y=0.
—5 =8+ 16y =0

Pewenue: kK2 —8k+16 =0, k; =k, =4, y=e"(C;+ Cyx).
IIpumep 4
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d?y

—Ziy=o.

axz Y

Pewenue:k* +1 =0, k=+i, y=C; cosx+ C, sinx.
Ipumep S

d’y =~ _dy
—2 4+8-2+25y =0,
dx2+8dx+ 5y =0

Pewenue: k> + 8k +25 =0, k=—4+ 3,
y = e **(C; cos 3x + C, sin 3x).

CucreMbl JTHHEHHBIX OJHOPOJHBIX YPABHEHHH MEPBOro MOPSAIKA.

dx

— =ax+by+¢

| dt

| dv

{ —=a,x+b,y+c,
dt

npocTelmux cucreM AuQdepeHnaIbHbIX YPaBHEHHH UMEIOT BUJT ,
rae ai, bi, C1, @z, b2, C2 - HEeKOTOPBIC JciicTBUTENbHBIC yncia. CHavama moKakeM METO/T
MHTETPUPOBAHUS CUCTEMbI YpaBHEHHH, janee MoApOOHO OMUILIEM PElleHUE IpUMeEpa.

Perrennem takoit cuctemsl sisieTcs napa ¢yukuuii X(t) u y(t), oOpararomas B ToxaecTBa 06a
YPaBHEHHUS CUCTEMBI.
OnwuiemM MeToJ] HHTErPUPOBAHUS CHUCTEM U dHepeHIInATBHBIX

dx
—=ax+by+q
| dt
| dv
{ — =a,x+b,y+c,
ypaBHEHUH dt .
HckimounM Hen3BecTHYIO QyHKIUIO X(t) U3 TIEpBOrO ypaBHEHHUS CUCTEMBL. [t 3TOr0 BBIpa3uM X U3
dv 1 [ dv
—=a,x+by+c, = x=—|—-by-c,|
BTOPOTI'0 YPaBHEHHUS CUCTEMBI d I\ at /,
dx
npoauddepeHurpyeM 1o t BTopoe ypaBHEHUE CUCTEMBI U Pa3pelnuM €ro OTHOCUTEIBHO dt
d*v dx dv de 1 {d'vy dy |
=g, S ep, o B 5, A
dt” dt dt d a,| di” dr |
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[TozxcTaBiseM NOTyYeHHBIE PE3YIbTATHI B IIEPBOC YPAaBHEHUE CHCTEMBI, TEM CaMbIM HEH3BECTHAS
¢dynknus X(t) Oyner uckiodeHa:

dx
—=ax+byv+c, =
dt
1 {d* dv| a dy |
a, | di” rlooal dr o )
d’1 d
——(a, +by)-—+(ay b, —a, b ) v=a,-¢,—a, c,
dt” t
IIpumep 6.
dx
—=x-1

| dt

| dv

{ —=x+2y-3
Haiinure pemenue cucreMsl qudQepeHnnaibHbIX ypaBHEHUH dr

Pewenue.
r==-2 y+3
Pa3pemnm BTOpoe ypaBHEHUE CUCTEMBI OTHOCUTEIBHO X: dt
dx
dt

[Tpomuddepenunpyem BTopoe ypaBHEHHE CHCTEMBI U Pa3pEIINM OTHOCHTEIHHO

d*v  dv  _dv de  d°v  _dv
.,-=__H| wr :> y -y a

Ldi*t  dr dt ar dr dr

[ToncraBnsiem mosrydeHHBIE PE3yIbTATHI B IEPBOE YPAaBHEHUE CUCTEMBI TU( P epeHITNaTbHBIX

ypaBHEHUM:
dx

—=x-1

dt

d’1 dv  d

2= _2y+3-1

dt dr dt

d"’}l — 3 fﬁ 1L =

dt~ di

Tak MbI puiy x JIHAY BTOpOro nopsaka ¢ HoCTOSHHBIMU

dy _dy
T —d—+LV=42
1 dt

KodppunreHTaMu . Onpenenus ero oO1iee perieHue, Mbl OJTy4YUM

dynxumro y(t).

Haiinem cHagana Yo - o0Iriee perieHrne COOTBETCTBYIOIIETO OJTHOPOAHOTO Au(hepeHIInaTbLHOTO

YPaBHEHUS.
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k*-3k+2=0.

JIy1s1 5TOro BBIYMCIMM KOPHH XapaKTEPUCTUYECKOTO YPaBHEHUS

D=3"-4-2=1

;c.:J_1:1
)

k:=3_1=2

|

Taxk xak KOPHU ﬂCﬁCTBHTeHBHBIe " pa3JIUYHBIC, TO 06H1ee pPEICHUE OJHOPOAHOI'O
t 2t
Vvp=C,-e +C,-e

d-v dy

¥ dt dt
[TepexoauM K HaXOXKAEHUIO * - yacTHOro pemenus JIHIAY
Tak kak ero mpaBasi 4acTh MPEACTABIISET COO0I MHOTOUWIEH HYJIEBOH CTENIEHH, TO YaCTHOE pEIICHUE

=4

nuddepeHIaTbHOrO0 YpaBHEHUS 3aUILIETCS KakK

+2v=2
o

OyzaeMm ucKath B BUJIE ~ , e A — HeompeIeJICHHBIN KO3 (UIIHEHT.
N T
dr” cdt

Ompenenum ero U3 paBeHCTBA
d(4) _dl4)
— — 3 -+
dr” dt

24=2 = 4=1

— ~ t 2t

=1 1-'(2.‘]: Vo+V=0Cy-¢ +Cy-e” +1
Takum ob6pazom, ~ 178 d y - . Utak, omHa Hew3BecTHAs
byHKIUS HaiiieHa.
[ToxcraBuM 3Ty QYHKITUIO BO BTOPOE ypaBHEHUE CHCTEMBI MU (QepeHITMaIbHBIX YpaBHEHUH U
pa3perrM MoJTy4eHHOE PaBEHCTBO OTHOCUTENBHO X(t):

dlC,-€¢'+C; - _1-':I= x+2-C,-e +C, -e* —1_.:]—3

24=2 =

dr
C,-e"+2C, e =x+2C,-¢" +2C, -e¥ -1
x=-C,-e +1

xt)=-C,-¢ +1

Tak MBI TOJIYYIHITN BTOPYIO HEU3BECTHYIO (DYHKIIHIO
Omeem:

(x(t)=-C, - &' +1

v(t)=C e +C, e +1

3ananue: BoinosiHuTe 3a1aHUS 110 BADHAHTAM
Bapmuanr 1

1. SBnstorcs nu naHHbIE QYHKIMM PEIICHUSIMHU JaHHBIX TU(GepeHNaTbHbIX YpaBHEHUH
a. y=ceX+ce’, y'+4y -5y=0.
b Y=Ce +cxet, y'+2y'+y=0
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.\/—§ y’——ly2
C. X’ 8" .
q y=e"+2 y'=4y

2. Pewuts cnenyromue auddepeHnnanbHble ypaBHEHHUS IEPBOT0 MOPsAKa

a) y' = 12 +x*
cos” X

b) y' =-6y.

, x-1

) y=—
y

d) y=—r2—.
1-x

e) y'-3y+5=0.

Bapuant 2
1. SIBnsrorcs U naHHBIE PYHKIUH PEIICHUSIMHA JaHHBIX I (epeHInaTbHBIX YpaBHEHHUH

a) y=ce+c,xe®, y'+4y +4y=0.
by y=ce* +c,e*, y' -y -6y=0.
) y=e¥*-5 y =3y+15.
5
d y=—,
X
2. Pemmrts crenyromue nuddepeHnnanbHbie ypaBHEHUS IEPBOTO MOPSIKA

!

y'=-y

2

!

a) vy . —

VJ1-x?

b) y'=8y.
,  2X
y
' y
d = )
)y 1+ x?

e) y'+8y—-3=0.

KoHTpoJsbHbBIE BONIPOCHI:
1. 3anumure onpenenenue AU pepeHnaIbHOr0 ypaBHEHUS

2. HazoBute Buapl nudhepeHnanbHbIX YpaBHEHHH

MNPAKTUYECKAS PABOTA Nell

Ha3zBanme npakTunueckoii padborel: Peuenue oughghepenyuanvnvix ypaguenuit 2-20 nopaoka
Heab padorbi:Hayuutcs pemats nuddepeHnanbHbpIX YpaBHEHUN 2-T0 MOPSIKA ¢ Pa3AeIsSIONUuMU
MNEPEMEHHBIMU
3HAHUA.

OCHOBHBIE TOHSTUS U METOAbl MaTEMaTHUECKOrO aHalu3a, JTUHEHHOW anreOpbl, Teopuu
KOMIUIEKCHBIX YHCETI, TEOPHH BEPOSTHOCTEH W MaTEMaTHUECKON CTATHCTUKH; OCHOBHBIEC TIOHSATHUS U

METOJABI MAaTEMaTHUYCCKOIo aHajin3a, JIMHEMHOMN aﬂre6pm, TECOpPHUU KOMIUICKCHBIX YHCEJI, TCOPUU
61



BEPOATHOCTEHN U MaTEeMaTHYECKON CTATUCTUKM;  pellaTh MPUKIAAHbIE 3aJa4l C UCIIOJIb30BAaHUEM
3JIeMEHTOB MU PEPEeHITNATBHOTO U HHTETPAILHOTO HCYUCIICHUN
yMeHHSI:
Pemars mnpukiagHele 3aJadd € UCHOJb30BaHUEM Au(depeHlruaIbHOro U
MHTETPAIIbHOTO UCUHCIICHHUS
Teoperuveckuii MaTepuas:

Jluneitnoe  ogHoponmHoe — auddepeHUIMaTbHOE ~— ypaBHEHME ~ BTOPOrO  TOpsIKa — UMEET

v ply) v +glx) r=0 y'+plx)- v +qlx)-y=flx)
BUJ R R , & HEOTHOPOIHOE , Tme
¢bynximu f(X), p(X) 1 g(X) - HenpepsIBHBI Ha WHTEpBaiie WHTErpupoBanus X. B yacTHOM ciyuae,

koraa GyHkuuu P(X) = p u q(X) = g eCTh MOCTOSIHHBIE.

OOmuii MHTETrpall HAXOAUTCS C TIOMOIIBIO XaPAKTEPUCTUIECKOTO YPABHECHUS:
agk? + a1k +a, =0
KOTOpOE MOJIy4yaeTcs U3 3TOT0 YPaBHEHHUsI, €CITU, COXPaHssl B HeM Bce KO (PUIIMEHTHI a;, 3aMEHUTh
byukuo Y equnuiei (y = 1), a Bce ee MpOM3BOAHBIC 3aMEHUTh COOTBETCTBYIOIIUMHE CTETICHSIMHU
K. ITpu aTOM:
V. Ecnu Bce KOpHM XapaKTEpUCTHUUECKOIO YPAaBHEHUS Oelcmeumenvbhble U pasiuinbie,
TO OOILIUI UHTETPaT UMEET BUJL:

y = C,e** + C,ek2*

VI. EciM XapaKTepUCTHUECKOE YPaBHEHHE MMEET KOPHH OelicmeumebHble U PasHble
k; = k,, T0
y = C,eX1¥ + C,xekeX
VII. Eciu kopau muumsie K = +bi: y = C; cosbx + C, sinbx .
VIII. Ecinu kopuu komnaexcrvie K = a + bi:

y = e**(C; cos bx + C, sin bx).
Haiitu obriiee penienne ciaeayomux 1uddepeHnaIbHbIX YpaBHEHHU:

Ipumep 1
2

d°y _dy
2—= 5242y =0.
dx? dx +ay
PemeHue. COCTaBI/IM XapaKTepI/ICTI/I‘IeCKOC ypaBHeHI/IGZ

2k? -5k +2=0.
O6mee pemenne: k; = 2, k, = % , vy = Ce®X + Cyez.
IIpumep 2
d*y dy _
2 E -5 E + 2y = 0.
Pewenue. CocTaBuM XapaKTEpUCTHUECKOE YPaBHEHHUE:
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2k? —5k+2 =0.
Oomiee pemenne: Ky = 2, k, = %, y = C,e®* + C,ez.

Ipumep 3

d’y _dy
—2_8—2+ 16y = 0.
e 8 = + 16y =0
Pewenue: k2 —8k+16 =0, k; =k, =4, y=e"(C; + Cyx).
Ilpumep 4
2

d-y
—_— = 0.
dx2+y

Pewenue:k* +1 =0, k=+i, y=C; cosx+ C,sinx.
IIpumep 5

d’y _dy

— —+ 25y = 0.

dx2+8dx+ 5y =0
Pewenue: kK> +8k+25=0, k= —4+ 3i,

y = e **(C; cos 3x + C, sin 3x).

3ananue: Pemmre ciaenywmue q1uddepennuaibHble ypaBHEHHSI BTOPOro MOPSIAKA!
Bapuanr 1:

y'—=7y'+10y =0

y'+4y'+4y=0

¥y —2y=10

=4y =10

¥ =By 49y =0

=0 s W N e

Bapuanr 2:

y"+8y'+16y =0
y'-y'-12y=0
y=2y"+10y=0
y'=dy=10

¥4 2y By = x*

I I e

KoHnTpoJsbHbIE BONIPOCHI:
1) 3anumuTe onpeaenenue auddepeHnaIbHOro ypaBHeHUS

2) HazoBure BuIbI qudGepeHIINaTbHBIX YpaBHEHUN

MNPAKTHYECKAS PABOTA Nel2
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Ha3Banue npaktudeckoii padorbl: Peuienue npogheccuonanvHwvix 3a0au ¢ UCno1b306anuem
oughghepenyuanvnvix ypasnenui

Leab padoThI:HAYIUTHCS TPUMEHSTH MU (HepeHINATBLHBIC YPABHEHUS IS PEIICHUS
npodeccuoHanbHbIX 3a7a4

3HAHUSA:

OCHOBHBIC TOHSTHS W METOJbl MaTEeMAaTHYECKOIO aHaliMu3a, JMHEHHOW aireOpbl, TEOpHH
KOMIUIEKCHBIX YHMCEJI, TEOPUH BEPOSTHOCTEH U MaTEMaTUUECKON CTaTUCTUKH; OCHOBHBIE MIOHATHUS U
METOJIbl MaTEeMaTHYECKOr0 aHajiu3a, JIMHEHHOW anreOpbl, TEOpUHM KOMIUIEKCHBIX YHCEN, TeOpUHU
BEPOATHOCTEH U MaTEMaTHUECKON CTATUCTUKU;  pellaTh MPUKIAIHBIC 33JJa4l C UCIIOJIb30BAaHUEM
3JIeMEHTOB MU PEepEeHITUATBHOTO U HHTETPATLHOTO HCYUCIICHUN
yMeHHSI:

UCIIONb30BaTh MPUEMBI M METOAbl MAaTEMaTHYECKOrO0 CHHTE3a W aHaiu3a B
Pa3IMYHbIX TPO(HECCHOHATBHBIX CUTYAIUSIX

Teoperuyeckunii marepuas:
Juddepernnanbabie ypaBHEHHS SBISIOTCS OCHOBOW OTPOMHOTO KOJTMYECTBA PACUETHBIX 33j1a4 U3
CaMbIX Pa3NIUYHBIX 00JIACTe HAYKU U TEXHUKHU.
IIpumepsl npuMenenus: 1M PepeHINAIBHOIO ypaBHEHUS
Ipumep 1.
Kycok meranna ¢ TemnepaTypoii a rpaycoB IOMEIIEH B eUb, TEMIIEpaTypa KOTOpPOi B TEUCHUE
Yyaca paBHOMEPHO MOBBIMIAETCS OT a IPaaycoB 110 b rpagycos. [Ipu pasHOCTH Temmeparyp Hedu u
Metaina B T rpagycoB meTain HarpeBaetcs co ckopoctbio kT rpanycos B Munyty. Haiitu
TeMIIepaTypy MeTajia yepes vac.

Pemenne:
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« COornlacHo yCAoBHIO, HMeEeM

dT,
—‘f =Kk(T, - T,), (1
rae T, w T, — Temneparyps! neuu u metauia coorpercrsenno. Hanee, T, = a + ) (b — a) B cuny
PABHOMEPHOTO [OBBILLICHUS] TEMIIEPATYph! NeuH, § — BpeMs, U3MEPAEMOE B Muuymxml‘axum obpa3zoMm,
auddepeHunansHoe ypasHeHHe (1) MOXHO 3anHcaTh B BHIE

daT,

¢
I=k(a+6(b-a>—1‘..)- ()

Beesem 3ameny a + 3%(6 —a) - 1T, = z. Torna ypasHenue (2) npeobpasyercs B ypasHeHHE C pasiens-
OLUMMHCA NEPEMEHHBIMU:
dz
— ~dt,
kz -5
HHTCIPUPYH KOTOPOE, HAXOUHM

pin(kz= 258 ) =—t+ 2nC, k#0,

I\b~a it
T.=a+(t-—;)—60—+Ce €

Tak kak Ty ()= =a, 10 C = 265}:!' Clen0BaTe/IbHO, OKOHYATEIbHO HMEeM

T,,=a+b6_oa (t—%(l-—c'“)).

Temneparypa MeTaUIa Yepes Hac, OMeBHAHO, Oyuer paBHa

,(60) = b — b;\ka (l-e*“).b

IIpumep 2.

B npsmoyronbHbIii 6ak pazmepom 60 cm x 75 cM u BeicoToi 80 cM moctymaet 1,8 11 BOIbI B
ceKyH/y. B JHe MMeeTcs oTBepcTHE IIOmAbio 2,5 cM2. 3a Kakoe BpeMs HaroTHUTCA Oak?
CpaBHUTB pe3ysbTaT ¢ BpEMEHEM HAIOJIHEHHUs TaKoro 6aka 6e3 OTBEpCTHS B THE.
Pemenne:

IMycTh XKUAKOCTh BHITEKAET M3 HEKOTOPOIO COCYZa uepe3 OTBCPCTHE B HEM CO CKOPOCTBIO,
pastoit 0,6,/2gh, tae g = 10m/c’, h — BHCOTA yPOBHS KHAKOCTH HAL OTBEPCTHEM.

B npamoyronbibiit 62k pasmepom 60cm x 75cMm u Beicotoif 80cm noctynaer 1,851 moasl B
cexyHay. B ane nmeetcs oteepeTie miowansio S = 2,5cm’. 3a kakoe Bpema HanonHuTcs Gak?

« [lycrs A(t) — meicoTta yposls sousl B Gake. Toraa AV, = (h(t + At) — h(t))60- 75 — npupa-
wetue ce oOnemMa 3a speMs o1 £ 10 ¢+ AL, D710 yeeauucHue (Mau ymeHblueiine) oGbeMa npoucxoamT 3a
cyer nocrynaeHus AV; Bojsl 4 e yTeuku B Kanuuectse AV; uepes orsepetie. Takum obpasom, umeeM
ypasuenue AV, = AV;—AV;. [Mockonsky AV; = 1800A¢, AV;: = 2,5-0,6\/2gh(t )AL, t, € (¢, t+Al),
TO MOC/EIHEE YPABHEHHE MOXHO TIPEACTABUTL B BIUIC

4500(h(t + At) — h(t)) = 1800At — 2,5 0,6\/2gh(t,)At, g =10 cm/c’. )

Pasnesms B (1) o6e yacTu Ha At u cosepuuB npeaenbHu nepexox npu At — 0, noayunm mudxbepen-
UMAIBHOE YPABHCHHE

dh
30

S - h
& (12 0,01 2g),
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IPOMHTEIPHPOBAB KOTOPOE, HalAeM:

6000 1200 —
t+C = ——= (\/I—n+ — In(12 - 0,01\,/ Zgh)) ; (2)
\/Qg \/2g
Iycrs A(0) = 0, torga u3 (2) caeayer, yto C = —3600In 12. MNoacrasus 8 (2) h = 80, Haigem

Bpems &, 3a KOTOPOe HANOJHMTCH Gax:

3
t, = 1200 (3ln5 - l) ~ 260c. »

3aganue:

Bapuanrt 1

LT ji ™ i M9 rped T 6
. €JI0O MaCCou nmagacTt nmoa ACUCTBHUEM CHUJIIBI TAXKCCTH YCKOPEHUEC CBOOOAHOTO

= —kv,

rac

Fp _

o 17
maa€HusA MW CHJIBI COIPOTHUBJICHUA MMpOoNnoOpHHUOHAJIBHOU  CKOPOCTHU ! rae

kod(dunmeHT conporuBieHus. HaliTh 3aBUCHMOCTh CKOPOCTH JABM)KCHHUS TEJIa OT BpEMEHHU £
2. CKOpOCTh Tea, BBIXOIANIETO M3 COCTOSIHMS TIOKOs, paBHa 5t2 M/Cro McTeueHMH t CeKyHI.
Onpenenuts MyTh, KOTOPBIM NPORAET Teo 3a 3 C.

Bapuant 2

1. MarepuanbHas TOoYKa JABMXKETCS TaK, 4YTO CKOPOCTb €€ JBMKEHHs IpPONOpLHMOHAIbHA
MIPOMICHHOMY IyTH. B HadaubHBI MOMEHT TOYKa HaxoAuilach OT Hadajga OTCYeTa Ha
pacctostHuu 1 M, a 4yepe3 2¢ - Ha pacCcTOSHUU e M. HallT 3aKOH IBMKEHUS MaTepUaIbHON
TOYKH.

2. CKOpoCTh OXJIQXKJEHHs Tela B BO3AyXe IMPOINOPLHUOHAIBHA PAa3HOCTH MEXIy TeMIepaTypoi
TeNla U TeMIlepaTypoii Bo3ayxa. TemmepaTypa Bo3ayxa pasHa 20°C. M3BecTHO, UTO B TeueHHE
20 MuHyT Teno oxnaxaaercs ot 100 go 60°C. OnpenenuTh 3aKOH H3MEHEHHS TEMIIEPATYPHI 4

TeJla B 3aBUCUMOCTHU OT BpeMEHU {.

KoHTposbHbIE BONIPOCHI:

1) KakuM MeTO/I0OM peraroTcs TuddepeHIaIbHbIe YpaBHEHU?

INMPAKTUYECKASA PABOTA Nel3

Ha3Banue npaktudeckoi padorol: JTuneiinvie onepayuu Hao 6eKmopamu, CKaaApHoe
npouszeedenue 6eKmopos

Hean padoTbi:HayunThcs BBINTONHATE JIMHEHHBIE ONIEPALIMH HAJl BEKTOPAMU U HAXOJIUTh
CKaJISIPHOE MPOU3BEICHUE BEKTOPOB.

3HAHUA.
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OCHOBHBIE TOHSATUS U METOAbl MaTEMaTHUECKOro aHalu3a, JTUHEHHOW anredpbl, Teopuu
KOMIIJICKCHBIX YHUCCJI, TCOPHUU BepOHTHOCTef/'I U MaTeMaTHU4ECKOU CTaTUCTHUKH, OCHOBHBIC ITIOHATHA U
METOABl MaTEeMAaTUYECKOTO aHAIN3a, JMHEWHOW anreOpbl, TEOPUH KOMIUIEKCHBIX YHCEJ, TEOpUU
BEPOATHOCTEH U MaTEMaTHUECKON CTATUCTUKU;,  pellaTh MPUKIAIHBIC 33Ja4l C UCIIOJIb30BAHUEM
3JIEMEHTOB AU PepeHInanbHOr0 U HHTETPATILHOTO UCYUCIICHUN
YMEHHUA:

Brruncnars 3HaueHus rCOMCTPHUICCKUX BCINYNH

TeopeTnyeckuii MaTepuas:
BekTopsl 3aHUMalOT 0co0oe MECTO cpeAu OOBEKTOB, pacCMaTPUBAEMBbIX B BbICIICH
MaTeMaTUKe, MOCKOJIbKY KaXK/IbIii BEKTOP UMEET HE TOJIbKO YMCJIOBOE 3HAYCHUE - JITTUHY, HO

U (QU3MUECKOE U TEOMETPUYECKOEe - HalpaBIEHHOCTb. BeKTop, mpencTaBIeHHBIN

HaIpaBJIEHHBIM OTPE3KOM, UIYIIIUM OT TOukHu A K Touke B, 0603Havaercs Tak: A5

B I'eoMeTpruyecKuil BEKTOP IIPE/ICTABIICH B
JBYMEPHOM U TPEXMEPHOM IIPOCTPAHCTBE B

. BUJIE HANPABIEHHO20 Ompe3Kd, T.€. OTpe3Ka, y
a KOTOPOTO Pa3Iu4al0T Hayallo U KOHEIl.
A Ecnu A - nauano BekTopa, a B - ero xoner, To
BEKTOP 0003HAYACTCS CHMBOJIOM A8y
OJIHOM CTpOUYHOI OykBOi & . Ha pucyHKe KOHEIl
BEKTOpA YKa3bIBAECTCS CTPEIKON
Z )
Z o e A
P \~ Pl |
S ~ay S H
(..... e = e . 1 i
. - \ '
! // ' \\ :
E 1"“ \‘i y
N > | 4 g
1 £ e
{ |
x - f
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—_—

JIanHOii (MM MOLYJIeM) TeOMETPHYECKOT0 BEKTOpa “15 HaspIBaeTCS UIMHA MOPOXKAAIOLLETO €ro

45|
OTPEC3Ka

JIuHeiiHbIe onepanuu HA/l TeOMeTPUYECKUMH BEKTOpPaMu

—-+

W3 onpenenenus cienyeT, 4To BEKTOPHl & U &

YMHOKeHHe BEKTOpa HA YUCJI0

Ipoussedenuem eekmopa ¢ na wucio *
HAa3bIBACTCS BEKTOP, MOTYYAIOIIUNACS U3

a [4]=1
BEKTOpa % pacTsKeHUEM (IIpU ) U

<1, | .
cxaTueM (mpu )B " pa3, npuuém
HarpaBJICHUE BEKTOpa ¢ coxpaHsercs,

ecm 4 7 Uy mensiercs Ha MIPOTUBOIIOJI0KHOE,
ecm A <0

= A% pcerna pacronOKeHb! HA OTHOMN I HA

napajuieNbHBIX IPSIMbIX. Takue BEeKTOPbI Ha3bIBAIOTCS KoLiuHeapHbimu. (MOXXKHO TOBOPUTH TaKXKe,
YTO 3TH BEKTOPBI MAPAIIIENbHBI, OJTHAKO B BEKTOPHOU anre6pe MIPUHATO TOBOPUTH "KOJUTMHEAPHBI'".)

CHpaBeI[J'II/IBO n O6paTHOC YTBCPIKACHUC: €CIIN BEKTOPLI 2 n ‘E:' KOJUIMHCAPHbI, TO OHU CBA3aHbI

OTHOIIIEHHEM b= ﬂﬂ

ol

68

CnoskeHne 1 BLIYMTAHHE BEKTOpPOB

[Ipu cnoxeHun BEKTOPOB HYKHO
3HaTh, YTO CYMMOU BEKTOPOB @y b

Ha3BIBAETCS BEKTOP & = & +5 , HAa49aJIo
KOTOPOTO COBIIAJaET C HAYaIoM

BeKkTOpa & , a KOHEII - C KOHIIOM

'i'_"-“-'l-

BCKTOpa = , IIpU yCJIOBUH, YTO HAYAJIO

Pul]

BCKTOpa MMPUIIOKCHO K KOHITY

}

BeKTOpa % .



CxansipHoe Npou3Be/ieHHe BEKTOPOB

CkansipHO€ TIPOM3BEACHHE BEKTOPOB IIO3BOJIAET HAXOIUTh Yrojl MEXAY IBYMsI BEKTOPAaMHU.
ITosToMy OHO 4acTO BCTpeYaeTcsi B IOCIHCAYIOIIMX pas3fenax MaTreMaThKH, OCOOEHHO,
aHasuTudeckod reoMerpu. CTOMT JIM TOBOPUTH O TOM, YTO HAXOXKJIEHUE CKAJISIPHOTO

MIPOU3BE/ICHUS BEKTOPOB - (yHIAMEHTAIbHBIM HaBBIK s J00oro Oyayliero HHXKEHepa,
A y Onpenesenne 1. CkanspHbIM
MIPOU3BEICHUEM IBYX BEKTOPOB

Ha3bIBACTCSI 4YHUCIO (CKajlsp), paBHOE
A-B=ABcos¢

MPOU3BCACHUIO IJIMH 3THUX BCKTOPOB Ha
KOCHHYC yria Mexay HumH. CorjacHo

onpezeneHuto, (GopMmyna BBITTISAIUT TaK

aeh=|a -_Fcosa;?.
s —=—
X
MPOEKTUPYIOLIETO BCE YTO YTOIHO
A S
Ipumep 1. /Tanbl . Haiitn , €CIIN

o=

Pemenne:

5= ofa, 5)-2

5-5:3-8“05%:3-8-%: 12403,

Auredpanyeckue CBOMCTBA CKAJISPHOIO NPOM3BEACHUSI BEKTOPOB

ab=bha (mepeMecTUTENIbHOE CBOMCTBO)
(,aa Jo =2 (cxb) }
(coueTareabHOE OTHOCUTEIHHO YHACIOBOTO MHOYKHUTESI CBOMCTBO)
(c;t +E:')r: =ac+be
(pacnpenenHTeanoe OTHOCHTEJILHO CyMMBI BEKTOPOB CBOHCTBO)
aa >0 , €CIIM ¢ - HEHYJIEBOM BEKTOp, U aa=0 , €CIH a. HYJIEBOI BEKTOP.
aeh= nm TNy tan

= 5 El=2 [|=5 Z@&)=

IMpumep 2:HaiitTi cKaqsipHOE POU3BEICHNE BEKTOPOB ¥ U “ | eciu

Fh = |§| |5| cos (@A)
.gz 5.3

Pemenne: Vcnons3zyem dpopmyiy . B naHHOM ciyyae:

— — — i
Fh =@ | cos @ b)=2-5 cos—==10
a |c1||b| cos @ b)) t:oer

Otser: 2% = 5.3
VYros Mexay BEKTOpaMH M 3HAYEHUE CKAJISIPHOTO MPOU3BEACHUS
B IIpumepe 2 ckansipHOE TPOU3BEIECHUE MTOIYIHIOCH ITOJOXKUTEIBHBIM.OT Yero 3aBUCUT 3HAK
T b= |§||5| cos (@, B)

CKaJsipHOTO npou3BeaeHus. CMOTpUM Ha Hairy Gopmyny: . JmuHbl
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7| = 0, |27| =0
HEHYJIEBBIX BEKTOPOB BCET/IA TTOJIOKUTEIIBHBI: |ﬂ| , TOITOMY 3HAaK MOXKET 3aBUCETh
TOJILKO OT 3HAYCHHS KOCHHYCA. YTOII MEKIY BEKTOPAMH MOYKET U3MEHSTHCS B

O=s(@ by =m

npeaciax , 1 IIPHU 9TOM BO3MOIKHBI CJICAYIOIINUC CIIydau:

. T
0<s(d@ b)) <—
1) Ecnu yroJ Mexxy BEKTOpamMu OCTPBI: 2 (ot 0 1o 90 rpamxycoB),

o tosL(@ ) >0 , 1 CKaJIsIpHOe Npou3Be/ieHue Oy/AeT NM0JI0KUTEeTbHbIM & =0 Ocobiit

L@ E)=0

T

CILy4aii: €M BEKTOPBI COHANpasieHvl, TO yrojl MeXly HUMU CUUTAETCS HYJIEBbIM

U CKaJSIPHOE MTPOM3BEICHHE TaKXKe OyIeT MmoaoXuTeibHbIM. [Tockombky 9% 0=1 10 bopmyia
3 b=l
yIPOLIAETCS: .
o —
v 3 D I o
2) Ecam yroJ Mexy BEeKTopaMu TYNOI: (o1 90 1o 180 rpamycon),

1o CO5 L@ 8) <0 , U, COOTBETCTBEHHO, CKAJIIPHOE NMPOU3BeeHHe OTPULIATEIbHO! Zh <0
OcoOblif cimyyail: eciiu BEKTOPbI HanpaegieHvl NpOMuEoNnoI0HCHO, TO YTOJI MEXAY HUMHU
A@ 1=

OTpHIATENBHO, TaK Kak “937T = -1
CrpaBeIuBbI B 0OPATHEBIE YTBEPKICHHUS:

CUUTACTCS PA3GEPHYMbIM. (180 rpamycoB). CkansspHOE IPOU3BEICHUE TOXKE

1) Ecnu &>0 , TO YTOJI MEKJly TaHHBIMU BEKTOpPaMH OCTpbIA. Kak BapuaHT, BEKTOPBI
COHAIIPABJICHBI.

2) Ecn zé <0 , TO YTOJI MeKy TaHHBIMU BEKTOpaMu Tymnoi. Kak BapuaHT, BEKTOpPbI
HaIpaBJIEHbl IPOTUBOIOJIOKHO.
Ho ocoOwlif nHTEpec mpeacTaBiIseT TPETHH ciayJail:

i{E;E}:E cos?—T:U
3) Ecnu yroa mexay BeKTopamMu NPSAMOIi: 2 (90 rpanycoB), To
U CKAJIAPHOE MPOM3Be/leHue PABHO HYJIIO! zh =0 OOpaTHOE TOKE BEPHO: €CITN zh =0 ,
sEh=Z
TO . Kommaktro yrBepxknenue hopmynupyercs Tak: CkajJsipHoe NPOU3BeieHne

ABYX BEKTOPOB PaBHO HYJ/II0 TOrda U TOJBKO TOr1a, Koraia 1aHHbI€ BEKTOPbI

oproroHaabHbl. KopoTkas MaTemaTuueckast 3auch: gh=0=zlb

3aganue: BpinosiHuTE 3aaHUS 110 BADHAHTAM
Bapmuanr 1

1. Jlams Bextopsr a(9,—2:1) ub(4;3;,0) (s Ne a-d).
a) Haiitu ab.
b) Haiitu (ﬁ A 6)
c) Haiitu &°.
d) Haiitu ‘5‘

2. Haiiti koopauHaTH BEKTOPOB C = & + b , d=a-b , f=-33.

3. Toctpouth TOUKHM, 3aJaHHBIC MOJSAPHBIMH KoopauHatamu: A (2; w/2), B (3; m/4),

C (3; 3n/4).
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4. JlaHBI TOYKH B MOJAPHON cucTeme KoopauHat A (2; /4), B (4; n/2). Haiitu X IpsMOyrobHbIE
KOOPJAMHATBHI.

Bapmuanr 2
1. Jlausl BekTopsl a(—3;2;1) ub(3;0;4) (ams Ne a-d).
a) Haiitu ab.
b) Haiitu (ﬁ A 6)
¢) Haiitu &°.
d) Haiitu ‘5‘ :
2. Haiitn koopuHaThl BEeKTOpOB C = d + b , d=a-b , f=-33.
3. B nmpsaMoyrojapHOH JeKapToBOM cucreMe KoopauHat moctpouth Touku A (0; 0),
C (-3; 4), D (-2; 2) E (10; -3). Onpenenuts paccrosinue mexay toukamu Cu D, Au D, D u E.
4. TloctpouTh TOYKH, 3aJaHHbIC mOJsApHbIME Kkoopaunatamu: A (4; 0), B (2; 3mn/2),
C (3; n).

KouTpoJbHbIe BOpoCHI:
1. 3anumwure ompeneneHue BEKTOpa

2. 3anumure IMpaBUJIO CIIOXKCHHA U BbIYUTAHUS BCKTOPOB

INPAKTHYECKAS PABOTA Nel4

Ha3zBanue npakTuueckoii padborei: Haxoocoenue paccmoanusn meixicoy 08ymsa mouKkamu.
Pewenue mpeyzonvnuxos.

Heab padorbi:HayunThcs HAXOAUTh PACCTOSHUE MEKIY IBYMS TOUKAMU

3HAHUA:

OCHOBHBIE TOHSATUS M METOAbl MaTEMaTHMUECKOro aHalu3a, JUHEHHOW anredphl, Teopuu
KOMIUIEKCHBIX YHCEJI, TEOPUH BEPOSTHOCTEH U MaTEMaTHUECKON CTaTUCTUKH; OCHOBHBIE MOHATHUS U
METO/Abl MaTeMAaTUYECKOI0 aHaJln3a, JTUHEWHOW anreOpbl, TEOPUM KOMIUIEKCHBIX YHCEJ, TeOpUU
BEPOATHOCTEN U MATEMATUYECKON CTATUCTUKH;  pellaTh NPUKIAAHBIE 33Ja4l C UCIIOJIb30BAaHUEM
3JIEMEHTOB U] PepeHInaNnbHOIO U UHTETPAILHOTO UCYUCIIEHUN
YMeEHMS:

BoruncnsaTe 3HaYeHNS] T€OMETPUYECKUX BETUUNH

Teopernyecknii marepual:

ITycTh Ha KOOPAMHATHOM INIOCKOCTU NIOCTPOEHA NpsAMast, IPOXOAIIasl YEPE3 JIBE 3aJaHHBIC
Touku. OTMETUM Ha NMPSAMOM MPou3BoJIbHYIO TOUKY C, €€ koopAuHATHI (X;Y). O603HaUUM JBa
BEKTOpa:

AC u AB
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W3BecTHO, UTO y BEKTOPOB, JISXKAIIUX HA MapaJUIebHBIX IPSIMbIX (1100 Ha OAHON IMPSIMON),
COOTBETCTBYIOIIME KOOPAUHATHI MPOMOPIIMOHAIBHBI, TO €CTh

= _Om 5%

Al — Al H__IIH S — M ( 1 )
X YV X—. V-

AB AB AC AC

nen ne,n

OTHoOLIEHHS KOOpAUHAT "X~ U KOOPAWHAT 'y TaKHUX BEKTOPOB PAaBHBI.
Tenepb OCTa€TCs TOJIBKO BCIIOMHUTB, YTO AJIA OIPCACICHUA KOOPAHUHAT BEKTOPa HCO6XOI[I/IMO
N3 COOTBCTCTBYIOIHNX KOOPAUHAT KOHIIA BEKTOPA BbIYCCTh KOOPAUHATHI €TO0 Ha4aJIa:

y Hac  A(x;;y;)  Blxyy,) C(x;y)

3HaYuT KOOpAHUHATBI BEKTOPOB UMCIOT BU:

X, =X — X Yo=YV =M

AC AC
X _ —Xr— X = —
I 2 1 }’AE Yo — W1

[Toncrasnsiem B (1). [Tomyuaem dpopmyny:
X—Xp V=W
Xop =Xy VYa— M0

Ecnu xakoii-mn0o u3 3HaMeHaTelel paBeH HYIIIO0, CIIeAYEeT IPUPABHATh HYJII0 COOTBETCTBYIOLIHMA
yucauTenb. Ha miockocTy 3anucanHoe BbIlI€ ypaBHEHHUE IPSIMON YIIPOILIAETCS:

R T 4 W
L (x—x)
X, — X,
: ! €CIIM X1 £ X2 UX = X1, €CIIH X1 = X2 .
Y.
X, — X, .
HpoOp - ' Ha3bIBAETCA YIJI0BBIM KO3 PUIHEHTOM NPAMOI.

IIpumep 1: Haiitu ypaBHeHHe nipsiMoid, mpoxo el uepe3 Touku A(1, 2) u B(3, 4).
Pewenue. TTpumeHsis 3aNTUCaAaHHYIO BEIIIE (YOPMYITY, TIOTydacM:
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y-2= (x—1)
3-1

y-2=x-1

x—yv+1=0

YpaBHeHMe NPSIMOM 10 TOYKE U YIJI0BOMY KO3 unmenry.
Ecnu o6miee ypaBuenue npsimoit Ax + By + C = () npUBECTH K BU]LY:

A C
p=——x—-—
’ I51 151
A '
ke ——=b, me v=hx+b

1 0003HAYHTH B B , TO TIOJIy4EHHOE YpPaBHEHUE
Ha3bIBACTCS

VpasHenuem npamoll ¢ yenosvim Kodgpuyuenmom k.
YpaBHeHHe NPAMOI B 0TpPe3Kax.

Ecmu B 06mem ypaBHeHun npsimoit Ax + By + C = 0 C+£0, to, paznenuB Ha —C, IOITyduM:

A B X v
——_I.'l:—_v_v—] _+-_—.|-
{ ( w4 5 e
C 0
q=——: h=—-—
A 15

['eomeTprueckuii cMbICT KO (GUIIMEHTOB B TOM, YTO KOX(P(PHUIIUEHT a SBISIETCS KOOPIUHATOM
TOYKHU TIEPECCUCHHUS
npsiMoii ¢ ockio Ox, a b — koopAMHATON TOYKH MTEepeceueHus MPSAMOi ¢ 0chio Oy.

IIpumep 2: 3agaHo obiee ypaBHeHHe npsiMoit x — y + [ = (. HaiiTu ypaBHeHue 3ToH MpsiMOi B
OTpe3Kax.

c=1, ' 1 a=ap=1

IIpumep 3: Jlano obmiee ypaBHeHue npssMoit /2x — 5y — 65 = 0. TpeOyeTcs HamucaTh pa3jIHdHbIC
THIIBI YPABHEHUM 3TON MIPSMOM.

YpaBHeHHe dTOH NIPSAMOil B OTpe3Kax:

|2 3
—x——p =1
6> %
X L
=
(63712 (—=13)
YpaBHeHne 3TOM NPsiMOii ¢ yri10BbIM K03 dunuenTom: (aeium Ha 5)
12 65 12 .
v=—x-——=—x-13
2 2 2

Yroa MEKAY NPAMBIMH HA IVIOCKOCTH.
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Onpeoenenue. Ecnu 3agansl a8e npsmbie Y = Ky X + b1,y =K 2x + b2, To ocTpslii yron mexmy
9TUMU PSAMBIMUA
OyzeT onpenensaThes KakK
JII:I.---| A’I
Igo = ————

] 4 ;":f._ Jll:l.-_-

ecim ke = -1/ ko .

JIBe nipsimble mapasieabHbl, eciau K1 = K2 . J[Be mpsiMble meprieHaAuKyISPHBI,

Dopmynvl Koopounam cepeouHsl Ompe3Ka

33[[3‘1& ACJIICHUA OTpE3Ka Ha ABC PABHbLIC YaCTHU — OTO YaCTHBIN cnyqaﬁ JACJIICHUA OTPE3Ka B JaAHHOM

A | vacme M 1 yacms B
* °
OTHOILCHHUH.
Add 1
B 5TOM cilydae OTHOIIEHHE BhIpakaeTcs mpornopuueit &M 1 Y o6mme Gpopmysist
XM=xA+,€-xB M=yﬂ+ﬁ-y3
I+ 4 I+ 4 4gynecHsIM 06pa3oM NpeoOpakarOTCsA B HEYTO 3HAKOMOE U
yoo=tat Ay _Yatle
= ===
HpoCTOE: 4 E

VI[O6HI>IM MOMCHTOM SBJISIETCA TOT CpaKT, 4TO KOOpAWHATBI KOHIIOB OTPE3Ka MOKHO

x Apt iy Yt ¥y
= T’ = T
0e30071€3HEHHO NEPpCCTaBUTDH:

JIJ1st IpOCTPaHCTBEHHOTO ClIyvasi CIIpaBeyInBa OYEBU IHAS aHaorusl. Eciiu JaHbl KOHIIBI OTpe3Ka

Ay P 424> B X5, ¥ 525) , TO KOOPAUHATEI €r0 CEPEINHEI M BBIpaXXaroTCs POpMyJIaMu:

P ) _FYatV¥s o _ZatZs
it T Y= T e
IIpumep 4
TMapawtenorpamm A8 3anan koopauuaramu cBoux BepMH A4, 0), B, 4), C(7.2), D-1-2)

Haiitn Touky nepeceuenus ero quaroHajIen.
Pemenue:
JKenatomyie MOTyT BBIITOJHUTH 4epTEX. I padputi 0coGEHHO peKOMEHIYI0 TEM, KTO KaluTaIbHO

3a0bLT MIKOJBHBIA KYypC T€OMETPHH.

ITo u3BeCTHOMY CBOMCTBY, JUaroHaJId NapajuieorpaMma cBOel TOYKO IepeceueHus Qxo; Fa)

ACIIATCA MOIT0JIaM, ITO3TOMY 3alav4y MOKHO pCHIUTDH JABYMHA CIIOCOOaMH.
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PaccMoTpuM NpOTHBOMONIOKHBIE BEPIINHBI A-40).C(2) (dhopMynaMm feneHust oTpeska

g+ —4+7T 3 Y+ ¥e O+12
.o AC‘ xﬂ= = =—, J,?G=—=_=1

TOIOJIAM HaKIEM cepeuHy AUaroHam 1% ; £ E E E E

3

CJ[—; 1]

B pe3ynbrare: 2
3ananusi: BoinoJsHuTE 321aHKUS 10 BADHAHTAM
Bapuanr 1.
1. B npsiMoyrosibHO# JIekapToBOil cucTeMe KoopauHaT moctpouts Touku A (0; 0), B (3; -4), C

(-3; 4). Onpenenuts paccrosaue Mexay Toukamua A u B, Bu C, A u C.

2. Hatitu paccrossaue mexay Toukamu A(-1, 3) u B(6,2).

3. Jlokazath, 4uro TpeyroibHuK ¢ Bepumuamu A(3; -1; 2), B(0; -2; 2), C(-3; 2; 1)
paBHOOEPEHHBIH.

4. Hansl Bepimunbl A(2; -1; 4). B(3; 2; -6), C(-5; 0; 2) TpeyronbHuKa. BeaucauTs JIHHY €ro
MeJ/IaHbl, IIPOBEICHHON U3 BEPIIUHBI A.

5. Hanbl BeprmHbl Tpeyronbauka A(1; 1; -1), B(2; -1; 3), C(-4; 7; 5). Beruucauts JuHY

OMCCEKTPUCHI €r0 BHYTPEHHETO yIJia py Bepinae B

Bapuanr 2.

1. Haiitu paccrosnue mexay Toukamu A(-1, 3, 3) u B(6, 2, -2).

2. B npsimoyrosibHOH JeKkapToBOM cucTeMe KOOpAUHAT nocTpouTh Touku A (0; 0),

C (-3; 4), D (-2; 2) E (10; -3). Onpenenuts paccrosinue Mexay Toukamu C u D, Au D, D u E.
3. Jloka3zatb, uTO TpeyroiapHuK ¢ BepmuHamu Al(3; -1; 6), A2(-1; 7; -2), A3(1; -3; 2)
MIPSAMOYTOJIbHBIN.

4. Jaunsr Bepumasl M1(3; 2; -5), M2(1; -4; 3), M3(-3; 0; 1) Tpeyronpauka. Haiitu

CEPETNHBI €r0 CTOPOH.
5. Jlaus! Bepuuubl Tpeyronasauka A(1; -1; -3), B(2; 1; -2), C(-5; 2; -6). Berauciauts

JUTMHY OMCCEKTPUCHI €r0 BHYTPEHHETO yTJia IpU BepLInHE A.

KoHTpoJsibHbIE BONIPOCHI:
1) 3anuimTe ypaBHEHUE MPSIMOIA IO TBYM TOYKaM

2) 3amumure OIMPEACIICHUC MCIUAHBI TPCYTOJIbHUKA

IHPAKTUYECKAS PABOTA Ne 15

Ha3panne npakTuueckoi padorbl: Peuienue npuknaousix 3a0au ¢ UCno1b306aHueM
KOMOUHAMOPUKU.

ean padoThl:HAYYNTHCS pEIIaTh 33JJa4H HA TMOJICYET YHCIa KOMOMHAITUH.
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3HAHMUSL

OCHOBHBIC TOHSTHS W METOJbl MaTEeMAaTUYECKOIO aHaiMu3a, JMHEHHOW aireOpbl, TEOpHH
KOMIUICKCHBIX YHCEIl, TEOPUU BEPOSATHOCTEH M MaTEMAaTUYECKON CTaTUCTUKH, OCHOBHBIE MOHITUS U
METOJIbl MaTEeMaTHYECKOTO aHaJIM3a, JMHEHHON anreOpbl, TEOPUH KOMIUIEKCHBIX YHCEIl, TEOPUH
BEPOSITHOCTEH M MAaTEMaTHYECKOM CTATUCTUKU;  pelaTh NPUKIAIHbIC 33ja4K C UCIIOJIb30BAHUEM
351IeMEeHTOB U (HepeHInaIBHOTO U HHTErPAIEHOTO MCUYHCICHUH
yMeHHUs:

Pemate 3amaum Ha BBIYHMCIEHHE BEPOSTHOCTH C HCIOJIH30BAaHHEM DJIEMEHTOB

KOMOWHATOPUKH

TeopernueckuiiMmaTepuan

Komb6unaropuka u3y4yaeT KoaTu4ecTBa KOMOMHAIIMIA, TOJTYMHEHHBIX OMpPeeIEHHBIM
YCIOBUSIM, KOTOPBIE MOXXHO COCTaBHUTh U3 3JIEMEHTOB, 0€3pa3InYHO KaKOW MIPUPOIbI, 3aIaHHOTO
KOHEYHOT0 MHOXecTBa. [Ipi HermocpeICTBEHHOM BBIYMCIICHUHN BEPOSITHOCTEH YaCTO HCIIONIB3YIOT
dbopmynsl komOHaTOpuKH. [IpuBeieM Hanboee ynoTpeOUTENbHbIE U3 HUX.

[Ipu pemenuu 3aa4 KOMOMHATOPUKY HCIIONB3YIOT CIEAYIOIINE paBuia:

Ilpasuno cymmol. Eciu HEKOTOPBIN 00BEKT A MOXKET OBbITh BEIOpaH U3 COBOKYITHOCTH
00BEKTOB M crioco0amu, a Ipyroii 00bekT B MoxkeT ObITh BBIOpaH N crioco6aMu, TO BEIOPATh JIHO0
A, mn06o B MoxHO m + n criocobamu.

IIpasuno npoussedenus. Ecinu 00beKT A MOKHO BBIOPATh U3 COBOKYITHOCTH OOBEKTOB M
croco0aMH U MOcJIe KaxJI0ro Takoro Bbi0opa 00beKT B MoXkHO BBIOpaTh n cioco6amu, To napa
00BbeKTOB (A, B) B ykazaHHOM MOPSAJIKE MOKET ObITh BBIOpaHa m'n CIOCOOAMHU.

Ilepecmanogxkamuna3bIBalOT KOMOWHAIIMH, COCTOSIIINE U3 OJJHUX M TEX YK€ N Pa3IMIHBIX
3JIEMEHTOB M OTJIMYAIOLIUECS TOIBKO MOPSAAKOM MX PacHookeHus. Y1cao BceX BO3MOKHBIX
MePECTaHOBOK

Pn=n!,  rmen!=1¢2¢3e °n.
3ameTuM, 4To ynooHo paccmarpuBath 0!, momaras, o onpenenenuto, 0! = 1.

Pasmewenusamu Ha3pIBalOT KOMOMHALIMY, COCTABIEHHBIE U3 N PA3IMYHBIX 3JIEMEHTOB 110 M
3JIEMEHTOB, KOTOpbIE OTIIMYAIOTCS JTMOO0 COCTAaBOM HJIEMEHTOB, TMOO0 UX MOpAIKOM. Yucio Bcex
BO3MOJKHBIX pa3MEIICHUI

A =nln-Tin-2).(n-m+71) = _at

" {n—m)l

CouemanusimuHa3BIBAIOT KOM6I/IHaL[I/II/I, COCTAaBJICHHBIC U3 N PA3JIMYHBIX 3JICMCHTOB I10 M

3JICMCHTOB, KOTOPBIC OTIINYAKOTCA XOTA OBl OJHHUM DJICMCHTOM. Yucao coueTaHuH
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o fl

tml{n —m)l
IIpumep 1.
CKOJIBKO TPEX3HAYHBIX YHCET MOKHO COCTaBUTH U3 mudp 1, 2, 3, ecnu kaxaas uudpa BXOIUT B
M300pakeHNe YuCIia TOJIbKO OJIUH pa3?
Pemenue.
HckoMoe umnciio Tpex3HauHbIX YUCEI
Ps=3!=1*2*3=6.
IMpumep 2.
CKOJIbKO MOYKHO COCTaBUTh CUTHAJIOB U3 6 (DI1aXKKOB pa3IM4HOIO 1[BETa, B3SATHIX 10 27
Pemenue.
Hckomoe 4uciio CurHajioB
A%=6*5 = 30.
IMpumep3.
CKONBbKMMH cIOCO0aMH MOKHO BBIOPATH JIBE JACTAIH U3 SIIKKa, coaepkamiero 10 geraneit?
Pemenne.
Hckomoe uncio cnoco6oB
C?0=10!/ (2! 8") = 45,
[ToguepkHeMm, 4TO Yncaa pa3MENIEHUI, IEPECTAHOBOK U COYETAHHUI CBSI3aHbl PABEHCTBOM
A" =PnC™,.
IIpumep 4.
Ha poautensckom cobpanuu npucyrctByeT 20 uenoBek. CKOJIBKO CYIIECTBYET pa3IMuHbIX
BapHaHTOB COCTaBa POJUTENILCKOIO KOMUTETA, €CIIM B HETO JOJDKHBI BOUTH 5 yenoBek?
Pewenue:
B sTOM npumepe Hac He UHTepecyeT MopsAAoK haMuInii B criucke komuTteTa. Eciu B pe3ynibrare B

€ro COCTaBC OKAXKYTCA OIHHU U TC KC JIFOAU, TO IO CMBICITY IJIsI HAC 3TO OAUH U TOT KC€ BAPUAHT.

[ToaTomMy MBI MOKEM BOCITIOJIb30BaThCs (POPMYIIOHN AJIs OJIcUeTa YrciacoueTaHuinz 20 31eMeHTOB

o 5.

HMuaue 6yI[YT 00CTOSITh JAcja, €ClIn KaXObIM 4JIeH KOMUTETa H3HAaYalIbHO OTBEYAET 3a OIIPCACICHHOC

HarnpasieHue padboTsl. Toraa mpu 0THOM U TOM K€ CIIMCOYHOM COCTaBE€ KOMHUTETa, BHYTPH HETO
BO3MOJKHO 5! BapHaHTOBIIEPECTAHOBOK, KOTOPHIE UMEIOT 3HaYeHHe. KoimuecTBo pa3HbIxX (M 1O
COCTaBy, U MO c(hepe OTBETCTBEHHOCTH) BAPUAHTOB OIPEAEISAETCS B 3TOM CIy4ae YuciIoM
pa3MenieHniins 20 3JeMeHTOB 10 5.

3ameuanue.
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Brrmme nmpearnojgarajliocCb, 4YT0 BCC N 3JICMCHTOB pPa3JIMYHEL. Ecan xe HEKOTOPBIC 3JICMECHTBI
MOBTOPSIFOTCS, TO B 3TOM CJIy4ae KOMOWHAIIMH C TIOBTOPSHHUSIMH BBIYHCIISIOT IO IpYTuM popmyram.
HaHpHMep, CCJIK CpCaU N 3JICMCHTOB €CTh N13JICMCHTOB OAHOTO BHU A, N23JICMCHTOB APYTOro BUJa u
T.A., TO YUCJIO MEPECTAHOBOK C ITIOBTOPCHUAMHA

Pn(ng, Nz, ...) =n!/ (N1 na! ... ),rme ni+ na+ ... =n.,
Pa3M€LI/;eHuilMM C NoBMOpEeHUAMU U3 N 3JIEMEHTOB MO M HAa3bIBalOTCA ynopﬂdoquHble m-
AJIEMEHTHBIC BEIOOPKH, B KOTOPBIX 3JIEMEHTHI MOTYT nosmopsamucs. Qucio pasmeujeruii ¢

14:4':'}2“

NOBMOpPeHUAMUBBIUNCISETCS 110 hopMyIie:
Ilpumep 5.
BossmeM OykBoIb, A, P. Kakue pa3menieHus u3 3Tux OYKB, B3ATHIX 110 JIBE€, MOKHO ITOTYYUTH?
CKOJBKO TakuX HAOOPOB MOYYUTHCS, eciu: 1) OyKBBI B HA0OpE HE TOBTOPSIOTCS; 2) OYKBBI MOTYT
MIOBTOPSITHCS?
Pewenue.

1. Tlomyuarcs cnenyromue Habopwi:bA, bP, AP, Ab, Pb, PA.

nl

AR =n(n-Dn-2..(n-m+1=

ITo popmyie (n —m)l

.3 123

A= =———=4
|§ -2
noJrydacm: 2} ! Ha60p0B.

2. llonyuarcs nabopsi:bb, bA, bP, AA, Ab, AP, PP, Pb, PA.

——

no_ =
.A.,‘ o prpE

ITo popmyie nomydaem: 3 =7 T 7 HabOpOB.
Yucno couemanuii ¢ nosmoperusmu(NdIEMEHTOB, B3STBIX IOM, T/ 3JIEMEHTHI B HA0OpE MOTYT
o (n +m - 1)!

MOBTOPSTHCS) BBIYHUCISETCS O (hopMyIie: Tl i”_ lj!
IHpumep 6.
B xne6HOM oTene uMeroTcs Oyaku 0enoro u uepHoro xneda. CKOIBKHUMH CITOCOOaMH MOKHO
KyIHTb 6 Oyiok xyeda?
Pewenue.
O6o3Hayas Oyiku Oenoro u yepHoro xjeda Oyksamu b u U, cocTaBUM HECKOJIBKO BHIOOPOK:
BBBEBb, BBUYED, YUYYYBH, ... CocTaB MeHseTCsl OT BEIOOPKHU K BEIOOPKE, MOPSIIOK DJIIEMEHTOB
HECYIIECTBEHEH, 3HAYUT 3TO - COUETAHUS C MOBTOPEHUSIMU U3 2 110 ©.

o IIH +m - lj!

® = N _ 6 _ 6 _ vl
ITo Gpopmyite mlfa-1) HonyqaeMC3 Cos1 =C7 =C7 =7 hoco6o.
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Cnenaem npoBepKy U BoinuiieM Bce BapuanThl nokynku: bbbbbb, bBbbbbY, bBbbbUY, bbbUYY,
bbUYYYY, bYYYYY, YYYYYY. VX neiiCTBUTEIBHO 7.

Ipumep 7.

CTpouTenbCTBO JIECTHHUIIBI.

Pewenue.

CrtpowuTcs nectHuIla, Beaylias U3 Touku A B Touky B(cwm. puc.).

A C

Paccrosinue AC paBHo 4,5 M, a pacctossnue CB — 1,5 M. BreicoTa kaxoii crynenbku paBHa 30 cw,
a ee LIMpUHA J0JKHA ObITh 1esIbIM KpaTHBIM 50 cM CKoJIbKUMHU criocobamu

MOHO IMOCTPOUTD JIECTHUILY?

W3 ycnoBus 3amayu BUAHO, YTO JIECTHUIA JOJDKHA UMETh 5 CTYNEHEK U COCTOSITh U3 9 «OIOKOB»
mnoit 50 cm. IloaToMy cTyneHbku MokHO cTpouTh B 10 mecrax. Takum obOpa3om, Hamo u3 10
MECT BBIOpATh 5, H 3T0 MOXKHO caenath C?1o= 252 crocobamH.

3ananus:BeinosHuTe 3a1aHUS 10 BAPUAHTAM

BapuanTt 1

1. CxonbKo ABYX3HAYHBIX YMCENT MOKHO COCTaBUTH U3 tudp 1,3,5,8,9 Tak, 4T0OBI B KaKA0M
YHUCIie He ObUIO OJIMHAKOBBIX 1U(Dp?

2. U3 6 oTKpbITOK Ha/0 BbIOpaTh 3. CKOIBKMMHU CIIOCOOAMH 3TO MOXKHO?

3. TpemnpusTie MOXKET MPETOCTaBUTH pabOTY 1O OJHOM CIIEIUATEHOCTH 4 KEHIIWHAMH, TI0
ApyTroi - 6 My>KUMHaM, 10 TpeThel - 3 pabOTHUKaM He3aBUCUMO OT Toja. CKOIbKUMHU
Croco0aMy MOKHO 3aIIOJTHUTh BaKaHTHBIE MECTa, €CIIM UMeI0oTCs 14 MPeTeHIeHTOB: 6 KEHIINH
U 8 My»X4uH?

4. U3 10 xaHauaaToB HYHO BbIOpaTh 3 yenoBeka Ha KoHpepeHno. CKOIbKUMU PAa3InYHbIMU
Croco0amMu 3TO MOXHO CJIeNaTh?

Bapmuanr 2

1. CxonpKuMH cIIOCOOAMHU MOTYT pa3MECTUTBCS 5 4eIOBEK BOKPYT KPYIJIoro crojua?

2. CKOJBKUMH CIIOCOOAMU MOKHO COCTAaBUTH (JIar, COCTOSAIINM U3 TPEX TOPHU30HTAIBHBIX T10JIOC
Pa3INYHBIX BETOB, €CJIN UMEETCS MaTEPUaAJl CEMH PA3JIMYHBIX IBETOB?

3. I'pynmy u3 20 cTyA€HTOB HY>KHO pa3/ieluTh Ha 3 OpHUraabl, IpuyeM B NepBYI0 OpHuraay
JTOJDKHBI BXOJIUTH 3 4eJIOBEeKa, BO BTOPYIO — 5 U B TPeThi0 — 12. CKOTBKUMH CITIOCOOAMH 3TO
MOXHO CIeaTh.

4. Jlns yyactusi B KOMaHJe TpeHep oToupaet 5 ManbunkoB u3 10. CKoIbKUMH crioco0amMu OH
MOKET c(hOpMUPOBATh KOMAH]y, €CJIM 2 OINpeIeIEHHBIX MaJbunKa J0JKHBI BOUTH B KOMaH1y?
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KoHTpoJibHbIE BOIPOCHI:
1) HazoBuTte BB KOMOMHAIUI

2) HazoBuTe OCHOBHBIC IIpaBHIa KOMOWHATOPHKH

Cxema onpedenenus 6u0a KomOUHayuU

CocTaBUTL HECKOILKO KoMiuHaIpsi (Be160p oK)

v

IMoBropsoTCA JM 3AeMEHTBI B BhIlopKe 7

Aa He

Menserca 11 cocTas ? Menserca Js1 cocTas ?

213/
»

HeT HeT a
CyuecTse nex Tepecranorx Mepecranos CywecTse nex
o8 mopsox ? ue T Tt mopsiAo % ?
10BTOP EHILTM
Aa eT He Aa
Pasmengern ¢ Cowerarn ¢ Couerarno Pasmeryeroen

TOBTOP & HICIVI4

NOETOP e HIMANML

INPAKTUYECKASAPABOTA Ne 16
Ha3Banue npakTuyeckoii padorbl: Peutenue npogheccuonanvuuix 3a0au na gpluucienue
6epoAmMHO-cmeil ¢ UCNOTb30BAHUEM ITIEMEHIN 08 MAMEMAMUYECKOU CHAMUCHUKU
Leas padorbl:Hayunthcst pemars 3a1a4ul ¢ UCTIOIB30BAHUEM JIEMEHTOB MaTeMaTHUECKOM
CTaTUCTHUKH.

3HAHUSL:

OCHOBHBIE TOHATHS M METOIbl MAaTEMaTHYECKOTO aHajn3a, JHHEWHOW anreOpsl,
TEOPUH KOMIUICKCHBIX YHCENl, TEOPHH BEPOSTHOCTEH W MAaTeMaTHYeCKOW CTaTHCTHUKH;
OCHOBHBIE TOHATHS M METOJbl MAaTeMaTHYECKOTO aHalW3a, JIMHEHHON anreOphl, Teopuu
KOMILJIEKCHBIX YHCEJI, TCOPHUH BEPOATHOCTEH U MaTeMaTHUECKOW CTATUCTUKHM;  pelaTh

MPUKJIAHBIC 33]1a4M C UCIIOJIB30BAHUEM AJIEMEHTOB AU (HEepEeHIINaTEHOTO U HHTETPATBLHOTO

UCYUCIEHUH
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YMeHUs:

Pemate 3amauM Ha BBIUMCIEHHE BEPOSTHOCTU C MCIOJIb30BAHUEM 3JIEMEHTOB

KOMOWHATOPUKH
TeopeTnyeckuii MaTepua:
1. CayuaiiHble BeJIMYHHBI

Cnyyaiinas éenuyuna — 3TO BEIMUYMHA, KOTOpas B Pe3yJbTaTe UCHBITAHUS B 3aBUCUMOCTH
OT ciydas NPUHUMAET OJHO W3 BO3MOXHOIO MHOXKECTBA CBOMX 3HAU€HUM (KaKo€ MMEHHO —
3apaHee HEU3BECTHO).

Huckpemnas cnyuatinas eenuyuna — HTO ClydailHas BeJIMYMHA, KOTAAa MPUHUMAET
OTJIEJIbHOE U30JIMPOBAHHOE, CYETHOE MHOXKECTBO 3HAUEHUH.

Henpepuignas cayuaiinas eenuyuna — 3TO CllydailHas BeJIMYMHA, NMPUHAMAIOIIAs JTIOObIE
3HA4YeHUsl U3 HEKOTOporo uHrepBana. [loHsATHEe HeNmpephIBHOHM ciydaiiHOM BEJMYMHBI BO3HHUKAET
IIPU U3MEPEHUSIX.

CrnyualiHple BelIMYMHBI O0O3HAYAIOTCSI KOHEYHBIMHM 3arjaBHbIMM OyKBaMM JIATUHCKOIO
angasuta X, V, Z , a uX 3Ha4eHUS — COOTBETCTBYIOUIMMH CTPOYHBIMU OYKBaMH X, ), Z.
2.3aK0H pacnpejiesieHUs CJIy4aiiHOW BeJMYHHBI

OTO BCAKOE COOTHOLICHHE, YCTAHABIMBAIOLIEE CBSA3b MEXAY BO3MOXKHBIMHM 3HAYEHUSIMHU
CIIy4aiiHOH BEJINYMHBI U COOTBETCTBYIOLIUMHU UM BEPOSITHOCTSAMHU.

s ouckpemmnoti ciiy4aiiHON BEIMYMHBI 3aKOH PacIpelesIeHUs] MOXKET ObITh 3a7jaH B BUJE
maobauysl, AHATUTAYECKH (B BUIIE (hopmybl) u epaghuuecku.

Tabruya — 570 pocTeiimas Gpopma 3ajjaHus 3aKOHa pacrpeseneHus. B Hell mepedncieHs! B
MOPSAJIKE BO3pACTaHMsI BCE BO3MOXKHBIE 3HAUEHHS CIydallHON BeJW4YMHBI X U COOTBETCTBYIOIIME

BEpPOSITHOCTH. DTa TabJIMIIa HA3BIBACTCS PAOOM PACNPEOEIeHUSL.

X1 X2 ... Xn

P1 P2 Pn

Pan pacnpenenenuss MoxXeT ObITh M300pakeH rpaUuecKkH, €Ciau MO OCH a0CIMCC OTKJIAIbIBAThH
3HAa4YCHUA CJ'Iy‘-I&fIHOfI BCJIMYMHBI, @ IO OCH OpJAWHAT — COOTBCTCTBYIOIIHUE HX BCPOATHOCTH.
CoenuHeHue o0pa3zyeT JIOMAaHyIO JUHHIO. JTO MHOTOYIOJbHUK WM TIOJIMTOH paclpeieleHus

BEPOSITHOCTEH.

Pi A
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Ilonueon pacnpedenenus eeposimnocmell

IIpumep 1
3a1atoT I 3aKOHBI PACTIPEICTICHUS TUCKPETHON CITyJaitHOWBEITUYHHBI CIICAYIONTUE TaOTHIIHI?
A) b)

xi| 1l 2 3 4
Pi{0,1]02]03|05

xi| 1 2 3 4
Pi|0,1/04]03|0,2

Pewenue

A) ITa, TaK Kax BBIIOJHAETCA yeioBue Y,y pi = 1: 0,1+0,4+0,3+0,2=1

b) Her: 0,1+0,2+0,3+0,5 # 1.
Ipumep 2
B nenexwnoii notepen BoimyieHo 100 ounetos. PasbirpeiBaercs oguH Boeiurpsiil B 50 pyouneit u 10
BBIMTpHIIIEH o 1 pybmto. HaiiTu 3akoH pacnpeneneHusi ciydailHOM BETUYMHBI X — CTOMMOCTH
BO3MO>KHOT'O BBIMTPHIIIIA JIJIs1 BIIAENbIIa OJJHOTO JIOTEPEHHOTO Ouiera.

Pewenue: 603M0OXHEIC 3HAUCHUS X

P Xi 50 1 0
1= P 0,01 0,1 0,89
Too’
-0 p.=1.
Py= oo P3=1-(P2+Py)
KonTtpons: 0,01 +0,1 +0,89 =1
Ilpumep 3

BeposiTHOCTh TOTO, YTO CTYACHT CIAACT CEMECTPOBBIM dk3aMmeH 1o Omodusuke paBHa 0,7, a 1o
omoxumun — 0,9. CocTaBbTe 3aKOH pAaCIpECIICHHUs] YUCIa CEMECTPOBBIX IK3aMEHOB, KOTOPHIC
caact cTyaeHT. [IocTpouTh MHOTOYTONBHUK pacpeieieHUs BEPOSITHOCTEH.

Pewenue

Bo3MoskHBIE 3HAUEHUS X — YKCIIO CAAHHBIX SKk3aMmeHoB: 0,1,2.

Cuutaem BEpOSITHOCTH:

P(X=0) = P(Alﬁ)(AZ) ;(1 -0,7):(1-0,9)=0,3-0,1=0,03

P(X=1) = P(A1A2+ A1A7) = P(A1)-P(A2) + P(A1)P(A2) =0,7-0,1 +0,3-0,9 = 0,34

P(X=0) = P(A1A2) =P(A1)-P(A2) =(1-0,7)-(1-0,9)=0,7-0,9 = 0,63.

Psan pacnpenenenus nmeer BUA:

Xi 0 1 2
pi 0,03 0,34 0,63
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Kontpons: 0,03 + 0,34 + 0,63 = 1.

pif
0,6
0,4
0,2

Mmnozoyzonvrux pacnpeoenenus 6eposimHocmen

3.(I’yHKIIHH pacnpeaejicHust CHy‘laﬁHLIX BCJIUMYIHUH

®ynkuus F(x), Belpaxaromas i Kaxa0ro X BEPOSTHOCTh TOrO, YTO Cily4aiiHasi BEITUYHMHA

XnopuMeT 3Haue€HHWE MEHbIIe HEKOTOPOro (PUKCHUPOBAHHOTO X, Ha3vleéaemcs (YyHKyuel pacnpe-

Oenenus caydaiiHoi BenuuuHbl X: P(x) = P( X< x). Ee Takxe Ha3bIBaIOT unmezpanivHol ynKyuel

pacnpedenenusi JUCKPETHBIX U HETIPEPHIBHBIX CIIy4allHbIX BEIUYUH.

Ilpumep 4

Xi 1

4

0.4

pi

01 0,3 0,2

JlaH psin pactipeneneHus cliyd4alHbIX BEJIUYHHbL:

Haiiti 1 u306pa3uth rpaduk ee pyHKINUU pacripeeneHus.

Pewenue

Bbynewm 3anaBath pa3nuuHble 3HAUEHUS Xill HAXOIUTh JUIs F(X):

[Tyctp 1< x <4, (Hanpumep, x =2), F(X) =P(x =1) =0,4.

1. Ecmu x<1,F(X)=0
2.
3. [lyctb 4< x < 5, (Hanpumep, x = 4,25),

F(x) = P(X < X) = P(x=1) + P(x=4) = 0,5+ 0,4 = 0,5

4. Hycrs 5<x <7, F(x) =(P(x=1)) + P(x=4) + P(x=5) =0,5+0,3=0,8.
S. [lycts x>7
A
1,0 oo -
08 T ~~~"TTTTC '<—
08 frmmmse—=es
84 1 o i
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®dyHKyuA pacnpedeneHus OuckpemHoli cayvaliHocmu eenuyvuH
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F(x) = (P(x=1) + P(x=4) + P(x=5) + P(x=7) = 0,8 + 0,2 =1
OyHKIMS pacnpeeneHus 1000 AUCKPETHON cilyyailHOW BEIMYMHBI €CTh Pa3pbIBHAS CTyIEHYATas
(GyHKLHMSA, CKauKd KOTOPOH IMPOUCXOAAT B TOYKAX, COOTBETCTBYIOIIMX BO3MOKHBIM 3HAUYEHUSIM

CHy‘l&fIHOI;'I BCJIIMYUHBI U PaBHBI BEPOATHOCTAM 3TUX 3HAUYCHMI.

4. YucnoBble XapaKTePUCTHKH JUCKPETHOM CIy4YaiHOM BeJINYMHbI
1. Mamemamuueckum oxcudanuem M(X); TUCKPETHOW CIIy4alHON BETWYMHBI HA3BIBACTCS
CyMMa MpPOU3BEACHUIN BCEX €€ 3HAYCHUN HE COOTBETCTBYIOIINE UM BEPOSTHOCTH:
M(X) = X1, xipi
IIpumep 5
W3BecTHBI 3HaUEHUS pacHpelielieHHs CIIyYalHbIX BeIHMUYMH X U Y — YHCIO OYKOB BHIOMBAEMBIX

IICPBBIM U BTOPBIM CTPCIIKAMU.

Xi 0 1 2 3 4 5 6 7 8 9 10

Pi 0,15 | 0,21 | 0,04 | 005 | 0,04 | 0,20 | 0,0 | 0,04 | 0,05 | 0,22 | 0,20

Xi 0 1 2 3 4 5 6 7 8 9 10

Pi 001 | 003 | 005 | 0,09 | 0,11 | 0,24 | 0,21 | 0,20 | 0,10 | 0,04 | 0,02

Heo0OxonuMo BBISIBUTH, KaKOM W3 JBYX CTPENKOB CTpensieT myuiie. [locTpouTh MHOTOYTOTbHUKU
pacnpeeseHus.
Pewenue:
O4eBHIHO, YTO M3 JBYX CTPENKOB Jydllle CTpeNseT TOT, KTO B CpPEAHEM BBHIOMBAET OoJblliee
KOJIMYECTBO OYKOB.

M(X) =0-0,15 + 10,10 + 2:0,04 + ... + 90,12 + 10-0,2 = 5,36

M(Y) = 0-0,01 + 1-0,03-0,05 + ... +9-0,04 + 10-0,02 = 5,36

To ecTb CpeaHee 9YuCiIio BBIOMBAEMBIX OUKOB Y ABYX CTPCIIKOB OJJUHAKOBO.

IIpumep 6

CrnydaiiHas BennurHa X 3aJaHa 3aKOHOM PACTpeIeIeHUS:
Xi 1 2 5
pi 0,3 0,5 0,2

Pewenue: M(X) =1:0,3 +2:0,5 +5:0,2 =23
2. Hucnepcus TUCKpETHOMCITy4alHOCTH BeTUYHHBI. CIIOBO «IHCIIEPCHS» 03HAYACT «PACCETHUE):
D(X) = M(X — M(X))%
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Jlucnepcueti D(x)cimydaiiHOil BeIMYMHBI HAa3bIBACTCS MaTEMaTUUYECKOE OXHUIAAHUE KBajapara ee
OTKJIOHEHHS OT MAaTEeMaTUYECKOTO OXKHIaHUS.
Cpeonee keadpamuueckoe omijloHeHue G (CTaHIAPTHOE OTKJIOHEHHUE WJIM CTaHJApT) CIydalHOU

BEIUYUHBI X — 3TO apI/I(i)MeTI/ILIeCKOG 3HAYCHUE KOPHs KBaAPaTHOI'O U3 €€ AUCIICPCUN:

o =/D(X)
Ipumep 7.
B 3a1a4e 1 (0] CTpeJIKaX BBIYUCIINTH I[I/ICHepCI/IIO quciia BLI6I/ITBIX OYKOB 1JI1 KaXXI0T'0 CTpeJIKa.
Pewenue:

O‘IGBI/I,Z[HO, 4TO JIYy4II€ CTPEIIATI TOT CTPEIIOK, Y KOTOPOro IIpru PaBEHCTBEC CPCAHUX 3HAa4YEHUH YHucia
BBIOUTBHIX OYKOB MEHBIIE OTKJIOHEHHE OTOI0 4YHCJIa OTHOCHUTEILHO CpPE€AHETO0 3HAYCHUA
(mucnepcus).

D(X) = (0-5,36)? -0,15 + (1 — 5,36)%:0,11 + ... + (10 — 5,36)%-0,2 = 13,6

D(X) = (0 -5,36)? -0,01 + (1 — 5,36)%-0,03 + ... + (10 — 5,36)2-0,02 = 4,17
Omeem: Jlucniepcus MEHbIIIE Y BTOPOTO CTPEJIKA.
IIpumep 8
B 3agade 2 BRIUMCIUTH JUCTIEPCHIO.

Pewenue:

D(x)=(1-2,3)?-0,3+(2-2,3)%0,5+ (5—2,3)>0,2=2,01

S. IL10THOCTH BEPOSATHOCTH HENPEPBIBHbIX CIYy4YailHBIX BEJIHYHH
IInomnocmoto  gepossmuocmu, unu  NAOMHOCMbIO  pacnpedenenus f(x) nenpepuvignoi

Cﬂy’idﬁHOlZ BCINYHHBI X, Ha3bIBACTCA MPOU3BOJHAA €€ (I)YHKI_II/II/I pacipeaciiCHus:

f(x) = F'(X)

Ee maxorce nasvisarom ougpgepenyuanvroii GyHkimeit pacrnpeaeineHus.

fix) %

J

a b X

Ceoticmeo n1omHocCmu 6epoAmMHOCIU

v

0

1. HeotpurnarensHast ¢pynknus f(x) >0 .
2. Ilnomanps ¢Urypel, OTpaHWYCHHOW KPUBOHM pacmpeieNeHuss W OChI0 aOCIMCC, paBHA

CANHUIIC.
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3. BeposTHOCTH MomnajaHus HEMPEPHIBHON CIy4aiiHOW BEJIMYMHBI B MHTEpBan [a, h]paBHa

OIIPECACIICHHOMY MHTETrpaly OT €€ IJIIOTHOCTHU BEPOATHOCTHU B IIPCALCIax OT a A0 b.

b
P(anSb)zf f(x)d

I'eomeTpryeckas HHTEPIIPETALINA:

[TonydyeHHass BepOSATHOCTh paBHA IUIOMANM (UTYpPbI, OrpaHUYEHHOW CBEpXy KpPHUBOMH
pacrpe/ieieHus: ¥ OTMPArOIeicsl HA0TPE30K [a, b].

HenpepeiBHass ~ cilydaiiHasg  BEJIMYMHA  ONMCHIBAETCS  CIECAYIOLIMMHM  YHMCIOBBIMU

XapaKTCPHUCTUKAMU

1. MaremaTtuueckoe oxunanue: M(X) = f_oooox - f(x)dx
2. Jucnepens D(X) = [ (x — M(x))?-f(x)dx
W D(X) = [ x2-f(x)dx — (M(x))?

6.HopmanbHblii 3aK0H pacnipeaejieHust

OTOT 3aKOH HauboJiee 4acTo BcTpevaeTcs Ha npakThke. OH ABISETCS IpeaeIbHbBIM 3aKOHOM,
K KOTOpOMY IMpHUOJMXKAIOTCSI Jpyrue 3akoHbl pactpeneneHus. HopmanbHoe pacnpeneneHue
SBIISICTCS OJTHUM M3 CaMBIX Ba)KHBIX pacrpeneieHuid B craTUcTHKe. OOBIYHO BCE CPaBHHUBAIOT C
HOpPMaJIbHBIM 3aKOHOM paclpe/IesIeHuUs.

HenpepriBHasi ciydaiiHas BenuunHa XHUMEET HOPMaJbHBIA 3aKOH pacrpezesieHus: (3aKoH

laycca) ¢ mapaMeTpaMH L U G2, €ClIH €€ TIOTHOCTh BEPOSTHOCTH UMEET BHI:

_()(—1)2

fGx) = e 27
o2z
Cesoticmea niomuocmu pacnpeoeneHus 6eposmHOCHel.
> Omna kosnokoo0pa3zHas («koyiokod ["ayccay), nHaue yHUMOJaIbHasl.
> [TnoTHOCTH OmpenenseTcs AByMs MapaMeTpaMu: MaTeMaTHYECKUM OKUTaHUEM (L) U

CpEHUM KBaJpaTUIeCKUM OTKIIOHEHHEM (G).

> CuMMeTpHryuHasi OTHOCUTEIBHO CPEIHETO.
> CpenHee n MeMaHa HOPMAJIBHOTO PACTIPENEIECHUS PABHBI.
> KpuBass cnBuraercsi BIpaBO, €CIH CpPEOHEE YBEIWYMBACTCS IPH IOCTOSHHOM

KBaJIpaTH4ECKOM OTKJIOHEHHH (pHC. 0), M CIIBUTAETCSI BJIEBO, €CIIM CPEAHEE YMEHbILIAETCSI.
> KpuBas pacuupsiercs, ecinu cpeiHee KBaJIpaTUYeCKOCOTKIOHEHUE a YBEITMUUBAETCS

(ecinu cpeHEee MOCTOSIHHO).
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> KpuBasi cranoButcs Oonee OCTPOKOHEYHOM C MEHBIEH MIUPUHOM OCHOBAHMS
KOJIOKOJIA, €CJIM @ YMEHBIIAETCSl IPU CPETHEM IMOCTOSTHHOM (TIUIOMIalb MO TpaiKOM BCEria paBHA
1)(puc. B).

a) 0)

() fx)

X b's
H = H2
B)f(x) A ul HZ
o1
02
'\ |
/PN, | :
151 [1%3

Kpueaﬂ HOPpMAQsIbHO20 30KOHA pGCI'IPEGEHEHUFI u ee usmeHeHuUA rpu

U3MeHeHUU napamempos
Jlononnumenvuvle ceoucmea.

BeposiTHOCTE TOTO, YTO HOPMAJILHO pacIpeeieHHas Cily4aiiHas BEJIMYUHA X CO CPETHUM [
U CPEJIHUM KBaJPATHUYECKUM OTKJIOHECHHEM G (CTaHIApPTHOE OTKJIIOHEHHE) HAXOAUTCA MEKAY (L - G)
u (1L + o), paBHa 0,68, T.e. 68% crmyuyaliHOWM BEIMYUHBI X OTIMYAETCS OT CPEAHEro He Oojee ueM Ha
OJTHO CTaHJApTHOE OTKJIOHEHHE * G.

BeposaTHOCTh TOr0, 4TO HOPMANBbHO pacHpeesieHHas ciay4yaiiHas BeJIMYMHA X HaXOIUTCS
Mexay (U - 26) u (1 + 206), paBna 0,95, T.e. mpumMepHo 95% ciayyaitHON BETUYHHBI X OTIUYAETCS OT
CpeIHET0 Ha JIBa CTAHJIAPTHBIX OTKJIOHEHUS £2G.

BeposaTHOCTh TOr0, 4TO HOPMANBbHO pacHpeesieHHas ciaydaiiHas BETUYMHA X HAXOIUTCS
mexay (U - 36) u (ut 30), paBua 0,99, T.e. 99% (PaKTHYECKH TOCTOBEPHO). ITO CBOWCTBO HOCHUT

Ha3BaHUC MMPABUIIO TPEX CUTI'M.

f(x) 1

v
x

SRR S

95% Mt
_°.,,

32---

o

99%
—2 gy

lMpasuno mpex cuzm



3ananue:BoinoJHuTE O€iicTBUS 1O X041y padoThI

1. luckpeTHas ciny4aiiHas BenuyuHa XUMEET 3aKOH pacIpeesICHHUs.

X 02 04 06 08 !

pi Oll 0)2 0,4 P4 0,1

Uemy paBHa BepoaTHOCTb P4(X = 0,8)? IlocTpouTh MHOTrOYroiabHUK pacnpesenenus. Haitu
MaTEMaTHYECKOE 0KUIAHUE U TUCIIEPCHIO.

2. JluckpeTHas ciiydaiiHas BeJInurHa XUMEeT 3aKOH pacripe/iesIeHus.

Xi 3 4 5 6 7

pi P 0,15 P3 0,25 0,35

Haiitu BepositHocTh Pi(x = 3) m P3(x = 5), ecnu u3BecTHO, uTO P3B 4 pasa Oosbmie Pi.
[TocTpouTh MHOTOYTOJILHUK pactpeseneHus. HaiiTu MaTeMaTHuecKoe 0)KUIaHUE U JUCIICPCHIO.
KoHTpo/IbHBIE BONIPOCHI:

3. Kakas BenmuunHa Ha3bIBACTCS CIIydalHOM?

4. 3akoH pacmpeesieHHsl CIyYailHbIX BETUYUH

5. Uro Ha3pIBaeTCS INIOTHOCTHIO BEPOSTHOCTH

Kputepuu onieHuBaHus NPAKTHYECKUX PadoT

- OIICHKA «OTJIMYHO»  BBICTABIIICTCA  OOydYaromiemycss 3a paboTy, BBINOJIHCHHYIO
0e3011M00YHO, B MTOJIHOM 00BhEME C YUETOM PAllMOHATIBHOCTH BEIOPAHHBIX PEIICHUIA;
- OILICHKA «XOpOIIO» BBICTABJSIETCS OOydaronieMycsi 3a palOoTy, BBIIOJHEHHYIO B ITOJIHOM
00beMe C HeJI0UETaMU;
- OILIEHKA «YIOBJIETBOPHUTEIHHOY» BBHICTABISIETCS O0yJaromemMycsi 3a paboTy, BHIIOJIHEHHYIO B
He monmHOM oObeMe (He MeHee 50% mMpaBUIBHO BBHIMOTHEHHBIX 3aJaHUN OT 00IIero odobema
paboTh);

- OIICHKA «HEYNIOBJIETBOPUTEILHOY» BBICTABISIETCS 00yUJaronieMycs 3a paboTy, BHIIOJHEHHYIO B HE

nosiHoM o0beme (MeHnee 50% MpaBUIIbHO BBIMOJIHEHHBIX 3aJJaHUI OT 0011ero 00beMa paboTh).
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Cnmcok Jureparypsl
OcHoBHasl TuTepaTypa:

1. Iexnenxwuit M.JI. Marematuka [Tekcr] : yue6.mocobue s cTya. YupexaeHun
cpen. mpod. oopazoanus /M.J1. [lexnenkuit. - 12-e uza., crep. — M.: M3garenbckuit
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[Tpunoxenue A
HexoTopsble cBeieHUs U3 3JIEMEHTAPHOM MaTeMaTHKHU
Aareopa
3aKoHbDI AeliCTBHII HAX YHCIAMH

[lepemecTuTenbHBIN 3aKOH cIOXKeHUs: & + b =D + a.

CoueTaTeNnbHbIN 3aKOH CIIOXKEHUs: (@ + b) + ¢ =a + (b + ¢).

[lepemecTuTeNnbHBIN 3aKOH YMHOKeHHS: ab = ba.

CoueTaTenbHBIN 3aKOH YMHOXEHUS: (ab)c = a(bc).

PacnpenenuTenbHbIi 3aKOH YMHOKEHHSI OTHOCUTEIBHO CIOXKEHUS: (@ + b)c = ac + bc.
PacnipenenutenbHblil 3aKOH YMHOKEHHSI OTHOCHTENIBHO BhiuMTanus: (a - b)c = ac - be.

JpoOHble BbIpasKeHU sl

ac  a
—=—=,b20, c=0.
OcHOBHOE cBOIfCTBO Apodu: b

JetictBus ¢ 1po0sMu (MIpeATIoaracTcs, 4YTo 3HaMEeHATeIu APOOCi OTIUYHBI OT HYJIA):
a b a+b a ¢  ad+be

G € € bg bd

CreneHu U KOpHU
Cmenenw ¢ yenvim nokazamenem

oseonll
(n a3’??€?'f, =l

1 0 - bl 1
a'=a, a =1 (a=0), a™ =1/a" (a=0)
CBoilicTBa:
aman ao am+n, am/an - am-n’ (am)‘ con amn,

(ab ) = a™", (afp] =a”/b".
Kopenwv n-ii cmenenu

. g a0 Ha20, neN, n>1.
Va - apudmeTHyeckuit KopeHs N-if cTenenu u3 yucna = i

CgoiicTBa:
Jap =Nafib  (b>0), Yifa=va
Vaf =a, Va* =

B wacTHOCTH, Va - apudMeTHUeCKHii KBaAPaTHBIH KOPEHb:

Cmenenb ¢ OpoOHbIM (PAYUOHATLHBIM) NOKA3AMeENeM
» » b
a™t = 3la , meZ, nreN, nz2 a>0.
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Ceoticmea cmenenu ¢ OelicmeumenbHblM noKa3amesnem

(>0, >0, xeR, yeR)
dlat=ig™? (a")v=a"", (ab)”=a”b”,
(afb) = a*fb*, o' = bee,

a" =e"™ = exp(xha), a*=10""

IIporpeccun
Apugmemuueckasn npozpeccus

(a, )
RD
Apudmerndeckas IpoOrpeccust - YUCI0Bask MOCIEI0BATEIBHOCTD onpezenseMas

=z o\ G =ta, ¥l n=d.2,..
yeousimu: 1) @1 = &, 2) Tasl T T " W
MIPOTPECCHUN ).

CBoiicTBa apu(hMETHUECKON POTPECCUU:
ax+1 i ax = am+2 = an+la am+1

=a+d(n-1)

" (d - pasnocTh apupMeTHICCKOM

i ak i ax+2

a
®opmyna N-To YaeHa:

@opMyIIbl CyMMBI N IIEPBBIX YIECHOB:
g Z(al+an)n g =251+d(”‘1)n

n ? n
2

2

T'eomempuueckas npoepeccusi

(&)

FGOMeTpI/I‘leCKaﬂ IIpOorpeccus - 4ucCJjioBas 1oCICA10BATCIIbHOCTb ®ed orpeacirieMan

by=b [b=z0) Din =D 0
yenoBusivu: 1) ! ( ) 2) 9 (g=0) n=1,2,...(q - 3HamMeHaTeIb
reOMETPHUYECKOM MPOTPECCHH).

CBoiicTBa TeOMETPUYECKOMN MPOTPECCUH:

bml !;bx = bx+2 /bml ) bx2+1 = bu bx+2 4
b =bg".

(g=1)
cDOpMyHBI CyMMBI n HepBHX JJICHOB .

g ohd-h o _ble"-1)
q—l

Cymma 0ecKOHEYHOH TeOMETPUYECKOM MPOrPeCcCHu:

b+bg+bg’ + . =bfll-g), o<1

dopmyna N-To YieHa:

@opMyJibl COKPANIEHHOT0 YMHOKEHUS

a®-b* ={a-b)a+b),
a®-b* = (a-B)la® +ab+b?),
a®+b° = (a+b)la® —ab+b*)
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at-b* =(a-bla’ +a*b+ab® +b%)= (a-b)a+blla® +b?),
a —b5 = (a b)(a4+a3b+a2b2+ab3+b )
a’+b’ = (a+d )(a‘—a3b+a2b2—ab3+b ),
a* -b* = (a-bla™ +a b+ ...+ @™ b,
B gl (a+b)(a2" T L I SO X S X N XL ),
(a+b) =a*+2ab+b*, (a-b)=a’-2ab+b?,
(a+b) =a® +3a’b+3ab* +5°,
(a-bf = a®-3a’b+3ab® - b°.

(a+b+cf = +b* + %+ 2ab+ 2ac+ 2bc,

(c;z+b—c)2 =a* +b* +c +2ab- 2ac - 2be,
(a+b+c+df =a® +b* +F +d* +2ab+2ac+2ad + 2bc +2bd + 2cd,
(a+b-c-df =a*+b* +* +d* +2ab- 2ac- 2ad - 2bc— 2bd + 2cd,,

alx-x)0c-x) = +bx+c,

IJie X1, X2 - KOPHU KBaJpaTHOTO TpexuieHa ax> + bx + C.
CBolicTBa YHCJIOBBIX HEPABEHCTB

1) Ecau a < b, To mpu ar06om C: a + ¢ < b + c.
2)Ecima<bwuc>0, 10 ac<bc.

3) Ecrma<bwuc<0, 10 ac>bc.

4) Ecnu a < b, a u b ognoro 3uaka, To 1/a > 1/b.

5 Ecoma<buc<d toa+c<b+d,a-d<b-c

6) Ecoma<b,c<d,a>0,b>0,¢c>0,d>0, Toac <hbd.
a® <b, a"<b (neN)
7)Ecrma<b,a>0,b>0, 10

8) Bcm la| < |B] o a® < b

Jlorapugmsi

log,b (2>0, a=l, b>0)
- norapudm ygucia b mo ocHoBaHHMIO a.

alogab — b
OcHoBHOE Orapu(MUUECKOE TOKAECTBO:
lgd y 10%° =,
- IIeCATUYHBIN Jorapudm (norapudm no ocHoBanuro 10): s
e =b.
- HaTypaJbHbIH Jorapudm (Jorapum Mo OCHOBAHUIO €):
Ilepexoa OT 0AHOTO OCHOBaHMS K JPYTrOMY:
log, b
log ,b=——
log, @
1 b b
logab=1 _k =" ,hb= ]gb Eo
B wactHOCTH, 085 ]g 2 a’ ge M (

M=lge= — 04343
In10 - MOZYJIb NT€PEX0/ia OT HaTypaIbHBIX JIOTapU(PMOB K
JECSATUYHBIM).
CaoiictBa norapugmos (U, v >0):
log,a=1 log,1=0, log,(wv)=log,u+log,v
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log,l=—logcv, log, —=log,u—-log, v,
%

log ,u* = alog, u, 1oga’&&:= log,u, neN, n=l

Bl—= 8

Tpuronomerpuyeckue (popmy.abl
Tpuronomerpuyeckue pyHKIUH

SM &, COS &,
tga =sin Gfcosa, a#Af2+m, neZ,
ctga=cos&fsin @, @#m, nEL,
seca=1lcosa, @#af2+m, nel,
coseca=1fsin@, @#m, nel.

3HAKH TPUTOHOMETPHYECKUX (PYHKIHUI

YeTeepTh Benuyuna yrna sin & COS ¥ tga ctg &
I 0<a<af2 + + + +
I a2 << + - - _
I TL <32 - - + +
v 3nf2<a<2n - + - -

®opmyJibl IPUBEICHUS

8 sin 8 cos 8 tg8 ctg 8
nf2+a cos & —sin. @ —ctga —tga
T+a —sin & —cos& g cigl
3nf2+a —cos @ sin @ —ctgl —tg&
2T+ & sin & cos & iga cigl
-& —sin & cos & —lg& —citgd
af2-a Cos & sin & cigl tga
T-& sin & —cos & —lg& —cigd
3nf2-a —cos & —sin @ ctg tga
- —sin & cos & —lg& —cigd

OcHoBHbIE TPUTOHOMETPHUIECCKHUE TOXKIECTBA

sin ‘@+cosia=1
tge -ctga =1, a=anfl, ne Z,
l+tgta=1/cos* @, a=nf2+m, nelZ,
l+etgla=1fsn*a, a=zm, nel

BoipakeHue TPUrOHOMETPHYECKUX (PYHKIUIA Yepe3 OJHY M3 HUX TOI0 Ke apryMeHTa

(BBIOOD 3HaKa Mepe/] KOPHEM 3aBHCHUT OT TOTO, B KAKOM 4eTBEPTH HaXOAUTCs yron & )

Uepes st &
cos @=*t+1-sn? @,
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COS &

UYepes :
sin @ = ++/1-cos® @,

tge = t+fl-cos” @ ctga= cos&
cosex ++1-cos? @
g
UYepes &
cig =—,
tga
Sin & = e COS& = L
if,{1+rg & iq{1+fg2a
cigd
UYepes :
g = g
ctg&
1 ctgey

DopMyJibl CJI0KEHUS

sin (@ + &)= sin @ cos 8+ cosasin 8,
sin (@ — 8) = sin @cos 8- cos asin 8,
cos{@ + 8)= cosa@cos §—sin asin 8,
cos{@ — 8) = cos @cos 8+sin asin 8,

tgax+igh tga—tgh
Gatg)- 1-tga g8’ g(e= )=1+zga:-zg,8

(B mocieHuX AByX Qopmynax & # A2+, S#Af2+mm y
cootBercTBenno &+ 8 # Af2+m, a- G#af2+m, nely

cige-cighf—1 ciga-cigf8+1
ctgla+g)= . ctgla-g)=
ctghB+ ctg ctgB—cige
(B mocyenHuX ABYX opmymax & # 7, S # My
cootBercTBenHo & + 8 # M, @- G#m, n€l),
IIpeoOpa3oBanne cyMMbl TPUTOHOMETPHYCCKHUX (PyHKIMI
: : . &+ & -
sin @ +sin 8= 2sin 2'8003 2ﬁ,
; : . &- &+
sin @—sin 8 =2sin 2ﬁcos 2'6,
a+ @ -
cos@&+cos 8 =2cos 2'8005 2'8,

cos@—cos 8=-2sin a;’gsin a; ﬁ,

in | &+ T
3ga’+3gﬁ=M a,,8¢5+m, nez,

cos @cos 8

sin (& — T
zga:—zgﬁ=M & B+—+m, nez,

cos@cos 8
sin (& +
cig+cigh= ————— ( .'8), &, B#m, nelz,
sin &sin 8
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sin (8- )

ctga —cigh=
sin @sin 8
Asin x+ Beosx= /A + B sin(x+ @, ),

IIpeodpa3oBanne npousBeaeHNsi TPUTOHOMETPHYECKHUX (PYHKIMI B CyMMY

&, B+ m, nez,

sincrsin,b’zl[cos(a—,ﬁ) os(a + 8],
cosa cos 8= E[cos(a:— gl+e (Cf"‘ 28)]
sin @cos 8 = %[sin(a'— ﬁ)+ Siﬂ(af"‘ﬁ)}

Tpuronomerpuyeckue pyHKIUH IBOMHOI0 M TPOMHOI0 aprymMeHTa

s 2@ = 25M & COos,
cos2a=cos’ @—-sin‘a@=1-2sn’*a=2cos’ @-1,
sin 3 = 3sin @— 4sin’ @, cos3a=4cos’ &—-3cosa,
2tz dga-tgia
tgla= & ; rg3a'=u.

2

1-tg’a l—3£g2a

Tpuronomerpuyeckue GyHKIUUH MOJOBUHHOIO APIryMEeHTa

af2

(BBIOOp 3HAKA 3aBUCUT OT TOT'O, B KAKOH YETBEPTH HAXOAUTCS YroJjl )
L& 1-cosa & 1+ cose
sn—:iw/—, cos—:i,‘—,
2 2 2 2
& 1-cosa & sin & 1-cosa
tg—=%, {—, tg —= =— .
2 1+cose 2 l1+4cosa sm &

Bblpa)l(eﬂl/le TpI/IFOHOMeTpI/I‘-ICCKOﬁ (l)yHKIII/[l/I qyepe3 TAHTCHC MOJIOBUHHOI'0 apryMeHTa

e
s @ = —2£g(2a'/2) , cosa = 1-tg \@/2) rgg(a'/Z),
1+tg° (af2) 1+t (af2)
G
papomn BRI g TR
1- g (@/2) 2tglaf2)
YucioBble PyHKIUH
OcHOBHbIC IOHATHSA
4
OGuacTpb onpeeneHus (MHOXECTBO 3a1aHust) QyHKIwmH f: : X=D ().

E(f)={rx)re x}= r(x)

MHosecTBo 3HaueHu# GyHKIuH f:
I =[(x, y)eR2|xeX, y=f(x)l

I'padux GpyHKIUY:
VxeX =>-xeX . Fl=x) = f(x)

YerHast QyHKIMS:

VreX =>-zxeXx fl-x)=-7(x)
Heuernas dhynkmms: u
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a. VxeX=x+welk, x-welX
[Mepuoanyeckas GpyHkus (mepuoaa = ):

fro)= 1)

MoHoToHHBbIEe PyHKIUMN

®ynkuus f crporo Bo3pacraer (Bo3pacTaeT) Ha MHOXKECTBE X
Noes06 €& x1<x2:>f[x1) ( %

®ynkuus f BozpacTaer (He yObIBacT) Ha MHOKECTBE X
Vx,x, € X, x;<x, = f(x)<

®ynkuus f crporo yobiBaet (yObIBaeT) Ha MHOXKECTBE X:

)

flx)

N eX et =>f(x1)>f(x2)
)

2

Oyukius f yobiBaer (He Bo3pacTaer) Ha MHOXKECTBE X
Vx,x, e X, xp<x, = fx)2 flx
y=x%, a€er
menenHas QyHKyus

a=2n ne N .

1.
y=x" D(f)=R, E(f)=[0, += .
] —w; 0] [0, +oo [
DyHKIMA YeTHAas1, CTPOro yObIBaeT HA H CTPOT0 BO3pacTacT Ha (puc.
2.1).

) a=2n-1, neN:

y=x"", D(f)=R, E(f)=R
OyHKIMA HEUETHAs1, CTPOro Bo3pacTaet (puc. 2.2).
a=-2n neEN .

1

y=ke, dr)=r\0) (7)-]0, s
0] Jo;+eo]
CDyHKHI/Iﬂ YCTHAasd, CTpOTo BO3PACTACT HA " CTpOTO Y6LIBaeT Ha
A 2 YA y=x? J A
b aX
1 1 y=x? i (y=1/x%
|
\\ ‘ // T \
/ e
e 1 x N y= a2
%l Z Pl
NP = 7 = .
-1 g f X 7 X

4 a=-2rn+1, neN:

1
Y= ng: D(f)= R\{O}: E(f)= R\‘{O}-
-, 0] o+
OyHKIMS HEYETHAsI, CTPOro yObIBaeT Ha u (puc. 2.4).
5 agZ:

y=x*, D(f)=]0 +o| E(f)=]0 4o
pu mexotopeix & D(f) u E(f) MoryT 6bITh mupe.
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¥y
Vy= 14
\
\
~1 NS
™ 1 7
-1
\
\
\
Dxcnonenma

@yHKIHUA CTPOro BO3pPACTAET.

YA

yugt
7
.—/'
g X

YA y:fOx

i

o
~Y

y=e =eplx), D(f)=R, E(f)=]0, +u].

Toxkazamenvnasn ¢pynkyus (puc. 2.6)

y=a“=e”

a>0 a=l

D(f)= R, E(f)=]0; +o]

ITpu 0 < a < 1 ¢yskus cTporo yobIBaeT, npu a > 1 cTporo Bo3pacraert.
Jlocapugpmuueckas hynxyus

Jlorapu¢gm HatypanbHbIi

OyHKIHS CTPOrO BO3pPACTaET.

Jlorapu¢gm ¢ ocHoBaHMeM a

y=tnx D(f)=]0, +a, B()=R

\

y={nx

D(f)=

y=log,x, a>0, a=l,
?q+@,goj=g

YA

ITpu 0 <a <1 ¢. cTporo yosIBaer, npu a > 1 cTtporo Bo3pacraer.

Tpuconomempuyecxkue QynKyuu

= smn
1.y

1 X
(puc. 2.9):
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Y
? y=CosXx  y=sinx

S LIS o
‘]I/ZMQ Aa I/ZWJL/;/ 2T X

Puc 29

@ = 2.
OyHkiusa HeuetHas. [lepuon Ha xaxxnom u3

[-7f2+ 27k, nfe+27k | ke Z,
MIPOMEXYTKOB
[n/2+ 27k, 3nf2+2nk |, keZ,
Ha

o ¥ =cosx

¢. cTporo Bo3pacraer,

CTPOro yOBIBaeT.
(puc. 2.9):

D(f)=&, B(f)=]-1 1]

@ = 27, [27k, m+27%) kez,
Oyukius yetHas. [lepuon Ha xaxxnmom u3 npoMexxyTKoB

[7T+ 2k, 27r+27#c], ke Z,

¢. crporo yObIBaeT, Ha CTPOTO BO3pacTaert.
y=igx
3. (puc. 2.10):

D(f)=Rr\{nf2+nk|kez), E(f)=R
YA

B N
| | | } I
A AN AR/
WeLWe w2 [Inf2)

; |
o At ak
} [ | I |

y=t9x

@ =7
@ynkuusa HeueTHas. [lepron @yHKIUA CTPOro BO3pPACTAECT HA KAXIAOM U3
Frfe+n, nfo+nk], kez
IIPOMEKYTKOB
4.7 = “EBY (hue. 2.11):
D(f)=R\(nk|k ez}, E(f)

J

> ¥

|
I
I
|
|
1
{
|
|
|
|

R.
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ST
OyHkiusa HeuetHas. [lepuon DYHKIUS CTPOTO YOBIBAET HA KAXKIOM M3

[ﬂfc; 7r+m’c], ke Z.

IIPOMEXYTKOB

Obpamuvie mpueconomempuyecKkue yHKyuu
y=arcsmx
1. (puc. 2.12):

D(f)=[-1, 1], &(f)=[-~=/2; n/2]

@DyHKIUS HEUETHAs!, CTPOrO BO3PACTAET.

: .1 N2 o
arcsin 0= 0, arcsm —=—, arcsm —=—,
2 6 2 4
3w ; T
amsm;:;, arcsnl:E.
g, V= AICCOSX (e 2.13):

@OyHKIHUS CTPOTrO YOBIBAET

arccos(-1)= , arccos[— “‘E] = %}T, arccos[— ”‘E] i

[ 1] 2 T 1
arccos| —— |= —, amcosO:—, arccos — = —,
2 3 2 2 3
27 NER
arccos —= —, arccos— = —, arccosl= 0.
2 4 2 6
Y1~ YA
72 z
- /2
9 /10 1 % \
“]f/Z =
~1 0 T x

peneanst

CaoiicTBa mpenenos

1. Ecou IIOCICa0BATCIIBHOCTHU )41 CXOAATCA, TO
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lim (e +& )=lim ¢ +lm &,

Im e b =lm g lm & ,

n—« n—« n—w n—w© n— © n—©
lim (@, —&,)=1lm @, - lim &, lmca, =clm a,,
n-3© n—w© n—© n—w© n—w
g Ima,
fii Gl (Lun b, # 0)
nsw b Im A e
n nl>g0 n
ma, =a, a,<b, Vn, ac<b.
2. Ecmm 7% u TO
a,<c,<b, Vn, lma,=lmd,=a Imc, =a
3. Ecimu u e e TO *7©
im ¢, =@, lmla, =|a|
4. Ecim *?% 0 ™7
HeKOTopI)Ie npeaejabl
lim{+x)" =e, lmi+1/x) =e
x>0 2 X 2
. Inll+x . log 1+ x 1
lim —( ) =1, lim g"( ) = 5
=0 x =0 s Ina
et =1 oat -1
lim =1, lim =lna,
=0 x =0 x
. Shx . chx-1 1 . thx
lim—=1, lim —=—,u lim—-=1,
=0y =0 % 2 x50
. [La)®es _
hm(—)=a, lim x*Inx=0 (x>0}
x>0 b >+
. In“x ;.  x* -
lim ——=0 (a>0)} lim =—=0, lim x*=1.
=ty >0 o =+
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lim ng™ =0 (|q|<ll

n—3c

lm g =0 (g|<1}
Im(1+1/n) =e, lm[p“/a”)=0 (a]>1)
lni{)nw(a”/n!r =0, lm(inn/n)=0,

lm (in?n/n*)=0 (a>0) lm¥a=1 (a>0),
lim ¥ =1, lm{/Af)=0, lm[n/3n)=e,

k k-1
ain” + il +..+a, ag

lim = b #0
e b+t vl +b, By (8 =0}
1P +27+...+n? 1
lim +1 = ¢
n3 n? p+1
lim —L—+ - +...+—}— =1n2,
moln+l n+2 21
2

2:3---2R 1 Vi3
lim =< i opmyna  Banmica),
n»w[l-:a---(zn—l)J el B )
lm S0E gy TTOSE L B
=0y *=0 x 2 =0y

IIpousBoaubie u auddepeHunaIbI

Omnpenesienne NPON3BOAHOM

Florg +Ax)= flxy)

S %)= Jim, . :
71(x,) = lim f(x)—f(xo),

on x_xO

71(x)=lim Jlx+ h)—f(x)-

h=0 h

OnHoCTOpOHHHME NPOU3BOIHBIC

f(x0+£3x)— f(xo)

5 (xo )= alxignw K »
) e rl5)

Dyukuusa, 1updepeHunupyemMas B TOUKe Xo
Flxo + Ax) = flx, )+ AAx+ 0(Ax) Ax >0
pu
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A=z )
JAnddepenuuan

dy = 1k, )=,

JMuddepenunpoBanne apupmMeTndecKUX KOMOUHAIUH

a’
(u, v, w - mudpdepentmpyembie GyHKIUH, - IOCTOSIHHBIE

(e + ,S\J)r =au'+ &', dlau+ §)=cdu+ S,
(uv) =uv+iy, a’(uv)=ua’v +vdu,
(1evw) =uyw+ ' + 10w,
d (uvw) = ywd+uwdv + vidw,

f

4 S i

v V
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IIpou3BoaHbIEe OCHOBHBIX 3JIeMEHTAPHBIX QyHKIUIA

7(x) /(x) 7{x) /(x)
c 0 a’ a’ Ina
X 1 In x 1/x
x* ax’™s Inx| 1/x
v 2x log, x x; -
Vx ﬁ> x>0 sin x cosx
1/x ol COSX —sinx
1
7 al B cos’ x
1 1
1 - th
8 sin® x s chx
1 1
arcsin x ﬁ > lx| il cthx “r
1 1
arceosx _ﬁ> pe| <1 1n(x+ qfx2+1) T
1
arctg x ; : . ln’x+ Nx? —1| ﬁ, x| >1
+ X D
arccig x . 1—ln i L
: lapac? 2 |l-x ] ce?
shx chx 1(x) 5(x)
chx shx

IIpon3BoaHasi cTeNeHHO-NOKA3ATEJIbHON (PYHKIUHN

f f

(u”) = (e““) =y tu'+utlnu v,

IIpon3BoaHbIe BHICHINX MOPSAJIKOB HEKOTOPBIX (PYHKIHI
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7(x) Ao

e 0
P ala-1)--(a-n+1)x*™
Inx (-1 (r-1)x(0=1)
g’ e’
a’ a'In"a
sin x sin (x+ m/2)
COSX cos(x + m/2)
shx npu n=2k,
shx
chx npu n=2%k-1
chx npu n=2k,
chx

shx npu n=2k-1
y =arcigx y() n 1)'005 ysmn(y+fr/2)

JlokanbHbI 3kcTPpeMyM 1 depennupyemoii pyHKuMU

Heobxooumoe yciaosue 10OKAIbHO20 IKempemyma

f'(xo >= 0.

Ecau Xo - Touka 10KaJIbHOTO 9KCTpEMyMa (bYHKI_II/II/I f, TO

ﬂOCWleOllele YCHo8UA TOKATIbHO2O IKCmpemyma

f(xo >= 0.

I IIpaBuJo. ITycts

Ecnu f' mpu mepexoe depe3 TOUKy Xo MeHsieT 3Hak ¢ "+" Ha "-", To Xo - TOUKa JIOKaJIBHOTO
MakcHUMyMa.

Ecnu f' mpu ne €X0J€ Y€pe3 TOUYKY Xo MECHSECT 3HAK C "-"ga "+", TO Xo - TOYKA JIOKAJIBHOTO
2
MHWHUMYMa.

Ecnu f' ipu mepexoie uepe3 TOUKy Xo HE MEHSIET 3HaKa, TO TOYKA Xo HE SABJISIETCS TOUKOMH

JIOKaJIbHOT'O JKCTPEMyMa.
Filxr=0, Jx)e0.

II MpaBuao. ITycts f nBaxkabr uddepenmpyema B Touke Xo,

f ﬂ(xo ) < O>
Ecmmn TO X0 - TOYKA JIOKAIBHOI'O MAKCUMYyMa.

"

S()>0,
Ecmn TO X0 - TOYKa JIOKAJIBHOI'O MUHUMYMa.
III Mpasuao. [Tycts f n pa3 HETIPEPBIBHO ﬂHd)d)epeHquyeMa B

Al 2 e s g ey A e

TOYKE Xo U
f (=) (xu )< 0,
Ecau n - uetHOE M TO Xo - TOUKA JIOKAJIBHOTI'O MaKCUMyMa.
f (ﬂ)(xo ) > Oa
ECJ'H/I N - 4eTHOE U TO Xo - TOYKA JIOKAJIBHOI'O MI/IHI/IMYMa.
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Ecnu n - HedeTHoE, TO Xo HE SABJSETCSA TOYKON JIOKAIBHOTO SKCTPEMYyMa.
Toukn nepernda

[Tycts yukiust f onpeneneHa B HEKOTOPO OKPECTHOCTH TOYKH Xo, HETIPEPHIBHA B
TOYKE X0 U IMEET B 3TOM TOYKE KOHEUHYIO WIIM OECKOHEUHYIO MPOU3BOIHYI0. Ecin npu
repexojie yepes TouKy Xo GyHKIwms f MeHsIET HalIpaBICHHUE BHITYKIOCTH, TO X0 HA3bIBAIOT
TouKo# rmeperuda ¢pyukuuu f, a Touxy (Xo; f(Xo)) - Toukoit mepernda rpaduxa Gyunximm f.
['pacduk GyHKIMH TEPEXOUT C OJTHOM CTOPOHBI KacaTeIbHOM, IpoBeIeHHOM B Touke (Xo; f(X0)),
Ha Jpyryio cropony. Touku neperuba f - Touku sxcTpemyma ast f'.

Heobxooumvle ycrosus nanuuus nepecuba

f"(x0)=0 f“(%)

h117 (0] HE CYIIECTBYET.

ﬂOCmeOllele ycaosusl Hajauvus nepeeu6a

f(x)
1. Ecnm MEHSIET 3HaK IPH Mepexo/ie Yepe3 TOUKY Xo, TO Xo - TOUKA IMeperuoa.
f"(xo )= fm(xo )= see S f(n_l)(xo ): q, f(n)(xu ) #0,
2. Ecnu TO MpHU N YETHOM X0 -
TOYKa Nepernoda, mpu N HEYETHOM Xo HE SBJISIETCSI TOUYKOU Ieperud
HeonpenesienHblii HMHTErpas

IlepBoobGpa3nasn

[TepBooOpasnoii pynkuuu f Ha mpomexytke | HaszbiBaeTcs GpyHkims F, Takasi,
Fix)= f(x) ¥xel
4TO

HeonpenejeHHblil HHTErpaJ
[#(x)dx = F(x)+C,

rie F - mepBooOpasnas pynkuuu f (Ha npomexytke); C - MPOU3BOJIbHAS TIOCTOSIHHASL.

Ocnosnble ceoticmaa

Uf (x)dx)r=f () @[ f(x)dx= f(x)dx

1.
[Fi(x)ax= F(x)+C, [aF(x)= F(x)+C.
2.

Jf(x)dx = F(x) +C,
3. Eciou TO

J Flax+bd)dx =
Jlet (x)+ Belx)ax = e[ f(x)ax+ 8

Flax+b)+C, a=0,

2| =

TN

x)dx, o’ +,{i‘2 %0
4,

3amena NMEPEMECHHBIX B HEOINPEACJTCHHOM MHTEIrpaJie

1 Jf(u(x))u'(x)dx = Jf(u)du =Flu)+C=Flu(z)+C.

x=plt), @()=0, F (gople,
2. Ecmu - IepBOOOpazHast IS TO
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[elx)ax = glol))e(e)de = Fl)+C = Flp™ (x))+C.

(I)OpMy.]'la HHTEIrPUPOBAHUA IO YaCTHAM

judv =uy —Jvdu,
(u, v - mudpdeperumpyembie GyHKINN).

IIpocreiime HHTErpasbI
Jo-ax=c, [1-dx=]dx=x+C,

5 " S
X x%
— == 2+C', Jx"’dx= +C, ezx-1
x X o+

ik 7 = . T J_lfig = arcig x+C,

1
J 5 2=—a:rc‘£gx+f_'f a=z0,
a” +

J dx ¢ |l+x|

=—1n +C,
1-x* |l x|
[ 2=l1na‘+’{+c, a0,
a’—x 20 |la—x

j xix = l1n|;c2 +a|+C’
x

s
= arcsin X+C

Jﬁ =
—ln(x+«fx_+1)+c,

Inlx ++x° —l‘+C’,
x+dx +a}+C,

= arcsin x+C,

J—
I

=ln

x2+a:

jd" = —ctax+C, = tgx+C

—— = =CIg% =tgx+C,
S X COS X

JJieMeHTbl KOMOMHATOPUKH, popmyJia HbloToHa

IlepecranoBku. Pazmemenusi. Coueranusi.

Uwucno nmepecTaHoBOK U3 N DJIEMEHTOB:
P =123 ..n=n.

m(n 2 m)
Yucno pazMelenuit u3 N mno




m(an)_

Yuciao coueTaHui U3 N mo

|
C::‘:L,
m!%z—m)!

Cm_ﬁ(ﬁ—l)..-(}’z—?%'l'l n(}’l—l)...(ﬂ_m_'_l)
" mll T U

CBoiicTBa COUCTAHMIA:
Cr=CI™, 02m<n, C,=C}=]
CL+Cl+..+CF=2"
PexypenTHas ¢hopmyna i 9uciaa COUCTaHUM:
crict=Cc*. 0<m<n

n+l

®opmyaa ounoma Herotona

(a+b) =a+b,
(a+b) =a® +2ab+ b,
(a+b) = a® +3a’b+3ab’ +5°,
(a+b) =a* +4a°b+6a°H* + 4ab® + b
(a+b)’ = a® +5a*b+10a’p® +10a°b® + 5ab* +5°,
(@a+8)" =Cla” +CLa" b+ C2a™p? +...+
+Cra bt +.. +CLDY, ne N
T
Ecmu k-it unen ((K+1)-e cmaraemoe) pasjioeHus CTeleH:n OMHOMa 0003HAYaTh Yepes3 ¢ , TO
T, = Cla**b*.
Tpeyroasnuk Ilackans

0 1

1 1 1

2. 1 2 1

31 3 3 1

4 1 4 6 4 1

5 1 5 10 10 5 1

6 1 6 15 20 15 6 1

71 7 21 35 35 21 7

8 1 8 213 56 70 56 28 8

9 1 9 315 84 126 12¢ 84 36 9 1

10 1 10 45 120 210 252 210 120 45 10 1
o et

(n-s1 cTpoKa COCTOUT U3 YHCEN ).

Bo3Benenune MHOro4JieHa B CTENEHb

(c:t+b+::)2 =a’ +b* +¢* +2ab+ 2ac+ 2bc,

(a+b-c)'=a® +b* +* +2ab-2ac - 2be,

(az—b—::)2 =a’+b* +* - 2ab- 2ac+ 2bc,
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(a+b+cf =a® +b°+c% + 3(azb+a20 +bla+bic+
+02a+02b)+ 6abe,
(a+b+c) =a* +b* + +4(a3b+a3c +bh'a+
+b’c +c3e::z+c3b)+6(afb2 +a’ct +b%c? )+

+1 Z(agbc +bac+c’ ab),
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