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HOACHUTEJBHASA 3AIINCKA
MeToauueckne peKOMEHAALNH 0 BBIITOJIHEHUIO TPAKTUYECKUX PadOT 1Mo yuyeOHOM

JUCHHUITIINHC «MaremaTuka» MpCaAHa3HAYCHbI IJIA O6y‘{aI-OHII/IXCH 10 CIICOHMAJIBHOCTHU

08.02.04 BoxocHa0skeHMe M BOJ0OOTBEACHHE.

HpaKTI/I‘-IeCKI/Ie 3aHATHUA ABJIAIOTCA BaXXHBIM 3JICMCHTOM y‘le6HOI>’I JUCITUITIINHBIL. B

IMPpOHCCCC BLIIIOJIHCHUA ITPAKTHYCCKHUX pa60T 06yqa10mnec;1 CUCTCMATU3UPYIOT U
3aKPCINBAIOT ITOJIYYCHHBIC TCOPCTUUYCCKUC 3HAHUA, PA3BUBAIOT MHTCIUICKTYAJIIbHBIC W

poQ)eCCUOHAIIBHBIE yMEHMUS,

CIICOUAJIMCTOB.

GOopMUPYIOT 3JEMEHTHl KOMMETEHIMN OyIyIInX

MGTOI[I/I‘ICCKI/IC PCKOMCHIAAINU IIPCAHA3HAYCHBI JII OPraHU3allkui BbIITOJIHCHUA
IMPAKTHICCKUX pa60T 110 y‘IC6H0ﬁ JAUCHHUITIIINHC «MaremaTuka.

[Iporpammoii yueOHOI TUCHUILTMHBI «MaTtemaThka» IpelyCMOTPEHO BBINIOJIHEHUE

12npakTuyeckux  paboT, HampaBlIeHHHIX HAa  (OPMHUPOBAHUE  IJIEMEHMO6
Ce0YIoMUX KOMNEemeHyuil .

Kon YmMmenus 3HaHuA

IIK, OK, JIP

OK 1-5,9 AHAIM3UPOBATH CIIOKHBIC (DYHKIIMHM | OCHOBHBIC MATEMAaTHUYECKHE METOJIbI
[IK 2.4 U CTPOUTH UX TpaduKu; pelIeHUs MPUKIAIHBIX 33]1a4;

JIP - BBITIOJIHSITD JIEUCTBUS Hajg | - OCHOBHBIE TIIOHATHSI HW  METOIBI

1,2,4,10,11,13,14,
15,16,17

KOMIUIEKCHBIMH YHCIIAMU;
- BBIYUCIISTh
reOMETPUYECKUX BEITUYHUH;
- TNPOW3BOAMTH  OIEPALUU
MaTpHUIAMU U ONIPEJeTUTEISIMH;
- pemarp 3ala4d Ha BBIYHCIICHHE
BEPOSITHOCTH C  MCIIOJIb30BAaHUEM
3JIEMEHTOB KOMOMHATOPUKY;
-pemaTh MPHUKIAJHBIE 3aJaud  C
HCTIONIb30BAaHUEM HIIEMEHTOB
Qg epeHIaIbLHOro "
MHTETPATBHOTO UCYHCIICHUH;

- pemlaTb CHUCTEMbI JIMHEHHBIX
YpaBHEHHI PA3IMYHBIMHA METO/IaMHU.

3HaA4YCHUA

Hazg

MaTE€MaTU4YeCKOro aHalu3a, JIUHEHHOUN
ayreOppl, TEOPUH KOMILJIEKCHBIX YHUCEIL,

Teopuu BEpOSATHOCTEN u
MaTeMaTU4YeCKOW CTaTUCTUKH;
- OCHOBBI HWHTETPAILHOTO u

nudepeHInaIbHOTO UCUNCTICHUS,

- polb M MEcTo MareMaTUKH B
COBPEMEHHOM MHpE TIpU OCBOECHUU
npodeCCHOHATBHBIX JTUCHUIUIMH U B
chepe npodeccroHalibHON
JESTEIIBHOCTH.

B MCTOJUYCCKHX YKa3aHUAX K BBIIIOJIHCHHUIO IIPAKTHYCCKUX pa60T COACPIKNUTCA

MHCTPYKIUSI C YETKUM aJIrOpUTMOM Xojaa pabotel. Kaxkmas mpakrtuueckas paborta

BKJIFOYACT KPATKUH TEOPETUUECKUN MaTepual, MPUMEPHI 3a/1a4 U HAOOp 3a7aHuil.

Xoa BbINOJHEHHS PAKTHYECKOI PadoThI
[IpakTuueckre pabOThl HEOOXOAUMO BBHITIONHATH B CHEIUATBHBIX TETPAasIX C

yKa3aHUEM HOMEPA, TEMBI, LieJiel padOThl.

Xoo0 pabomui:
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1. Ilo3HaKOMHUTBCS C TEOPETHUECKUM MaTEPUATIOM

2. CpnenaTh KpaTKHUl KOHCHIEKT TEOPETUYECKOI0 Marepuasa B pabodyux TeTpaisx
(OCHOBHBIE TIOHSTHS, OTNIpeeNICHUs, (HOPMYJIBI, IPUMEPHI)

3. B Terpansx nns nmpakTHYECKUX padOT BBIMOJHUTH CAMOCTOSITEIBHYIO padboTy
WM PEIIUTh HOMEPA, KOTOPhIE YKa3aHbl B padoTe.

4, Cpatb npenoaaBaTelto TeTPaau I MPaAaKTUIECKUX pabdoT.

Kpurtepun oieHMBaHUs NPAKTHYECKUX padoT

Onenka «5» craBUTCA, €caud BepHO M panuoHanbHO pemeno 90%-100%
npeajaraeMbiX 3aJJaHui, JOMYCTUM | HeoueT, HEUCKAKAIOIIMMA CYyTH PEIICHUS.

Onenka «4» craBurcs npu  Oe3ommbounoM pemenun 80% mpenIaraeMbix
3aJIaHUMN.

Onenka «3» cTaBHUTCS, €ciH BeINOJIHEHO 70% mpemmaraeMbIX 3aJaHAN, JOIYCTUM
1 Henouer.

Onenka «2» - pemeno meHe 70% npemyiaraeMsIX 3a1aHUM.

IlepeyeHb npakTu4eckux padbor

Ne paGoTb1 HaumeHnoBaHMe NpakTHYECKUX paboT Kon-Bo
4acoB

1. PackpbITHe pa3IM4HbIX HEONPeAeIEHHOCTEH. 2

2. Brranciienue npon3BOAHBIX CIIOKHBIX (QYHKIUI U BBICIIAX 2
HOPSI/IKOB.

3. HccnenoBanne pyHKIMH ¢ TOMOIIBIO TPOU3BOIHOM. 2

4. Brranciienne HeonpenenEHHbIX HHTETPAIOB ¢ TIOMOIIBIO 3aMEHBI 2
IIEPEMEHHOM.

5. Brranciienue HeonpenenEHHbIX HHTETPAIOB ¢ TIOMOIIBIO0 METO/1a 2
UHTETPUPOBAHUS 110 YaCTAM, HHTETPUPOBAHHUE PALIMOHATBHBIX
(GYHKIMI.

6. Beruucnenme onpeeaéHHbIX HHTETPAJIOB. 2

7. [TpumeHeHne onpee€éHHOT0 HHTErpaia sl BEIYHCICHUS 2
IoIaAeH MIOCKUX GuUryp.

8. BrinosnHenue onepanuii Hag MaTpUIlAMH. 2

9. Pemenne CJIAY pa3nuuHbIMH METOJAMHU. 2

10. Beinonnenune onepanuii HaJl KOMIJIEKCHBIMHU YUCIIaMU B 2
pa3ianyHbIX opMax.

11. Pemenne BEposTHOCTHBIX 3a7au. 2

12. CocraBieHne CTaTUCTUYECKOTO pacpeIeieHUs BHIOOPKH, 2
OCTPOCHHE THCTOTPAMM.

Bcero 24

IpakTnueckas padora Ne 1
Packpvimue paznuunvix Heonpeoenénnocmeii
eab padoThI:
Ha xoHKpeTHBIX MpUMepax HAYUYUTHCA BBIYUCIATH MPEIEIIbl C pa3JIMYHBIMU BUIAMU
HEONPEIEIEHHOCTEN.



3HaHus:

1. Onpenenenus npenena QyHKIUU.

Ymenus:

1. Berumcnenue mnpenenoB GYHKIUN: pacKpbITHE HeEOIpeaeaéHHOCTeN

0 ) Foe) )
Conep:xkanue padorbl:
Tunwi Heonpedenénnocmeil u ux 6UObl

.. w
1 mun Heonpeoenénnocms suoa [;]6 npeoene

0,ecnmun < k

-1
i X" + a1 X"+t ag ) o,eciun >k
k k—1 an
X—00 bkx +bk 1X + - +b0 _n ECJII/In>k
by’
IIpumepsi:
. 5 xX+8 5
1) lim N PR E(T.K. CTapIlre CTEIEHU YUCIUTENS U 3HAMEHATEIIsI paBHBI, TO
X—00

AeMM KO3 GUITUEHTHI TIPH CTAPIIUX CTEICHSX X).

BHIA

. 5 3x+8 o
2) lim = 0o(T.K. CTapIiasi CTeleHb YUCIUTENS OOJIbIIIE CTApIICH CTEIeHH
X—00
3HaAMEHATEJIS)

f)

2 mun Heonpedenénnocms 6uoa [ ]6 npeodene lim,_,, —= e

JI71st pacKpBITHSL HEONPEASIEHHOCTH HE0OX0IUMO JTMOO Pa3NIOKUTh YUCTUTED U

3HaMCHATCJIb HA MHOXUTCIIN, 00 YMHOXHUTD BBIPAXKCHUC COACPIKAIICC KOPHU HA

CONPSKEHHOE.
IMpumepsr:
x%-5x+6 _ [0] _ —5x+6=0 (x=2)(x-3) (x=2)
1) glcl—>3 x2-9 [O] o X, = 2 X, = 3 o x—3 (x—3)(x+3) }cl—>3 (x+3) [3+3
2)lim V2x+3-3 [ ] (\/2x+3 3)(vV2x+3+3) m 2x+3-9 _
xl—>3 x-3 x—>3 (x—3)(V2x+3+3) o x1—>3 (x-3)(V2x+3+3) o

lim 2X70 =lim 2073 _jim = [ ] ~3
x—3 (x=3)(V2x+3+3) x53 (x—3)(vV2x+3+3) x—>3\/2x+ +3 3431 3

3 mun |-v11i 3ameuamenvuwviii npedeﬂ U OCHOBHblE IKBUBAJIEHMHOCMU.

. sinx
lim =1
x->0 X
[Tpu x—0 UMEIOT MECTO CIAEAYIONINE HEONIPEICTIEHHOCTH
sinx~x tgx~x  arcsinx~x arctg x~x
x2
1— cos x~7ex —1~x In(1-—x)~x

IIpumepsr:



sin? [ ] (3x)2 - 9x% 18
im—— -
x-01 —cos5x 10

= _lli%x(x—1)_l‘l%(x—1) -1

4 mun |l -oti 3ameyamenvubiii npede
X

1 1
lim (1 + —) =elim(1+x)x=e
X x—0

xX—00
IIpumepsi:
=3\t x—3 = x—3—x—1\*"1
lim ( ) = lim ( ) = lim (1 + ) =
x—oo \X + 1 xX—00 x+1 xX—00 x+1
+1 (x 1)
—4 x—1 —4 x_4 x+1 —4x+4
= lim ( ) = lim ( ) = lim (e) x1 = e*
xX—00 x+1 X—00 x+1 xX—00
3ajanus I NPAKTUYECKOM PadoOThI:
Bapuanm 1 Bapuanm 2 Bapuanm 3
«3»
5x+2 a 3x— 8 a 4x +2
||m 2% +3 )I!m 4x )I,!ED 5x -1
. 3-2x 0 3x+5 6 1-8x
6)|I[l1 il )IXI_[D 2%+ 7 )IXIIP 4x+5
B) lim X~ B)lim 5 B)lim £ =2
) I)!m x—6 x—5 X2—25 )I,!D;] x-3
F) - sin 2x r Dl X
Ilm X )I,!m sin 3x )I,!m sin 5x
] 1)\ 2% ] x _ 1\ 5%
n) lim (1 + —) n) lim (1 —- 1) lim (1 + —)
X—00 x X— 00 X X—00 X
«4»
3 3
—2)6—3 a)r: x—4x+5 a x -1
) ljm £, 2 )',!m e MNim <=
x—3 X +3x+3 X X
e Ay =y —Tx+8 o =25+ 3r-1 x>0 x+2x +4x-2
B)||mx —6x+8 B)llmw B)||m7
x—2 X 24 x—3 X -9 x—1 5x -4x-1
1 tg4x sin 2x 1 tgx
r r
)I)!m sin 3x )I)!m sin 3x )lem sin 3x
. 1 2x 1 3x 1 5x
1) lim (1 + —) lim (1 —) ' ( —)
et 7 ety G A\t 2
«5»




3

i 1 —27 -8
a)|lim X = a)lim X ) lim >
x—1 -1 )I;![!] X—3 )I)!m X—2
3 2 2
6)Iim8X —-3X +2X 5\ 2 —4x+5 T X +2x-3
xow Ay’ -2x+1 )IXI_[D .4 )I)LrD 300x —1000
- /4+X+X2_2 B) ||m B)Iim \/1+x+xz—\/1—x+)(2
B) lim 7 0 z_
x—1 X+1 2 2 = X =X
\/1+X+X —\/7+2x—x
2
X —2X
. 2X . 2y’ ’
. sin’y nlim 2X i 194X
nlim =3 0 gint2 Mim sin’x
X—> X 5
. (x+1)2% . (x-1\3% 2x + I\ ¥
mlim (%) mlim (33) wlim (5-—)

IIpakTnueckas padora Ne 2

Buvluucnenue npou3eo00HbIX C10MHCHBIX PYHKYUIL U 8bICHIUX NOPAOKOE
eab padoThI:
[IpoBepuTh YMEHHS HAXOXKICHHS TIPOU3BOIHOMN CI0KHOU (PYHKIIUH.
3Hanus:
1. Onpenenenue Mpou3BOJHOM U €€ CBOMCTRBA.

2. IlonsATue cnoxHON QYyHKIHUH.
3. ®opmyiia BEIYUCICHUS TTPOU3BOTHOMN CIOKHOU (PYHKIIUH.

YMenust:
1.Beramcienue mpou3BOIHON 3a1aHHOM CIIOKHON (DYHKITHH.




Conep:xanue padoThI:
Tabnuya npou3zeo00HbBIX OCHOBHBIX INEMEHMAPHBIX PYHKUWIL:

o\ _ e _ 1 1) 1
. ' ' . t r 1
(sinx) =cosx (cosx) =-sinx (tgx) = p—c
' 1 ; ' 1 ' 1
tgx) =— arcsinx) = arccosx) =—
(ctgx) sin? x ( ) 1—x? ( ) 1-x?
' 1 ' 1 xY X
(arctgx) = (arcctgx) i~ (a¥) =a*Ina
’ 4 1 4 1
(") =e (Inx) T x (logs x) ~xlna
OcHogHble nPagUIa HAXO0HCOCHUS NPOU3BOOHOIL:
(c) =0; (x) =1; (u#v) =u'+Vv'; (cu) =cu’; (u) =uv+u’; (EJ :UV_ZUV
v v

Ilpou3zeoonasn cnoxicnou pynkuuu
Ecmu y=f(u) nu=¢(x), Toy=f ((/)(X))- CJIOKHAsI PyHKIUH, TOT/Ia €€ IPOU3BOIHAS

BBIYUCISIETCS 110 GOPMYIIE Y, = y/U., TO €CTh (f ((D(X))), = f'(¢(x))¢'(x). OTO MpaBHUIO

pacmpocTpaHsieTcsi Ha IIENOYKY U3 JTI000T0 KOHEYHOTo uncia auddepeHIupyeMbIx
GYHKIUI: npou3800HASL CLONCHOU (PYHKYUU PABHA NPOU3BEOEHUTO NPOUBOOHBIX
@yHKYULL, eé cOCMABTIAIOUUX.

IIpumepsbr:

1.Haiitu npou3BoaHyto cioxkHoi pynkuuu:y = In(x3 — 3x?% + 4x).

[onoxum y = Inu, rae u = x3 — 3x2 + 4xnonyunm:

|
y' . =y uy = (In(x® —3x* + 4x)) = " (x3 —3x% +4x)' =

B 1 (3x2 — 6x 4 4) = 3x? —6x+4
"~ x3—3x2 4 4x x x "~ x3 —3x2 + 4x

) o X
2. .HaiiTu npoM3BOAHYIO CJI0KHON QYHKIUH:Y = OS> -

X
[TonoxkuM y = u?,u = cOSV,V = =, NOIy4UM:
6

. v = 2u - (—sin) 5 X ( _ x) 1 x
=Y, U,V =2Uu-(—sinv) -—=2cos—-|—sin—=)-—= ——=sinz
Vi T Tu e T 6 6 6/ 6 63
3ajanus QI NPAKTUYECKOH PadoThI:
Brruucnure npou3BOAHBIE CIIOKHBIX (PYHKIIHIA:

Bapuanrt 1



2x-1
2x+1

_ 1
"~ (5x-1)3

5)y

1) y = CcoS (% — 3x)2) y — w/xz + 43) y — 2arcsinx2 4) y — ln
Bapuant 2

3
1)y =sin(2x> —3x+1) 2)y =cos3(2x—1) 3)y = (\/E+§)
4)y =In(lnx) 5) y = e?rctg 4x
Bapuant 3
1)y = cos(3x? —4x) 2)y =sin®(1 —2x) 3)y = (x* — 2\/5)4
4)y = log;(2x = 5) 5)y =e™™
Bapuant 4
)y=tg(x*-1) 2)y=5""3% 38)y=3{/7-2x)% 4 y=

_ (x-1)\?
9y =(5)
Bapuanr 5
1
1)y =ctg(2 —x2?) 2)y =1In(cos(5x)) 3)y =2x 4)y = cos(cosx)
5 y=+v3x—4

1
In 3x

HpakTnyeckas padora Ne 3

Hccneoosanue pynkuyuu ¢ nomouibto npou3e00Hou
eab padoThI:
Hcnons3ys cxemy ucciaeaoBanus GyHKIIMNA HAYYUTHCS UCCIIE0BATh (YHKIIMH U
CTPOUTHUX TpadUKu.
3HaHus:
1. [TonsiTe sKcTpeMyMOB (DYHKLIUU U €€ TOUEK neperuoa.
2. IloHATHE acCUMIITOT U UX KJIacCU(PUKALHSL.
Ymenus:
1.IToctpoenue rpadukoB QyHKITHH.
Conep:xkanue padoTbi:
Obwas cxema uccnedosanusi PyHKyuU U nocmpoerue eé epaguxa.
1. Haitqure obmacth onpeneneHus QyHKIIUH.
2. Uccnenyiite PyHKIMIO Ha YETHOCTh UM HEYETHOCTb.
3. Haiinure Touku nepeceyeHus rpaduka GQyHKIUUA ¢ OCSIMU KOOPJIUHAT (HYJIU
GyHKIMH).
4. Haiinure mpoMeXKyTKH MOHOTOHHOCTH (DYHKITUH, €€ IKCTPEMYMBI.
5. Haitnure mpoMexxyTKH BBITYKIOCTH rpaduka PyHKIUH, €€ TOUKUIepernoa.
6. Onpenenure HaTUIUE aCUMIITOT.
7. Iloctpoiite rpaduk GyHKIIMH, UCTIONIB3YS MTOJTYYCHHBIC PE3YIbTATHIMCCIICIOBAHNS.
IMpumep:



2
X
IToctpouts rpaduk QyHKIMH: Y = 1
L. DY) = (—0;—1) U (=1; +x)
2. T.x. ob6macTh onpeaeneHus: He CHMMETPHUYHA OTHOCUTENHFHO Havyalla KOOPAUHAT, TO
GbyHKIUS He SBISETCS HU YETHOM, HU HEUETHOM (T.€. 00IIero Buaa).
3. IIpu x=0, y(0)=0 — 370 earHCTBEHHAs TOYKA MEepeceueHHs rpauKa ¢ OCIMH

KOOpAHHAT.

4.y = (xz )' _ G )2 (a41) _ xP42x _ x(x+2)

' x+1 (x+1)2 (x+1)2  (x+1)2
[TpupaBHseM MIPOU3BOAHYIO K HYJIIO U HAMAEM KPUTHUECKUE TOUKH:
x(x + 2) x=0
Grnz 0T x=2

x +—1

y' W
X=-2 —m. MaX Ymax =Yy(2) =-4
X=0 —m. min yuin =y(0) =0
5. BbaucinM BTOPYIO POU3BOIHYIO Y PUPABHSIEM €€ K HYJIIO:
, <x2 + Zx)’ (x2 + 2x) (¢ + 12 — (x2 + 20) ((x + 1)?)’
y = = =

(x+1)? (x+ 1)4
x4+ + 1) - (? +20)2(x+ 1) 2(x + D(x? +2x + 1 —x% — 2x)
B (x + 1)* B (x + 1)*
2
N
2

(x+1)3

=0
— —+—
\V A

Touek nepern6da y manHoi QyHKIIUN HET.

6. OnpenenuM HaTU4YMEe ACUMITOT:
2
. X
a) lim,_ —+1 = 9°T.C. TOPU3OHTAILHBIX aCHMIITOT HET.
X

0) PaccmoTpum 0JTHOCTOpOHHUE TIPEIETIBI B TOUKE X=-1:
. x? 1 . x? 1 N
=|—| = - =|—| =+
x—>1—1{1—0x +1 [O‘] xﬁl—r?+0x +1 [0*]




T.k. B Touke x=-1yHK1HsA TepnUT OECKOHEYHBIN Pa3pbIB, TO TpaduK QyHKIUU
MMeeT BEPTUKAJIbHYIO aCUMIITOTY x=-1

B) JlJ1sl OTBICKaHUS BEPTHKAIBHOM aCUMIITOTBIB BUie Y=KX+bh Bbrumcinm
CIICAYIOIINE TIPEICIIBL:

N N R
T e x _xgEO(x+1)x_xl—>rg(x+1)_

- - x2 " _x
b = lim (f(x) — kx) = lim —x | = lim
X—00 X—00

1

-1

x+1 x—ox + 1
Taxum o6pazom, mpsimast y=X-1 CIIy>KUT HaKJIOHHON aCUMIITOTON Tpaduka.
7. Ucnonp3ys OJy4YEeHHbIE JaHHbIE, CTPOUM I'paUK QYHKIIMH:

—g=1D

iR

3axanus qis IIpaKTI/l‘IeLKOI‘/'I padoThI:

3AJAYA 1
[TpoBecTu mosHOE uccnenoBanue pynkmun Y = f (X)u mocTpouts ee rpaduk.
l.y=x3+6x%+9x+4 9.y=x3—-6x?—-15x—8
2.y=x3+6x*—15x+8 10.y = x3 — 12x% + 45x — 50

3.y =x3+12x%2 + 45x + 50
4.y =x3-3x2—-9x—5
5.y = x3+3x% — 24x + 28
6.y=x3+3x>—-9x+5
7.y =x3—3x%—24x — 28
8y=x3—6x2+9x—4

10



3AZTAYA 2

[TpoBectu momHOe uccnenoBanue pynkmun Y = f (X) u mocTpouts ee rpaduk.

_x2+2x+4‘2 _x2—4x+73 X —x-1

1. 2.V= 3.v=
y X+ 2 y X—-3 y X+1
2 2 2
4.y:X 2x+9.5.y:x +3x+4.6.y:x 6x+10.
X—2 X X—3
2 2 2
7.y:X +2X+8.8. :x 2x+89 :x 3x+6.
X+4 x—4 X—5

IIpakTnueckas padora Ne 4
Buviuucnenue neonpeoenénnvlx unmezpanos c HOMOWLbI0 3aMeHbl NEPEMEHHOI
eas padoTbI:
Ha KoHKpeTHbIX NpUMepax HAYYUTHCS BBIUUCIATH HEOMNPEACIICHHBIM HMHTETpal,
MIPUMEHSISl TAOJUIlY U CBOMCTBA MHTETPAJIOB, HAXOUTh HEOTIPEACIICHHBIM HHTErpaJl C
MTOMOIUIBIO 3aMEHbI IEPEMEHHBIX.
3HaHus:
1. IlonsiTue HEONPEAECIEHHOTO UHTErPaIa, €0 OCHOBHBIX CBOWCTB.
Ymenus:
1. BrpiunciieHre HEONPENENEHHBIX HWHTEIPAJIOB METOJIOM HEMOCPEACTBEHHOTO
WHTETPUPOBAHUS.
2. Boluncienye HeonpeaeaéHHbIX UHTErPAIOB METOAOM 3aMEHBI IIEPEMEHHOM
Conep:xkanue padoTbi:
Tabauya unmecpanos

n+1 dX 1
n X = —
dx = C,(nz-1) | 7. | == =ctgx+C 13. = Zarctgx+C
1.J.X n+1+ (n=-1) ISIHZX .[a2+xz a
2. [dx=x+C 8. [tgxdx = In|cos x| +C 14.
— Inlei dx 1, ]la+x
3 j%:lnx+c 9. [ctgxdx = Injsinx|+C | -~ Zzzlna—erC
X X X a — X
_ 10. [e*dx=¢"+C |
4. [sin xdx = — cos xdx . 15. [ _ — arcsin x+C
5. [ cos xdx = sin xdx 11. Ja dX:mJFC 1-x
6 I = tgx +C dx " C 16_jL=arcsinl+C
o 12. jrxz_arc gX+ [ — ¥ a
HenocpeacrBeHHOe WHTErpUPOBaHME — O3TO METOJ, OCHOBAaHHBIM Ha

MPUMEHEHUN TOXICCTBEHHBIX TMPEOOPa30BaHUN MMOJBIHTETPAIbLHON (QYHKIIUU, a
TaK)kK€ OCHOBHBIX CBOWCTB HEOIPECICHHOTO MHTETpajia U TaOJIMYHBIX WHTETPAJIOB.
Haunlbonee wacto HWCHONB3YIOTCS CIEAYIOIMHME TPEeoOpa3oBaHUs MOJABIHTETPATHLHOM

GyHKUIMHU:



1)  nmencHWe YUCIIATENS] HA 3HAMEHATEIb ITOYWICHHO;
2)  npuMeHeHHe GOpMYJ COKPAIIIEHHOTO YMHOXKCHUS;
3)  NpUMEHEHHE TPUTOHOMETPUUECKUX TOXKICCTB.

Ipumep 1. Hairtu unterpan J (3X2 +2X —5) dx

Pemenue.
I(sz +2x—5)dx :j3x2dx+.[2xdx—_[5dx =x*+x?-5x+C.

. 7% +x-1
IIpumep 2. Haiitu uaTeTpan J.T dx
Pemrenune. Pa3naraem moJbIHTErpaibHyO (DYHKIIMIO Ha CllaraeMble, JCJs YHCIUTENb

IIOWICHHO HAa 3HAMCHATCIIb.

3

7x® +x-1
J = —

dx:7_[%+jx2dx—jx3dx :7In\x\—1+i2+c.
X X 2X
Ipumep 3. Haiitu uaTerpan j(l+ ex)sdx

Pemrenrie. Bo3BoanuM B KyO U HHTETPUPYEM KaX10€ ClIaracMoe.

f(1+ e*fdx = J'(1+ 3e* +3e% +e3x)jx - Idx+3_[exdx+3J'e2de+Ie‘°’xdx =
= X + 3e” +§e2X +1e3x +C.
2 3

2X—3
_4
Pemenue. PaznaraeM moasHTETpasibHYIO ApOoOb HA JBE CllaraeéMbIX IpoOH, Aens

dx

IIpumep 4. Halitu naterpan j

YUCIUTCJIb ITIOYJICHHO HAa 3HAMCHATCJIb.

Iig:jdxzjx22i4dx_3jx2di4 = ‘ —4‘——In

X—2
X+2

+C.

2

dx

Hpumep 5.Haiitu nunrerpan _[ S
x* +

Pemenue. BBI,Z[CJ'H/IM B HEMIPABWJILHOM ;[p061/1 LEIYyI0 YacTh U HpaBI/IJ'IBHy}O JpoOb.
X x° + 5) 5 [ )
= —d 1- dx = | dx -5
I x° + 5 I +95 I X* +5 I I X2 +5

X
= x—\/garctg —+C.
J5

Mertoj 3aMeHbI IepeMeHHO (MeTO/1 MOJACTAHOBKH)

On sBisieTcss omHuM U3 HanOosee (PGEKTUBHBIX U PACHPOCTPAHEHHBIX MPUEMOB
WHTETPUPOBAHUSI, TIO3BOJISTIOIIMX BO MHOTHX CITy4asiX YIIPOCTUTH BHIUMCIICHUE MHTETpaa.
Cytb 3TOr0 MeETroJa COCTOMT B TOM, 4YTO IIyTeM BBEICHUSI HOBOW MEPEMEHHOMN
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MHTEIPUPOBAHHUS 3aaHHBIM UHTErPal CBOAUTCS K HOBOMY HHTEIPaily, KOTOPBIA JIETKO
BBIYMCJIETCS HEMIOCPECTBEHHBIM HHTETPUPOBAHUEM.

IMpumep 6.Borunciurs [(3x — 4)*dx

Pemenvue. JlanHbIi MHTErpa OyAET NPUBEAEH K TabIMYHOMY, €CIM CAENaTh 3aMEHY
nepeMeHHont = 3x — 4

t=3x—4
dt = 3x —4)'dx =3d 1 5
j(3x—4)4dx= 3 )1 ’ xzft‘* —dt‘§ft4dt=——+c
dx = =dt
73
t5 3x — 4)°
_ v C=( ) c
15 15
2
Ipumep 7. Beraucauts [ X;;S dx

JlanHblii wHTErpan OyJaeT NpUBEIEH K TaOJIMYHOMY, €CIIH CHAENaTh 3aMEHY
nepeMeHHolt = x> + 8

5 t=x3+8 ldt
X = (x3 "dx = 3x2 3 1(dt 1
j dx:dt (x*+8)'dx=3x%dx| _ (3™ _1 & me+c
x3+8 ) 1 t 3)Jt 3
xdx=§dt

1
=§-ln|x3+8|+C

COosX

IMpumep 8. Berauciauts
p p J‘sin2x+4

Pemenue.[lannbiii uaTerpan OyaeT npuBeAEH K TaOJIMYHOMY, €CJIM CHIENaTh 3aMEHY
MIEPEMEHHONL = Sin X

COS X dx = t = sinx B dt _1 t c
f—smzx + 4% 7 |at = (sinx)'dx = cosxdx| - f—tz i
1 sinx c
= Earctg > +
3amaHus 11 IPAKTHYECKON padoThI:
Bapuanum 1 Bapuanum 2 Bapuanum 3
5 3
I(Z 3/x —3/2x +5)dx _[(x—l)(x+2)dx j(\&_%jdx
X
X X 2 2
J‘3 2 X2 3 dx sz +ldx J‘X 23X+ldx
2 x“ -1 X
—sin?® C0S2X 2
J-l -SI? X .[ 2 x J'tg Xdx
sSin‘ X COS™ XSIn™ X
IL f dx f\/Sx — 9dx
(5 —3x)°> 11 —4x

13




> x%dx xdx
X\ x4 —7dx T —
3,/x3 —1 x“+6

j e*dx J , ) J e*dx
_ sinx cos“xdx
e* +4 (e¥ —5)°

IIpakTnyeckas padora Ne 5

Buviuucnenue neonpedenénnvix unmezpanos ¢ HOMoOwLbI0 Memooa
UHMeZPUPOBAHUA NO YACMAM, UHMESPUPOBCAHUE PAUUOHATbHBIX (PYHKUUIL
eab padoThI:
Ha koHKpeTHBIX NpuMepax HayuWThCS HAXOJUTh HEOIpPEAETICHHBIH HHTErpan ¢
noMOIIbI0  (OPMYINIbI HMHTETPUPOBAHMS IO YACTSIM, a TaKXKe MHTETPUPOBAThH
panuoHabHbIE (DYHKIIHH.
3HaHus:
1. [onsiTue HeonpeAeNEHHOTO UHTErpaja, €ro OCHOBHBIX CBOICTB.
Ymenns:
1. Beruncnenue HeonpeaeNEHHbIX HHTETPAJIOB METOJJOM UHTEIPUPOBAHUS IO YACTSIM,
2. Bolunciienre HEONpeAENEHHbIX MHTETPATIOB OT PALMOHAIBHBIX (YHKIIUIA.
Conep:xkanue padorbl:
Memoo unmeepuposanus no uacmsam CBOJHUTCS K BBIYHMCICHHUIO HWHTErpaja Io
bopmyie
J'udv=uv—_|.vdu

JUist BBIYMCIEHMS MHTErpana o 3Tod ¢Gopmysie HEOOXOJUMO MOJbIHTErpaibHOE
BBIPQKCHUE MCXOIHOTO HMHTETpajia mpenctaBuTh kak Udv. T.e. 4acTh BBIpaKEHHUS
NPUHSATH 32 U, a 9acTh - 3a dv.

IIpumep 1.BplunciauTh HHTErpajll C¢ MOMONIbIO (QOPMYINIBI HMHTETPUPOBAHUSA IO

YACTSIM: J.Xz In xdx

Pemenue:
Honoxum U=Inxdv=x’dxuddepentupysu 1 naTerpupys v momyHnm:

d 3
du:—Xv=J.x2dx:X—
X 3

ITocrossunass CB 2TOM ciydae HE CTaBUTCS, OHa OyAeT IIOCTaBJieHa B
OKOHYATEJILHOM pe3yJjIbTaTe, Korjaa Oy/1eT HaiIeH TaHHBIN HHTErpall.
O6parmaemcs Tenepb K (bopMyne WHTETPUPOBAHUS 110 YACTSIM:
xInx 1 *Ihx 1 x* *Inx x3
x*dx = ~->=.=—+C= -=—+C
3 3 3 3 3 3 9
U= x2; U'=2x

=cosX; V =sin x

szlnxdx In x - ——J'— s

IIpumep Z,IX2 cosxdx = = xsin x—j2x-sin Xdx =

14



:Llj=2x; U'=2 __ 2-SinX_(ZX°(—COSX)—I2-(—cosx)dx):

"=sinx; V =-cosXx

= %2 Sin X+ 2XCOS X — 2sin X+C;

-1

U =arccosx; U' = ——— 1

Mpumep 3. ] arccosx dx = V1-x2|=x-arccosx— | X———dx
=1 V =X 1=x
{BTOpOE cjIaraeMoe BBIYKMCIIMM C ITOMOIIBIO 3aMEHBI TIEPEMEHHON )
a2
[—Z dx =|dt =—2xdx |=[2—=Z.2= +C=v1-x% +C
1-— X2 1 t 2 2
— Xdx = 5 dt

B MTOre MOTy4aeM | &rCCOSX X = X -arccosx — v1— x2 +C;

HUnmezepuposanue payuoraibHuix OpoOetioCyeCTBISIETCS ¢ MOMOIIBIO PA3JIOKEHUS
Ha IpocTenime Apoou:
IIpumep 4.

J- X2 +2X+6
x® —7x? +14x-8
Pemenue:
3HaMeHaTeNb IPOOU PaCKIAIbIBACTCS HA MHOXKHUTEH:
X3- TXP+14x-8=(x-1)(x-2)(x-4)
Tak Kak KaXJIplii U3 JBYYJICHOB BXOJUT B 3HAMEHATEIb B IIEPBOM CTEIIEHU, TO JaHHAS
MpaBWJIbHAS palMoOHANIbHAS JpOOb MOXET OBITh MpEJCTaBICHA B BHIE CYMMBI
MPOCTEUIINX TPOOEii:
X2 +2x+6 A, B C
(x-D(x-2)(x—-4) x-1 x-2 x-4
OcB0oOOXasCh OT 3HAMEHATEJIS, TTOTYYUM
X+ 2X+6=A(x-2) (X-4)+B(x-1)(x-4) +C(x-1)(x-2)

CnenoBatelbHO,
X+ 2X+6=A(X*-6x+8)+B(X*-5x+4 )+C(x*-3x+2)
Crpynnupyem 4jieHbl ¢ OJMHAKOBBIMH CTEIICHSIMMU:
X*+2x+6=(A+B+C)x*+(-6A-5B-3C)x+(8A+4B+2C)
CpaBHuBas K03()PUIIUESHTHI TTPU OJIMHAKOBBIX CTEIMEHSX X, MOJYYUM CUCTEMY:
A+B+C=1
-6A-5B-3C =2
8A+4B+2C =6
N3 xoropoii HaitneMA=3, B=-7, C=5.
Utak, paznokeHre parimoHaAIBHON JpOOH Ha MPOCTEHIIINE UMEET BT
x*+2x+6 3 -7, 5
x-D(x-2)(x—4) x-1 x-2 x-4

15



Takum o6pazom,
J- X? +2X+6 dX:J-I%dx —7dx+J- 5dx 3J- dx 7'[ dx 5.[ dx

+ = - + =
x® —7x? +14x -8 x-1 I x-2 Jx-4 x—1 X—2 X—4
3 5
=3In|x—]4—7In|x—2|+5|n|x—4|+C:In|(x_1) (X:A’) |+C
| x-2) |
11 5 x° d
umep 5. [———dx.
P P Ix2—x+1

HOI[ 3HAKOM HHTCTPaJla HCIIPABUIIbHAA pallMOHAJIbHAA ,ZIpO6I>. BI)II[GJII/IM ICIYyI0 4aCTb

3TOU z[p06n IyTEM JEICHUS YUCIUTEIS Ha 3HAMEHATEIb!
6
X 1
— = x4 +x3 —x—1+2—
X —Xx+1 X°—Xx+1

Boigenum nonHelif KBaapaT B 3HaAMEHATE e MPAaBHIIBHON PaIlMOHALHON ApOoOH:
2 2
1 1 1 3
X2 —x+l=|x==| —=+1=|x-=] +>.
2 4 2 4
Bo3Bpamasce Kk ICXOIHOMY UHTETpajbl, OJIYYUM:

j x4+x3—x—l+;2 dx:jx4dx+jx3dx—jxdx—jldx+j dx =
=5 X—=1| +
2 4 2 5
_£+ﬁ—ﬁ—x+i3r0tg—x_%+C—£+ﬁ—ﬁ—x+iarctg—zx_l+c'
5 4 2 @ @ 5 4 2 J3 J3 ’

3amaHus 1 NPAKTHYECKON padoThI:
Humezpuposanue no wacmsam
1. Ixsin xdx
2. I In xdx
3. I x?e*dx
Hnmezpuposarnue payuonaivHuix opobeti
1_ J.X;de
X(x—23)
2
LS T
(x=1)°(x+3)
J- 8x°® —16x +1
: X
(x—2)*(x+2)?

16



IIpakTHyeckas padbora Ne 6

Buviuucnenue onpedenénnvix unmezpanoe
eab padoThI:
Ha KOHKpeTHBIX MNpHMeEpax Hay4YMTbCS BBIYMCIATHONPEACICHHBIA HHTErpall,
IpUMEHSISI TaOJMUIly U CBOMCTBA MHTETPAJIOB, HAXOAUTh OMPEACIICHHBI MHTETpall C
MTOMOILBIO 3aMEHBI IEPEMEHHBIX U METOJIOM MHTETPUPOBAHUS IO YACTSIM.
3HaHus:
1. IlonsATHE ONpEENEHHOrO UHTETPaIa, €r0 OCHOBHBIX CBOICTB.
Ymenus:
1. DBbluucienue ONpEeAeNEHHBIX HMHTETPAJIOB  METOAOM  HEIOCPEICTBEHHOIO
UHTEIPUPOBAHUS.
2. BolunciieHre HEONPENEIEHHBIX HHTErPAIOB METOIOM 3aMEHBI TIEPEMEHHON U IO
qacTsM.

TeopeTnuyeckue cBegeHus.

OrnpenenéHubiil UHTErpa BRIUUCISIETCS ¢ ToMolbio popmynsl HetoToHa-JleiiOnua:

b
[ rwax =) - @
a
IIpumep 1
1
Brlunciaure onpeaeeHHbli HHTErpal I(5x ®+4x° —5x—2)dx.

0
Penienue:

1 1 1 1 1
5 3 _ 5 34y . _
'([(Sx +4x —5x—1)dX—5_£x dx+4.£x dx 5_(|)'xdx Zldx_( 5 2 )

6 4 2
(51, 41 51 ) g__,1
6 4 2 3

IIpumep 2

5x®  4x* 5x? J
+ — —2X

Brruucnure ornpeesieHHbIN HHTETpall

BN ———w|y
()]
S5 | o
N X
>

Pemenmue:
3 dx z r r V3 1-4/3
=—ctgx|2 =—(ctg——-ctg—) =——+1=——
-,[sinzx : |’j ( 93 g4) 3 3
N
IIpumep 3
¥ dx

Brruucnure ornpeneneHHbI HHTETrpall _[ 9t x?"
0

17



Penienue:

Tk Foax 1 x® 1 31 1z 1, «
[—5=]7—F=carctg-| =Zarctg~-arctg0=>-~-=. 0==—.
5 9+ X 53" +x° 3 3, 3 3 3 36 3 18
Ipumep 4

5
. 3
Boruucnure onpeneneHHbIi HHTErpal _[(4 —x) dX,
4

Pemenne:

5 Yk B\ Y
1(4_x)3dxz(4 N'["_(4-9' @4-49'_ 1., 1
4 -4 ‘4 -4 -4 4

Memoo unmezpuposanust no 4acmsim.
Metoa uHTErpupOBaHUs M0 YaCTSAM pElIaeT OY€Hb BaXKHYIO 3aJ1a4y, OH MO3BOJISIET

HHTETPUPOBATH HEKOTOPBIE (PYHKIIMH, OTCYTCTBYIOIINE B
Talnuie, Npou3BeeHePYHKIIUM, a B psJie CIy4aeB — U YaCTHOE.

JIaHHBIN METOJ MO3BOJISICT CBECTH MCXOJHBIN OIpEeJICHHBIH HHTErpal K Ooiee
MPOCTOMY BHUAY JIMOO K TaOJWYHOMY HHTErpaixy. DTOT METOj HaumboJiee YacTo
NPUMEHSETCS, €CIM TOJBIHTErpaibHass (YHKIUS COICPKUT JIoTapruPMHUIECKHE,
MoKa3aTesbHbIC, 00paTHBIC TPUTOHOMETPHUYECKHES, TPUTOHOMETPHUYECKHE (YHKIIUH, a
TaK)Ke MX KOMOUHAITHH.

Ecimn dynkmum U= U(X) 1 V = V(X) IMCIOT HEPEPHIBHBIC MPOM3BOIHBIC HA OTPE3KE
[a;b], TO umeeT MecTo popmysia HHTErPUPOBAHHUS IO YACTSIM:

b b
Judv =uv|? - jvdu
a a

CaMoe CJI0)KHOE, YTO €CTh B 9TOM METOJIE — ATO NPABUIBLHO ONPENEIUTh, KAKYIO
4acTh NMOJBIHTErPATLHOTO BRIPAXKEHUs OpaTh 3a U, a Kakylo 3a dv

PaccMOTpUM CTaHJapTHBIE CIyYaH.

e Jlns  wmrerpanmoB  Buma | P(x)e®dx, [P(x)sin(ax)dx  wm
[ P(x) cos(ax) dx, rne Py(X) - MHOTOUNEH, a— 9ncno. Yno6Ho npunsTth U=P(X), a 3a
dv 0603HaYNTH BCE OCTATBHBIE COMHOXKHUTEH.

e MUnrerpaner Buma [P(x)Inxdx, [P(x)arcsinxdx, [P(x)arccosx dx,
[P(x)arctgx dx, [P(x)arcctgx dx. Ynobno mpuuste P(X)= dv, a 3a UBce
OCTaJIbHbIE COMHOKUTEIH.

e Uurerpansl Buma [ sinbx-e®dx, [cosbx-e®™dx, rne a u b uucna. 3a u
MOKHO MPUHATH QyHKIHIO U = ™,

Ilpumep 5. Boravcnuts | 12 xe* dx

Pemmenue.
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2

jxex dx =

1
=2e?—e— e¥|3 =2e’— e— e?+ e= e

2
u=x = du=dx x12 fx
= xe — | e*dx =
e*dx =dv =>v = e* ¥

1

Ipumep 6.Boruuciuts | 0” xsinx dx

Penienue.
T 2
) u=x =du=dx
xsinx dx = | _ = —xcosx|g + | cosx dx =
sinxdx =dv > v = —cosx
0 1

—m-(—=1)+ 0+ sinx|§ =m.
Hnmezpuposanue 3amenoli nepemerHol (no0CmaHo8Kol).

b .
[lycts pansa wuHTErpana fa f(x)dx ot wHenpepblBHOW (YHKIIMK ClElIaHa

nojictaHoBKa X = @(t).
Ecin: 1) dyskuus X = ¢(t) u ee mpoussoaHast X' = ¢/ (t)nenpepsisubt mpu te[a;pl;
2) MHOKeCTBOM 3HaueHHH QyHKIMU X = @(t) npu te[a,; ] saBasercs otpes3ok [a;b]

3) ¢(a) = auep(p) =b, o
b B
[ reodx = [ (o) - o/ @dt = Flp@I1E = Flo)] - Flp@)] = Fb) - F(@

OtmeruM, uto: 1) [Ipu BeUMCIEHUU ONPENETIEHHOTO UHTETpaia METOI0M 3aMEHbI
MepEeMEHHOM BO3BpaIaThCs K CTApOil IepeMEHHOM He TpedyeTcs;

2) 4acTO BMECTO MOJACTAaHOBKHU X = () mpuMeHSIOT moAcTaHoBKY t = g(X);

3) He crnemyeT 3a0bIBaTh MEHSATH TMpENeiabl HMHTETPUPOBAHMUS TIPH 3aMEHE
MIePEMEHHBIX.

Aneopumm 8b14UCTIEHUAONPEOEIEHHO20 UHMEZPAa MeMOOOM NOOCMAHOBKU.

1. OnpenensroT, K KAaKOMYy TaOJTMYHOMY MHTErpally MPUBOJIUTCS TaHHBIN HHTErpa

(npenBapuTeIbLHO MPEe0OPa30BaB MOIBIHTETPATBLHOE BHIPAKEHHUE, €CITU HYKHO).

2. Ompenensitor, KaKyl 4YacTh MOABIHTETPAIbHON (DYHKIIMM 3aMEHHTh HOBOM

NEPEMEHHOM, 1 3aIIUCHIBAIOT 3Ty 3aMEHY.

3. Haxomsar nuddepennmans odenx dacted 3amucu U BeipaxaroT auddepeniman

CTapoil mepeMeHHOM (MM BBIpaKEHHE, cojepikaiiee 3ToT auddepeHiuan) yepes

muddepeHnran HoOBOM MePEeMEHHOM.

4. Haxozat HOBBIE Mpe/IeTbl HHTETPUPOBAHMUS.

5. IIpon3BoAsT 3aMeHy MOJ1 UHTETPATIOM.

6. Haxonat momy4eHHbIM HHTETPAJL.

Ilpumep 7.Boraucaurts [ 45 xVx2 — 16 dx
dt

Pemenmue. 3amena: t = X° -16; dt= 2x dx; dx= P
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HaiinéM HOBBIE Ipeensl nHTerpupoBanmst. Lpu X= 4, o= t(4) = 4% -16 =0; x= 5,
B=t(5) = 5° -16 =9.
[Tomyuaem:

3
5 61 1,6 1 1t2
J, xVx? =16 dx = foEﬁdtzgfotz dt=5?

4 xdx
Ipumep 8.Boruncnuth fo Norrs vl

Pewenne. 3amena: t =v2x + 1+ 1,.
_ 2
t-1=vZx + 1, 2x+1=(t—172 x = &&= 1; s = 2 dx= (-1t
Haiiném HoBBIC ipeneibl uaterpupoBanus. [Ipu x= 0, a= t(0) = 2; x= 4, p=t(4)=4.

[Tomygaewm:
4

x dx f(tz_Zt) (t—l)
J V2x+1+ 1

—1ft2 3t+2dt—1t3 3t2+2t 4—
_2( ) —2\3 2 2_

2

4
1
=§2f(t—2)(t—1)dt=

=;(F-24+48)—3(5-6+4)=]
3aiaHus I NIPAKTHYECKO padoThI.

Bapuanr 1.

1. -[( ZXhX 0). j(l x)*dx  B). i(4x3 —3x2)jx

2. Tpu momouw (pOpMyITEI MHTETPHPOBAHHMS TI0 YACTSAM BBIMUCINTE HHTETPAIIBL
5 e

a) J7 xcos4x dx; 6) [, xIn(1 + x)dx
4

3. BeruncanTe wHTETpaNbl C MTOMOIILIO0 3aMEHBI TIEPEMEHHOM:

1 d 2
a) f_w’s‘f_’;x; 6) J; 3x(1 —x)"dx

Bapuanr 2.

1.a)..lf(x2—x)1x 0). j(7—5x)dx B). j.(l—Zx)“dx.

2. ITpu nomotu GopMysIbl HHTETPUPOBAHUS IO YACTSIM BBIUYMCIUTE UHTETPAIIBI:
3 T
—X . 3,24
a) [, (x — 3)e *dx; 6)% x%sinx dx
3. Beruncinte UHTErpalibl C TOMOIIIBIO 3aMEHbI IEPEMEHHOM
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9 d 3
a) [ v%; 6) [, x(3 — x)7dx

IIpakTnuyeckas padora Ne 7
Ilpumenenue onpedenénnozo unmezpana 014 6bI4UCAEHUA NIIOUWLAOCH NIAOCKUX
dueyp
eab padoThI:
1. HayuuThbcst BEIUMCISTH ONPEICTIEHHBIC UHTETPATIBI.
2. I103HaKOMHTBHCSI ¢ TOHSITHEM KPUBOJIMHEHHON Tparneunuu
3. Ha KOHKpeTHBIX MpuMepax HAyIUThCSI HAXOUTh TJIOMAAb KPUBOJIMHEHHON
Tparneuuu
3HaHus:
1. TlonsiTue onpene€HHOro UHTErpaa.
2. CBoiicTBa ONPEACIEHHOTO UHTErpaa.
3. OCHOBHBIE METO/IbI BBIYUCIICHUS ONPEICIEHHBIX HHTETPAIOB.
4. TloHATHE KPUBOJUHENHOM Tpaneuuu
5. MeTo1bl BEIYUCIIEHUS TIOMIAAN KPUBOJIUHEUHON Tpareuu
Ymenus:
1. Berurcienue onpenei€HHbIX HHTErPaJIOB.
2. Bolumncienue mionaaM KpUBOJIUHEHHON Tpanenuu
Conep:xanue padoTbl:
KpuBonuneitno#t tpanenueii (puc. 1) Ha3pIBalOT PUTYpY, KOTOpasi OTpaHUYECHA:

A
Y y=y(x)
CBEPXY - rpa)uKOM HEIPEPHIBHOM
byrKimn y=y(x)
camn3y — ocbro OX (y=0)
> X clieBa — PSIMOM X=a
a b crpaBa — IpsAMOX=hb
Puc.1

['eomeTpudecknii CMBICI ONIPEAEIEHHOTO UHTETPaNa B TOM, UTO €r0 3HaAYEHNUE PABHO
IJIOLIAI COOTBETCTBYIOILIEH KPUBOJIMHEWHON TpaIleLiuu:

b
S = [ y(x)dx L)

PaccMmoTpum paznuuHbie METO/BI BBIYUCIICHUS TUTOIIAICH MITOCKUX GUTyp.

IMpumep 1. Berarcnuth miomaas miockoi GUrypsl, OrpaHUIYeHHON JTHHUSMU:

y =x*-2x+2 ,X=-1, X=2 u ocsro OX,

Pemenue: nannas ¢urypa (puc. 2) npeacraBisieT co00il KpUBOJIUHEWHYIO Tpaneuuto,
oATOMY €€ oA s Beruucisercs mo gpopmyse (1).
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Y
A
y=x"—2x+2
2 X3 2 )
S= I(xz —2X+2)dx = — —xz‘ +2X°, =
] 3 4 -
3 3
(2 -2 )-
3 3
> =3-3+6=6.
-1 2 X
Puc. 2
OtBer: 6 KB.€1.

[Mycts y=f(X) — HenpepwiBHAS (yHKIMS TpH Xe [, b], rpaduk KoTOpo# pacnonoxeH
ke ocu OX (puc. 3). 3HaueHue onpeaeIEHHOro UHTerpaia 0y/1IeT OTpULIATEIbHBIM,
MO3TOMY JIJIs pacuéra rromaay 6epém 3HaueHne HHTETpalia o MOJIYIIIO.

Y A .
a b S =] f(x)dx
R/
y=f(x)
Puc. 3

IMpumep 2. BorauciuTh MI01aab MI0CKo (GUrypsl, OrpaHUYeHHON TpadrKom
byHkIMU y = x* —5x+6 1 ocsio OX.

Pemenue: nannas ¢urypa (puc. 4) pacnonoxena Himke ocu OX, To3TOMy IpUMEHUM
hopmyiy (2).

3 33 3
vy , S:I(x2—5x+6)dx=x— _X7 +6x|z =
A y=x —-5x+6 5 ) 2 )
3 3 2 2
\_/ [55HE 5 7 ese
\<//3 'X 19 25 38-75+36 1] 1
3 2 6 ‘ ‘ 6‘
Puc. 4 Ortser: 1/6 kB.€ex.

IIpumep 3. Boraucnutk miomas miockoi (purypsl, orpaHUdeHHON TpadukaMu
byHKIHN y = X* +11 y=—X+3.
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Pemenue: nannas durypa (puc. 5)npencrasisieT coO0H pa3HOCTh KPUBOJIHMHEHHBIX

Tpaneuun

AGcuucchl TOYEK MepeceyeHus] HaXOAuM 10 YepTexy: X1=-2 u Xp=1.

1 1
S = I(— X + 3)dx — J‘(x2 + 1)dx . MoxHO 3amucaTh O OUH UHTETPA:

-2 -2

A

2 2

Y
y=x"+1 1 1
S= I(—x+3—(x2 +1))dx: I(Z—x—xz)dx:
-2 -2
i 2| 3|t 2
e I R R
| ) -2
i , y=-X+3 3 3
! i _Ll__ﬂjza_(_gj_3:4i
: > 3 3 2 2
2 ! X
Pue. > OtBeT: 4,5 KB.€/I.

ﬂj_

IIpumep 4. Berunciuth Miomaas miockou (pUurypsl, orpaHM4eHHON TpadukaMu

byHKIHN y = X* +11 y=—X+3, U KOOPJJUHATHBIMU OCSIMHU.

Pemenue: nannas durypa (puc. 6) npeacTaBisieT co00i CcyMMy KPUBOJIMHEHHBIX

1 3
Tpanenuit S=S1+S,, rae S, = _[ (x2 +1)dXH S, = .f (- x+3)dx . [Toryunm popmyty:

0

1

A 1 31 ’
1 X
e S = _([(x +1)dx+j X + 3)dx ?O+X|o_?
+3x|f=
3 03 2 18

— :[15_0_J (1-0)- (3__1_j +(3-3-3-1)

> 1 1

. 1 3 X :§+1—4+6:3§

Puc. 6 OtBer: 3%KB.€)1-

3

1

—+

3ajanus 11 NPAKTUYECKOM PadoThbI:
3aoanue 1 Boiuucaiumo onpedenénHvle UHmMe2pabl.

Bapuanr 1 Bapuant 2

Bapuant 3

4
J —— dx
1

f(Zx — 1)(3x + 5)dx

f Vx(x + 1)dx
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1 T

P z

L IX
fo sin xdx fx 2% dx fo cos xdx
0 0

1

fx(x2 —3)°dx

0

cos x * sin’xdx

j x%dx
ERACAREY

C i3

3aoanue 2 Boruucaums niowaou uyp

Bapuanr 1
LY A Y
y=x _ 2
4l y=4x-X
J 5
ol 1 4\ [y
Bapuant 2
LY ,
y=-x+5
|
! l .
yx3 20| 1
BapuanTt 3
AY .
y=x-4 y=xfx
2% 0 2 % %
y=-x2+3x
4

IIpakTnueckas padora Ne 8
Boinonnenue onepayuii Had mampuyamu
eab padoThI:
Ha KOHKpeTHBIX MpuMepax HAYYUThCS BBIIOJIHATH ONEpaliy Hajl MATPULIAMHU.
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3HaHuqg:

1. Onpenenenuss MaTpUIbl U ONIEPALIMI HAJl MATPUIIAMU.
YmMmenus:

1. CnoxxeHue, BBIYMUTAHHUE, TPAHCIIOHUPOBAHUE U YMHOXKEHUE MATPHII.
Conep:xxanue padoThI:

TeopeTquCKHe CBCIACHHUA K HpaKTI/I‘IeCKOﬁ paﬁoTe

Matpuuneii pa3mepoM nxM  Ha3bIBaeTCA NPSIMOYroyibHas — TabiuIa,
COCTABICHHAs M3 N M 4YUCE] U UMEIM@As n CTpok M m crtonbuoB. Yucima o,
COCTABJIAIOLIME MATPUILy, HA3bIBAKOTCS DJIEMEHTAMU MAaTPUIIBI

Ay Qp . Ay,

Ay Ay - Oy,
A=(og)=

aml amz amn

t o
ManI/II_[y A" Ha3BIBAIOT MpPpAHCRORUPOBAHHOUIIO OTHOIICHHUIO K MATpHUIC A,

CCJIM OHa IOJy4YeHa M3 MaTPHIBl A 3aMEHOM CTPOK 3TOH MaTpHIIBI €€ CTOJIOIAaMH, H,
Ha00O0pOT, CTOJIOIIOB CTPOKAMH.

all a21 v aml
AT |32 32 - m2 _( )
B VU xm
8 A &mn

Mpumep, A=+ © 7 A (l) 23
p p’ - 2 _3 4 y B - .
-1 4
KBajspaTHas MaTpulla Ha3bIBAETCA TPEYroJbLHOM, €CIM BCE €€ DIEMEHTEHI,
pa3MelIeHHbIe Hajl [IABHOM IUaroHanbko (1o Hell), paBHbI HYJIIO, T.€.

81 8 a3

A =| 0 ay ay | - BEPXHAA mpey2oibHAA Mampuyda,
0 0 ag
a, 0 O

Ay=|ay, a, O | — HUICHSSL MpeyeonbHAsi Mampuyd.
dz; az ag

Matpuiia, Bce DJJIEMEHTHI KOTOPOW paBHBI HYJIIO, HAa3bIBACTCS HYVIEB0U
Mampuye.
by
Martpura-crpoka A=(ay,a,.....a,), MATPUIA-CTOJIOCI] B = bZl

ml

Onepanum HAX MATPUIIAMH.

25



1) ITycts MaTpuiibl A, . U B, ,0AUHAKOBOU pazMepHOocTU. CyMMON MaTpull A u
B Haszvleaemcs mampuya C,,, TOH XK€ Pa3MEPHOCTH, Ka)XIbli AJIEMEHT KOTOpPOU
PaBEH CYMME COOTBETCTBYIOIIMX 3JIEMEHTOB MAaTPULIBI A U B .

c; =a; +by WA BCEX i U j.

2) Pasnocmwvio mampuy A, UB,, OIWHAKOBOH Pa3MEPHOCTH HA3blEAEHICS
mampuya C,,, TOW kK€ Pa3MEPHOCTH, KAXKJbIA AJIEMEHT KOTOPOW paMEH Pa3HOCTH
COOTBETCTBYIOIINX 3JIEMEHTOB MaTPULbI A U B.

c; =a; —b; WA BCEX i Hj.

3) Ilpoussedenuem mampuy A HA 4UCIO A HA3bIEACMC MAMpuyac , Kaxmabli
SIIEMEHT KOTOPOH PaABEH ¢; = Aa;.

4) Matpuily A MOXXHO YMHOXHTH Ha MaTpully B (A.B=C) JIUIIb B TO CIIy4ae,
KOT/Ia YMCJIO CTOJOIOB IEPBOM MATPHUIBI A, PAaBHO YMCIO CTPOK BTOPOH MaTPHIIBI

Boas T-€. Anp-Bog=Cupq- 1IpM 3TOM KaXKIbI 3JIEMEHT MATPHUILIBI-IIPOU3BEAECHUSA C

OIIPCACIIACTCA TaK:

by

b, -
Cij :(ail ajp ... ain)' 2!

:ai1b1j+ai2b2j +...+ainbnj ’ HH’I BCCX | 51 J .
by
T.e., oIEMEHT ¢; paBeH CyMME IIPOU3BEACHHI DJIEMEHTOB i -ii CTPOKH MAaTPHIIBI

A Ha COOTBCTCTBYIOIIUEC 3JICMCHTHI j -TO CTOJ'I6I_[a MaTpHUlIEI B .

Haiitu mpousBeneHnue MaTpUIlbI-CTPOKH M MaTPHUIIBI-CTOJIOIIA:
IIpumep 1.
1 —3)-@:5-2+(—3)-4=10—12:—2 ,

4
2)@ -1 3)| 3 |=1-4+(~1)-3+3:(-2)=4-3-6=-5,

0
3
4)(-2 0 5 1) _04 =(~2)-3+0-(-4)+5-0+1-5=—6+5=-1,
5
0
2
5)(7 -1 0 2 -3)| 8 [=7-0+(-1)-2+0-8+2-(-4)+ (-3)-(-2)=—2-8+6=—4.
~4
-2
Ipumep 2
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Jlns 3amaHHBIX MaTpull A,B, C HAWTH MaTpuubl 3A+2B, C', AB, BA, C'B
AB+E, BA-4C.

2 3 -4 1 0 3 1 -1 0
A=l-1 -1 3|,B=|3 -1 1|,N=[3 -1 2
1 -2 5 1 20 -2 0 -3
Pewenue
2 3 -4 1 0 3) (6 9 -12
1.1) 3A+2B=3{-1 -1 3 [+2:|3 -1 1|=[-3 -3 9 |+
1 -2 5 1 2 0/ |3 -6 15

2 0 6 6+2 9+0 -12+6) (8 9 -6
+/6 -2 2|=|-3+6 -3-2 9+2 |=[3 -5 11|,
2 4 0 3+2 -6+4 15+0 5 -2 15
1 -1 0 1 3 -2
1.2)Cc"=3 -1 2| =/-1 -1 0 |;
-2 0 -3 0o 2 -3
2 3 -4)(2 3 -4
1.3) A2=A-A=|-1 -1 3 ||-1 -1 3 |=
1 -2 5)(1 -2 5
2:243-(-1)+(-4)-1  2:3+3-(-1)+(-4)-(-2) 2-(-4)+3-3+(-4):5

S (26D (031 (D3C0(063-(2) (D(-4)+(13:35-

+ 2
1:2+4(-2)-(-2)+51  1-3+(-2)-(-1)+5-(-2)  1-(-4)+(-2)-3+55

T

4-3-4 6-3+8 -8+9-20) (-3 11 -19
-2+1+3 -3+41-6 4-3+415 |=| 2 -8 16 |,
2+2+5 3+2-10 -4-6+25 9 -5 15
2 ~4) (1
1.4) AB=|-1 -1 3|3 -1 1|=
1 -2 5)l1 2 0
2:1+3-3+(-4)1  2.0+3-(-1)+(-4)-2  2-3+3-1+(-4)-0

=| (-1)-1+(-1)-3+3-1 (-1)-0 ( )( )+32 (-1)-3+(-1)-2+3.0 | =
1-1+(-2)-3+5-1  1.0+(- 1)+5-2  1.3+(- )1+5-o
2+9-4 -3-8 6+3
=|-1-3+3 146 -3- 41;
1-6+5 2+10 3-2
1 0 3\/(2 3 -4
15) B-A=|3 -1 1]|-1 -1 3 |=
1 2 0)l1 -2 5
1-2+0-(-1)+3-1  1.3+0:(-1)+3-(-2)  1:(-4)+0-3+3:5
=3-2+(-1)-(-1)+1-1 3-3+(-1)-(-1)+2-(-2) 3-(-4)+(-1)-3+1-5|=
1.2+42-(-1)+01  1.3+2:(-1)+0-(-2)  1-(-4)+2-3+0-5

2+3 3-6 -4+15 5 -3 11
=|6+1+1 9+1-2 -12-3+5|=|/8 8 -10/{.
2-2 3-2 -4+6 0 1 2

[TonuepkHeM emie pas, YTo AB = BA.
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1 3 -2y(1 0 3
16) C"-B=|-1 -1 0 [|3 -1 1]|=
0 2 -3){1 2 0
1-1+3-3+(-2)1  1.0+3-(-1)+(-2)-2  1-3+3-1+(-2)-0
= (-1)-1+(-1)-3+0-1 (-1)-0+(-1)-(-1)+0-2 (~1)-3+(~1)-2+0-0 |=
0-1+2-3-3-1 0-0+2-(-1)-3-2 0-3+2:1-3-0
1+49-2 —3-4 343 8 -7 6
=| -1-3 1 -3-1|=|-4 1 -4/,
6-3 -2-6 2 3 -8 2

3ajanus Qi NPAKTUYECKOM PadoThI.

3aoanue 1. J1;1s1 matpuil A,B, C BBIYUCIUTH:
1)3a"-4B,  2)2B" +5A,  3) AB+5E,
4) ac+2BT,5)cB-2AT,  6) (CT)2—4E , €CIIH

ac[2 P g 51? c_zl(l)lz
-3 0 2)7 7|, t -
2 -3 1 2 0

3aodanue 2. ]Iy matpuil A,B, C BBIYUCIIUTH:

1)sA-2B+3C, 2)2AT —3CT +BT,
3)AB-BA, 4)A%-B?, eciiu
2 3 4 1 -4 3 0 -2 2
A=|-2 0 -1|,B=|-1 0 1]|,C=|1 -5 5
1 0 5 0 1 -2 3 1 -1

3aoanue 3.HaiiTu mpou3BeICHUE MATPHUII;

1) 1 zj.[—z 4} 2)(2 —1).(1 1];
-3 4)(3 1 1 12 1
1 3)(9 6). > 422 sy
3, 6)(—3 2)’ 4)[2 5}'[3 4}’
31
2 -1 3)(1 3 1 -1
54 2 o||2]; 6)@ 2 -3)-/4 -1 3/;
-1 1 1) (-1 2 6 0
52 4)(5 4 4 2 -2 2)(-21 2
711 -3)|-3 -5 -4(;8)]1 1 1|2 1-2
13 0)(1 3 4 2 2 -2J|l-21 2

IIpakTHyeckas padora Ne 9
Pewenue CJIAY paznuunvimu memooamu
eab padoThI:
1. Hayuutbcs pemaTh CUCTEMBI IMHEWHBIX ypaBHEHUN MeTo10M Kpamepa.
2. HayuuTthcs pemiath CUCTEMBI JIMHEWHBIX YPaBHEHUH MAaTPUYHBIM METO/IOM.
3. HayuuTthcs pemath cucteMbl JIMHEHHBIX ypaBHEHU MeTogoM [ aycca.
3HaHus:
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1. TloHsiTHE CUCTEMBI IMHEHHBIX YPABHEHUH.
2. Marpuunsiii MmeTo1, MeToq Kpamepa u I"aycca.

YmeHus:
1. PelieHue cuCTEM JIMHEWHBIX YPAaBHEHUN MATPUYHBIM METOJOM, METOJIOM

Kpamepa u 'aycca.

Conep:xkanue padorbl:
CucteMoil W3 TpEX JIMHEWHBIX YPaBHEHUN C TPEMs HEU3BECTHBIMU HA3bIBACTCS

A Xy tapX, +a;X; = b1

CUCTEMa BHJIA: { 8, X, +2,,X, + 85X, =h, (1)

Ay Xy FAxp X, +AgXg = b3

1. ®opmynsl Kpamepa 1uist penieHust CUCTEMBI JIMHEWHBIX YPABHEHUM:

A A, Aq
X == 27 T 3=
A A A
ay ap b, a, aj ay, b, a; anp 4y
Toe A=jay, a, ax|,A=b, a, ay/A,=@a, b, ay/A;=la, ay,
dy A4z A b, a; ag ay by ay dy Aay
2x+3y+z=1
Ipumep: Pemmmuts cuctemy {x+y+z=0 wMerogom Kpamepa
Xx—y=1

Brrunciisiem onpenenuTeny CUCTEMBI:
2 3 1 |2 3 1

A=l 1 1=}-1 -2 0:1-(—1)“3-_11 _i‘:1+2:3¢o,
1 -10 [1 -10
1 3 1 1 3 1
=0 1 =0 1 1|=1-(-p**. ! JJ=—1+4=3,
1 -10 o -4 - o
2 11 |2 1 1
=1 0 1=[-1 -1 0=1-(—1)1+3-_11 _11‘=—1+1=0,
110 |1 1 0
2 3 1 |2 3 1
=1 1 o=l1 1 0=1-(-n*3. ! 1‘:—4+1=—3.
1 -11 -1 -1 0 -1

YToOBI TOJIYYHTHh OMPEASTUTENb A;, MBI 3aMEHWJIN B OMpEACIuTeNie A IepBbIi

cToNOeI] Ha cToj0el W3 CBOOOJHBIX UICHOB; 3aMEHsI B ompenenutene A 2-oi

cTOJI0e1 Ha CTOJIOEI] U3 CBOOOAHBIX WICHOB, MOJIydaeM A, ; aHAJIOTUYHBIM 00pa3oM,

3aMmeHsisi B ompenenutene A 3-uil cTonberm Ha CTOJIOEI] W3 CBOOOJHBIX YJICHOB,
noinydaeMm A,. Pemenne cuctemsl:
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Omeem: (1; 0; -1)
2. 3anuiieM cucremy () B MaTpudHOM BHIE AX = B, TOr[a PEIICHHE UIIEM B
BUJie: X = A 'B (TIpM yCIOBUH, YTO MAaTpHIa A- HEBBIPOXKIEHHAs, T.€. |A#0).

2x+3y+z=1
Ipumep:Pemuts cucteMy<x+y+z=0 ¢ IIOMOIIBIO OOPATHON MaTPHUIIbI
Xx-y=1
2 3 1 X 1
O6o3Haumm A={1 1 1|X=|y|B=|0
1 -1 0 Z 1
2 3 1
|A|:1 1 1/=0+3-1-1-04+2=3%0
1 -1 0
Haiigem maTpumy A4
1 -1 3 3 1
A — _1 1+1. :l A — _1 2+1_ :_1 A — _1 3+l. :2
11 ( ) 1 O‘ ) 21 ( ) _1 O ’ 31 ( ) 1 1 )
11 2 1 2 1
A — _1 1+2. :1 A — _l 2+2' :_1 A — _1 2+3_ _l
12 ( ) 1 O‘ ) 22 ( ) 1 O ’ 23 ( ) 1 1 y
1 1 2 1 2 1
A — _1 1+3_ :_2 A — _1 3+2. :5 A — _1 3+3_ __1
13 ( ) 1 _1‘ ) 23 ( ) 3 _1 ’ 33 ( ) 3 1 ]
. 1 -1 2 X . 1 -1 2 1 1 3 1
A‘1:§1 -1 —1,TOF2:[ay:§1 -1 —1-0:50:
-2 5 -1 Z -2 5 -1)({1 -3 -1

Omeem: (1, 0; -1)
[Ipoiecc permieHuss CUCTEMBI JMHEHHBIX aIreOpandyeckuX YpPaBHEHUM TIO
MeToay ['aycca cocTOUT U3 IBYX 3TaIlOB.
Ilepsbiii sman (MpAMON XO4 METOJIa) — CUCTEMA MPUBOJUTCS K TPEYTOJIBHOMY

BUTY.
Bmopoti  sman  (oOpaTHBIM  X0J) —  HEU3BECTHBIC  OMPEICISIOTCS
MTOCJIeA0OBATEILHO, HAUMHAS ¢ TTOCICAHETO HEM3BECTHOTO M 3aKaHYHBAs TISPBHIM.
2x—-4y+3z =1,
Hpumep: Pemmts cucreMy: <3x—y+5z =2,
X—2y+4z=3.
Pewenue:
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1. BeinuieM paciiMpeHHy0 MaTpUIly CUCTEMBI U IPUBEAEM €€ K TPEYTOJIbHOMY
BULY:

2 -4 311) (1 -2 43 \x(-2) x(=3) (1 -2 4,3 1-2 4 3
3-151]2 |~|2 -4 3|1 ~0 0 -5|-5|~[0] 5 -7-7
1-2413)(3-15]|2) 05-7]-7 0 0 11

[OJlydYeHHasl pPAcCIIMpEeHHas MaTpulla HMMEET paHr paBHbI TpeM r(ﬂ): 3, panr
MaTpHIBI CHUCTEMBI Takxke paBeH TpeM, [(A)=3 H YUCIO HEU3BECTHHIX N=3,
CJIEIOBATENIbHO, CUCTEMA ONIPEJICTICHHAs, T.€. UMEET €AUHCTBEHHOE PELLCHUE.

2. 3anuchiBaeM YpaBHEHHE, HCIOJB3Yys MOCIEAHION CTPOKY NPUBEAEHHON
Marpuibl:  Z=1.
W3 BTOpOI# CcTpOKU: SY-7Z = -7, T.K. Z=1, mo y= 0.3 TpeTheil cTpoku: X- 2y +47=3,
T.k.Z=1 y =0, Tox = 1.

Omeem: (-1,0,1)

X, +3X, —4x, —4x, =-10
Hpumep:Pemuts cucremy: 2X, — X, = X3 — X, =1
3X, =X, = X3 —3X, =2

1. BeimumieM pacimpeHHY0 MAaTPUILy CUCTEMBI U IPUBEIEM €€ K TPEYTOJIbHOMY

BULY:
] 3 —4 —4 =10 x(-2)7 x(-3) 1 3 —4 —=4(-10

4=|2 -1 -1 -1| 1 -J+ \~ 0 -7 7 7| 21|xt
3 -1 -1 -3 2 0 -10 11 9| 3

| 1 1 3
0 =10 11 01 32

7
®(-10) 0 -1 51 1
4+ . _" /‘\ l
(] () f -
-J i _ 1\ K

MOJYYEHHAsl pacCIIMpPEHHas MAaTpulla WMEET pPaHr pPaBHbIA Tpem r(ﬂ)=3, paHr
MaTpHUIBl CUCTEMBbI Takke paBeH TpeM, (A)=3. [oCKOIbKY paHT pacCMOTPEHHBIX
MaTpHIl paBeH 3, a YUCIO HEU3BECTHBIX MEPEMEHHBIX 4, T. €. 1=3< n= 4, TO JeJlaeM
BBIBOJI O HEOIPEEIECHHOCTH TaHHOW CHUCTEMbI JIMHEWMHBIX YpaBHEHUH (T.€. cUCTEMa
MMeeT OECKOHEYHOE MHOYKECTBO PEIICHUH ).

bazucHpiMM  TIepeMEHHBIMH  OYyAYT X, ,X,,X, (COOTBETCTBYIOIIIUE OITUM
MEepEeMEHHBIM  KOA((UIIMEHTHl HAXOMATCS B YrOJKax CTYMEHEK TPEyroJbHOU
MaTpHIlbl), a IEpeMeHHas x, Oyaet ceodoanou. [lycts x, = C, Torma

Y3 TPETHEU CTPOKU MPUBEIAEHHON MATPULBL: X; — X, =2 = X, —C=2=X, =2+C

(]

Y3 BTOPOU CTPOKHU: — X, + X3 + X, =3=>-X, +2+C+C=3=x,=2C-1

U3 MIEPBOM CTPOKH: X, + 3X, — 4X, — 4x, =—10=>x, +3(2C -1)-4(2+ C)-4C =-10
X, +6C —3-8—4C—-4C=-10= X, =2C +1

OtBer: (2C+1; 2C-1; C+2; C), CeR
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3ajganus Ui NPAKTHYECKOH padoThI.

Pemute cucTemMbl JMHEHHBIX YpPABHEHUM

Kpamepa:
3%, —2X, +5%, =7
1) {7x +4x,-8%x,=3
S5x —3X, —4x, =-12
3%, —4xX, +5%, =18
2) {2x +4x,—3%, =26
X, —6X, +8%, =0
X, +X,+X =6
3) {2% +X,— X%, =1
3% =X, + X, =4
X, +2X, +3%, =8
4) <4x +5x, +6%, =19
7% +8X, =1
3%, +2X, + X, =8
5) {2x +3%,+X%,=-3
2X + X, +3%, =-1

Pemmnth cuctemsl meTogom ['aycca:

X, +3x, +4x; +5x, =3,

1 4 5x,+2x,—5x,—3x,=-1, 5 1
Tx,=5x,4+3x,+x,=4.
X, —Xx,+3x,—2x, =4,

2 < 2x,+x,—x,+3x, =5, 6 1
4x,+3x, —2x,—x, =2
X, +2x,—2x,-2x,=0,

34 2x,—3x,+x,—-5x,=3, 73
3x, —x,—x,—4x,=3.
X —Xx,+x,—x,=1,

49 2x, +x,+3x, =4, 8 4
3x, +2x, +4x,—x, =3.

a) MaTPUYHBIM METOJOM; 0) METOJa0M

X +2X, +3%x, =4
6) <2x +6x,+4x,=-6
3x, +10x, +8x, =8
=3X%, +4X, + X, =17
7) 12X +%, —% =0

—2X +3X, +5%, =8

X, +2X, —3X, =—3
—2X, +6X, +9%, =-11
—4X, —3X, +8X%;, =2

8)

3% +X, =X, =10

9) <-3x +3x,+2x,=8

OX +2X, +8%x, =-1

2% +3X,+ 2%, =9
10) | x +2x,—3x, =14
3%, +4X, + %, =16

X, +3x, —x; +2x, =5,
s —2x,=-7,
2x,—2x, +4x, -3x,=-9.

X, +x,—3x .

X, +2x,—3x,+2x,=2,
2%, —3x, +2x, - 3x,=-5,

4x, —x, —4x,+x,=-1.

X, +2x,—x,+3x, =35,
3x, —4x, +3x, +2x, =2,

2x, +x,—2x,+4x, =4,

X, —2x,+5x,—3x, =0,
2%, —2x, 4+ 2x, +2x, =5,
S5x,—8x,+17x,—19x, =35.
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IIpakTnyeckas padora Ne 10

Buvinoanenue onepayuii Ha0 KOMNIEKCHbIMU YUCTIAMU 8 DA3TUYHBIX (hopmax.

eab padoThI:

HayuuTbcst  BBIOJNIHATH ~ Omlepanid  HaJ  KOMIUICEKCHBIMM  4YHCJIaMH B
anredpanveckor U TPUTOHOMETpUYECKOM popmax.

3HaHug.

1. IToHsATHE KOMIIJIEKCHOI'O YMCJIA.

Ymenusn:

1. BeimosiHeHWe omepanuii HajJ KOMIUIEKCHBIMU YHCJIaMU B ajreOpandyeckod u
TPUTOHOMETPHYECKOH (hopMax.

2. Pemenre kBaJipaTHBIX YPaBHEHUH C OTPUILIATEIIHHBIM TUCKPUMHUHAHTOM.

Copnep:xkanue padorbl:

Yucno Buga z = a + ifS, re a, - NeWCTBUTENIBHBIC YKCIa, ail- MHUMAas €IUHUIIA,
onpesienseMas PABEHCTBOM: (2 = —1, Ha3bIBAaeTCAd KOMNIEKCHbIM YUCTIOM. Q-
JEHCTBUTEbHAS YacTh KOMIUIEKCHOTO YHWCJa, [3- MHHUMAas YacTh KOMIUIEKCHOTO
Yyucia.

MoyiieM KOMIUIEKCHOTO uucia z = a + if8 :|z| = /a? + B?

Uucna z = a + iff u z = a — i} Ha3BIBAIOTCS CONPSNCEHHBIMUL.

Jist  Toro, 4YTOOBI croJcums unu  8blecmb JBA KOMIUIEKCHBIX YHCIAa B
anrebpanueckoil (popmMe HYKHO COOTBETCTBEHHO CIIONKHUTh WJIM BBIYECTh HX
NEeUCTBUTEIbHBIE U MHUMBIC YaCTH.

Ipumep: Haiitu cymmy u pasHocts uncen: zq =1 —2i z, =3 +1i

z1+2,=(1-2i)+ B+i)=A4+3)+(2+D)i=4—-1i
z1—2,=(1-2i)— B+i)=1-3)+(-2-1)i=-2-3i

Jl1st TOro, 4TOOBI YMHOMCUMB IBA KOMILJIEKCHBIX YUCia B aire0pandyeckoit popme
HYHO IIEPEMHOKHTh UX KAK MHOTOUIEHBI U y4€CTh IIPH 3TOM, 4TO i2 = —1,

IIpumep: Haiitu npousBenenue uncen: z; = 1—2i z, =3 +1i

Z1° 2, =(1-2i) - 3+i)=3+i—6i—2i?=3—-5{+2=5—5i
JIJist HaXOKJIEHUSI YaCTHOTO KOMILJIEKCHBIX YUCEN Z; = Qq + i) Uz, = a, +if,

zZ
CHadaJla YHUCIUTCIb W 3HaAMCHATCJIb I[pO6I/I Z—l}IMHO)KaIOT Ha COIIPAKCHHOC
2

3HaMEHATEJII0 YUCII0Z,; = Ay — [f3,, a 3aTeM MPOU3BOISAT OCTAILHBIC ICHCTBHSL.
IIpumep:Haiitn yactHoe uncen: z; =1 —2i z, =3 +1i
z; _ 1-2i (1-2i )(3—i) _ 3-6i—-i+2i® _3-7i-2 _1-7i _ 1 7 . .
Z1 _ _ — — = =———i=0,1-0,7i

Z, 34 (3+D)(B-i)  9-i2  9+1 10 10 10
3anuch KOMILJIEKCHOTO 4YHCJa B BUJE Z = a + [b Ha3bIBaeTCs alredpandyeckou

(dhopmoli 3armrcu KOMIUIEKCHOTO yucia. Yacto ObiBaeT yao0Ha apyrast popMa 3ammcu

KOMILIeEKCHOrO uucia. Ilycts z = a + bi,r = |z| = Va? + b?u¢@ = argz. Toraa no
OIIPEIEICHUIO apI'YMEHTA HMEEM:
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a

JZ i )9
b =
JaZ 1 b2
Ortcrona nonydaercs z = a + bi = r(cos ¢ + ising)
Takast popma Ha3bIBaeTCS TPUTOHOMETPUUECKOU (POPMOI 3aMKCH KOMILIEKCHOTO
yucna. Kak BUIHO, A TOro, 4ToObl MEpEedTH OT anreOpanydeckoi (opMbl 3amucu
KOMIUIEKCHOT'O YMCJIa K TPUTOHOMETPUUECKON (hopme, Hy)KHO HalTH €ro MOAYJb U

( -
cose . {a = rcos ¢

b =rsing

RIS =R

sing = sing =

OJIMH U3 apTYMCHTOB.

Ipumep3anucars uncio z = 1 — V3is TPUTOHOMETPUUECKOH opme.

/ 2
Haiiném moayne storo umcia:|z| = (|12 + V3 =2 ApryMeHT JaHHOTO YHCia

1

cosp = -
HAaXOJHUTCS U3 CUCTEMBI 3
sing = — >y

. [
3HAYMT, OJIUH U3 apIyMEeHTOB uncia z = 1 — v/3ipaBen — 3

[Tomywyaem: z = 2 (cos (— g) + isin (— g))

YMHOXEHHE, JeJICHIE, BO3BEACHUE B HATYPAITbHYIO CTEIICHb M U3BJICUYCHHE KOPHS
13 KOMIUIEKCHBIX YHCET B TPUTOHOMETPHUECKON (DOPME OMPENEIISIOTCS CISAYIOIIHM
oOpazom:

ecmn Z; =h(coseg, +ising,), z, =r,(cosg, +ising,) . to

1) 712, =, (cos(py +¢,) +isin(ey +¢,));

z, T .
2) Z_l = r—l(cos((p1 —@y) +isin(g, —@,)), ecmn 1, £0-
2 N
ecm Z=r(cose+ising) ne N  to
3) z" =r"(cos(ng) +isin(ng)) ;
+27k . . @+27KkK

4) Q/E = Q/F(cos(p—”Jr 1sin (p—ﬂ] k=0,12,.n-1
n n '

B oTBer 3amuchIBaroTCS TJIaBHBIC 3HAYCHUS apryMEHTa IMOJYYSCHHOTO pe3yJIbTara,
3aKJIIOYCHHBIEC B TPOMexyTKe (—7; 7].

IIpumepBoIMoOMHUTE ASHCTBUS HAJ YUCIIaMU B TPUTOHOMETpUUIECKON popme:

a) Z; * Z,;0) z—l; B) Z,°, eciu z; = 3(cos75° + isin75°) u z, = 2(cos15° + isin15°)

2
a)z; * Z, = 3(cos75° + isin75°) - 2(cos15° + isin15°) =
= 6 (cos(75° + 15°) + isin(75° + 15°)) = 6(c0s90° + isin90°) = 6i
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6)21 __ 3(co0s75°+isin75°)
Z5 "~ 2(cos15°+isin15°)

= %(cos(75° — 15°) + isin(75° — 15°)) =

3 o 3/1 3\ 3 3V3,
= E(COS6O + isin60°) = E(E 71) = Z+Tl
B)Z,® = (2(cos15° + isinlS°))6 = 2%(cos(6 - 15°) + isin(6 - 15°)) =
= 64(c0s90° + isin90°) = 64i
HpumepHaiituy/-16
[IpencraBuM B TpuronomeTpuyeckout popme — 16:

Haiiném Momyits s1oro uncna:|z| = /(—16)2 + 02 = 16 ApryMeHT JaHHOTO YHCIa

16
cosp =——= -1
HaXOJUTCS U3 CUCTEMBI 0
sing=—=0
Y= 16
3HA4YUT, OJIMH U3 apTYMEHTOB UKclia Z = —16paBeH 7.

[Monygaem: z = 16(cosm + isinm).

Hatimem xopeHb: mfi/16(cosn + isinm) = 2 (COS n+ink + isin n+:nk)

Haiinem pasnuuHble KOpHHU:

n+0 w+0 T T V2 \/_
k—0=>zo—2(cos 2 + isin 2 )—Z(COSZ+lSln4) 2<2 2)
=V2+iV2

T+ 21 . T+ 2n 3t 3m
k=1=>2z = (cos + isin 2 )=2(COST+lSlTl—>

4
2( l_):-ﬁﬂ-ﬁ

T+ 4 T+ 4 5n 5n
k = =2 (cos + isin ) =2 (cos— + isin —)
4 4 4
=z<-_-l_) N N,
k= 3 ) n+6n+_, T+ 67T 5 77r+,_ T
= ﬁ — = —_— —_—
Z3 (COS 2 isin 2 ) (cos 2 isin 2 )
J(V2_ 2
DY D PN N
2 2
3ajanus Qi NPAKTUYECKOH PadOTHhI.
Bapuanr 1 Bapuant 2 BapuanT 3

1. Haittu cymmy, pa3HOCTb, TPOU3BENCHUE U YACTHOE KOMILIEKCHBIX YMCEIT
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Zl=_2_3i Z1=3_2i Z1=_3+4‘l

22=1+Zl Z2=2_l Z2=1+3l
2. BeranucanTh
i14- _ i15 _ i16 i18 + i19 _ iZO i16 _ i17 + i18

3. Pemuth ypaBHEeHUE
x2+2x+2=0 x2—4x+13=0 x?+18x+82 =0
4. BBITOMHUTH NEUCTBHS HA/I YUCIAMHU B TPUTOHOMETPUYIECKOHN hopme:

Z
a) Z1 * Z3;0) i; B) Z,"

z, = 2(c0s5° + isin5°) 7z, = 2(cos15° + isin15°) z, = 5(cos160° + isin160°)
z, = 3(cos40° + isin40°) | z, = 10(cos105° + isin105°) | z, = 2(c0s20° + isin20°)
n=3 n=3 n=6

5.BBINOIHUTE ACUCTBUS B TPUTOHOMETPUYECKON hopMe U MPEJCTABUTh PE3yIbTaT
B TPUTOHOMETPUUECKOH U anredpanyeckoit popmax

-4

(i) <z\/§ — 2i>3 ((«/E —i)(-1+ i))6

22 V3+i

6. Haiitu 3Ha49eHHsI KOpHEH

V-1 V81 V8i

IIpakTnueckas padora Ne 11
Pewenue eepoamuocmuulx 3a0au

eab padoThI:

Ha KOHKpeTHBIX mpHMepax HAYYUThCA BBIYUCIATH BEPOSTHOCTU CIIy4alHbIX
COOBITHI.

3HaHus:

1. TlonsiTue caydyaifHOTo COOBITHS.

2. Knaccnueckoe onpeeneHrne BEPOATHOCTH.

Ymenus:

1. Bbluucienwe BEpPOATHOCTH  CIy4alHOTO COOBITHS C  MPUMEHEHHUEM
KOMOWHATOPHBIX (PopMyIL.

Conep:xkanue padoTbl:

1. Pazmemenus

PaccmoTpum mpocteiiiirie MOHSATHS, CBSI3aHHBIE C BBIOOPOM U PACIOJIOKEHUEM
HEKOTOPOT'O MHO>KECTBA OOBEKTOB.

[Toacuer uncna crmocoOOB, KOTOPHIMH MOKHO COBEPIIUTH 3TU JEUCTBHS, YaCTO
MIPOU3BOJIUTCS IPU PEIICHUH BEPOSITHOCTHBIX 3a/a4.
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Onpeoenenue. Pazmeniennem u3 N anmemeHToB 1o K(K<N) HaspBaercs mmoboe
YIOPSIIOYEHHOE TOAMHOMKECTBO U3 KIJIEMEHTOB MHOJKECTBA, COCTOSILNEIO U3
Npa3IMYHBIX JIEMEHTOB.

Ipumep.Crenyromue nociaea0BaTeIbHOCTU UM SBISIOTCSA pa3MEIICHUSIMU 110 2
areMeHTa u3 3 aneMeHToB MHOXkecTBa {1;2;3}: 12, 13,23, 21, 31, 32.

3amMeTuM, 4TO pa3MEUICHUs OTJIMYAOTCA HOPSIKOM BXOJSIIIUX B HUX JIEMEHTOB U
ux coctaBoM. Pasmemienus 12 u 21 conmepkar ofuHaKOBbIe HU(PBI, HO MOPSATOK HX
pacnoioxkeHus pasnudeH. [103ToMy 3T pa3MelieHrs CYUTAOTCA Pa3HbIMMU.

UYncao pa3sMMUHBIX pa3MEIieHHii u3 N 3meMeHTOB 1o KoGo3Hawaercss AXu
n!

(n—k)!

BBIYKCTAETC 1o (opmyne:AX = , rmen! = 1-2-..-(n- 1)n(uutaerca «n—

bakTopuan).

2. IlepecTraHoBKH

Onpeoenenue. TlepecTaHOBKaMu W3NAJIEMEHTOB HA3BIBAIOTCSA TAKUE Pa3MEIICHHUS
M3NAJIEMEHTOB, KOTOPHIE Pa3INYalOTCS TOJBKO PACTIONOKEHHEM JIEMEHTOB.

Yucno nepecTaHoBOK u3N3sieMeHTOBP  BeIuncisgercs 1o ¢popmysne:Py=n!

IIpumep.CkoapkuMu criocobamMu MOTYT BCTaTh B OYepelb S5 4enoBek?
KonuyectBo cnoco0OB paBHO 4YHCIy TIEPECTAHOBOK U3 S5 JJIEMEHTOB, T.€.
Ps=5!=1-2-3-4-5=120.

3. Couyeranus

Onpedenenue. CodeTaHUSIMHU H3N3JIECMCHTOB MOKHA3BIBAIOTCS TaKHE pPa3MCICHHS
U3N2JIEMEHTOB MMOK, KOTOpBIE OJHO OT JAPYroro OTJIMYAIOTCSA XOTS Obl OJHHUM
AIIEMEHTOM.

Uucno pa3nuyHbIX COYETAaHWU H3NAJIEMEHTOB nok0603HaqaeTcaC,’f BBIYHCIISIETCS
n!

k!(n=k)!

ITo onpenenenuto 0!=1.

o gopmyne:CF =

JInst coueTaHui CripaBeIJIMBbI CIEAYIOIIME CBONCTBA!

1. Ca=n

9 chk=cit

3. chi=ch=t

4. C;& + O:'%_l = t:‘:rJ:J+1

IMpumep.Mimerorcs 5 nBeTkoB paszHoro 1Beta. Jlyis Oykera BeiOMpaeTcs 3 mBETKA.
5!

YucIto pa3IuuHbIX OYKETOB 110 3 IBeTKa U3 5 paBHo: C5 = — = 10.

Y y p 5

312!

4. CoObITHS
[To3Hanue nelCTBUTEILHOCTH B €CTECTBEHHBIX HayKaX MPOUCXOAUT B PE3yJIbTaTe
HCTIBITAHUM (9KCIIEPUMEHTA, HAOJIIOACHUM, OTIBITA).

37



Ucneimanuemuny  ONBITOM — HAa3bIBA€TCSA  OCYIIECTBICHHE  KaKOTO-HUOYAb
OIIPEENIEHHOTO KOMIUIEKCA YCJIOBHM, KOTOPBIA MOXET ObITh BOCIPOU3BENEH CKOJIb
YroJHO OOJIBIIOE YHUCIIO pas3.

CnyyaiinbimMHA3bIBAETCsl COOBITHE, KOTOPOE MOXKET MPOU30MTH WM HE MPOU30MTH
B PE3YJIbTATE HEKOTOPOr0 UCHBITaHUS (OMbITA).

Takum 006pa3om, cOOBITHE pacCMaTPUBACTCS KaK pe3yIbTaT UCTIBITAHMUS.

IIpumep.bpocanue MoHeTsl — 3T0 ucnbITanue. [losiBieHne opia mpu OpocaHuu —
coOBITHE.

HaGmtonaemMple HamMu COOBITHSL pa3aMyYalOTCA IO CTENEHHM BO3MOXKHOCTH MX
HOSIBJICHUS U 110 XapaKTepy UX B3aUMOCBS3H.

CoObITHE HA3BIBAECTCAOOCMOBEPHBIM, €CIH OHO 00s3aTEIbHO IPOU3OUIET B
pe3ysbTaTe JaHHOTO UCIIBITAHMS.

Hpumep.[lonydyeHne cTyIeHTOM MOJOKUATEIBHON WJIM OTPULIATEIIbHON OLICHKH Ha
9K3aMEHE €CTh COOBITUE IOCTOBEPHOE, €CIIU 3K3aMEH IMPOTEKAET COTJIACHO OOBIYHBIM
IpaBujaMm.

CoObITHE Ha3bIBACTCSIHEBOZMONCHLIM, €CIIM OHO HE MOXET NPOU30iTH B
pe3ynbTaTe JaHHOTO UCIIBITAHMSL.

IIpumep.M3Bneuenne u3 ypHbl Oenoro mapa, B KOTOPOM HAaXomATCA JIMILb
LBETHbIE (HEOENbIE) MIAphl, €CTh COOBITUE HEBO3MOXKHOE. OTMETUM, YTO MIPHU APYTUX
YCIIOBHSIX OIIbITA MOSIBJIEHUS O€J0ro Iapa He HMCKIKYAeTCs; TaKUM 00pa3oM, 3TO
COOBITHE HEBO3MOXKHO JIMIIb B YCJIOBHUSAX HAILIETO OMBITA.

Hanee cinyuaiinble coOObITHS OyJeM 0003HAa4YaTh OOJIBITUMU JATUHCKUMU OyKBaMU
A,B,C... JlocroBepHOE cOObITHE 0003HAYNUM OYKBOM 2, HEBO3MOXKHOE — (.

JlBa WM HECKOJBKO COOBITUH  HA3bIBAIOTCAPAGHOBO3MONCHLIMUB — TAHHOM
UCIBITAHUH, €CJIM UMEIOTCS OCHOBAaHHUS CUUTATh, YTO HU OJIHO M3 ITHX COOBITUN HE
ABJIsIeTCS 00JI€€ BOZMOKHBIM MIJIM MEHEE BO3MOKHBIM, YEM JIpYTHE.

Ipumep.Ilpu ogHom OpocaHuM UrpaibHOM KOCTH mosBienue 1, 2, 3,4, 5 u 6
OYKOB - BCE 3TO COOBITHS PaBHOBO3MOXHbIE. lIpenmonaraercs, KOHEYHO, YTO
UrpajibHasg KOCTb M3rOTOBJIEHA W3 OJHOPOJHOTO Marepvana U MMEET NPaBUIbHYIO
dhopmy.

JIBa CcOOBITHS  HAa3bIBAIOTCAHECOBMECMHLIMUB ~ TAHHOM  HWCIBITAHWH, €CIIH
MOSIBJIEHUE OJHOIO0 M3 HHUX HCKIIOYAET TMOSABICHHE JPYroro, WCOBMeCmHbIMUB
IIPOTHBHOM CITy4ae.

IIpumep.B smuke umeroTCs CTaHIApTHBIE W HECTAHIAPTHBIE aeTanu. bepem Ha
yaady OJAHY Jeranb. [losiBnieHuWe cTaHOapTHOW [eTalld MCKIIYAaeT MOsBICHUE
HECTaHJAPTHOM AeTalli. DTU COOBITHS HECOBMECTHBIE.

Heckonbko coObITHIT 00pa3yrOTHONHYIO 2pynny cOObLIMULB TaHHOM WCTBITAHUH,
€CJIM B Pe3yJIbTaTe 3TOr0 UCIIBITAaHUS 00s3aTENIbHO HACTYIHT XOTs OBl OJTHO U3 HHX.
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Ipumep.CoObiTus M3 npuMepa oOpa3yroT MOJHYIO TPYNIy PAaBHOBO3MOXHBIX U
MOMapHO HECOBMECTHBIX COOBITUH.

JIBa HECOBMECTHBIX COOBITHS, 00pa3yIOMIUX MOJHYIO TPYIIY COOBITHI B TAaHHOM
UCIIBITAHUH, HAa3bIBAIOTCSI TPOTHUBOIIOIOKHBIMU COOBITHSIMHU.

Ecnu onmHo u3 Hux o0003HaueHO depe3A, TO Jpyroe MOpHUHATO O0O03HAYATH
yepesA(uuraercs «HEA»).

Ipumep.llonaganue W npomMax MNpU OJHOM BBICTpEIE MO WEIH - COOBITUSA
IPOTHUBOIIOJIOKHBIE.

5. Kitaccuueckoe onpejesieHue BEPOITHOCTH

Beposamuocmuv codvimusa— ducienHas Mepa BO3MOKHOCTH €T0 HACTYIIICHHSL.

Co0bITHe AHA3BIBACTCAOIA2ONPUAMCMBYIOUWUMCOOBITHION, eclii BCAKHIA pa3, Koraa
HACTyHaeT COOBITHEA, HACTYNAEeT U COOBITHED.

CoObITHsiA,As, ...,An00pa3yroTcxemy ciyuaes, €CIIA OHU:

1) paBHOBO3MOXHBI;

2) MomapHO HECOBMECTHBI;

3) 00pa3yroT MOJHYIO TPYIITY.

B cxeme cnydaeB (M TOJIBKO B 3TOM CXEME) HMMEET MECTO KIIACCHYECKOe
omnpeaenieHue BeposITHOCTUP(A) coObITHSA. 31ech cllydaeM Ha3bIBalOT KaKI0€ M3
COOBITHH, TNPUHAIICKANUX BBIJCICHHON TOJHOM TIpyIIle pPaBHOBO3MOXKHBIX U
MOMapHO HECOBMECTHBIX COOBITHI.

Ecnun— yucio Bcex ciiydaeB B cxeme, aM— YUCIIO CiIy4aeB, OJaronpusTCTBYIOLINX

m
COOBITHIOA, TOBeposiImHOCMb coObimusiAonpenensercs paBeHcTBOM: P (A) = o

N3 onpenenennst BEpOSITHOCTU BBITEKAIOT CICAYIOLINE €€ CBOKMCTBA:

1. BeposiTHOCTh JOCTOBEPHOTO COOBITUS paBHA EUHULIE.

2. BepoaTHOCTh HEBO3MOYKHOTO COOBITHS paBHA HYJIIO.

3. BeposITHOCTh CITy4aifHOTO COOBITHSI €CTh MOJOKUTEIBLHOE YHCII0,3aKITF0YEHHOE
Mex Iy HyJaem u eaunuiein0 <P(A)< 1.

6. Onepanun Hajg coObiTUAMU. TeopeMa ci10:KeHNUsI BEPOATHOCTEM

CyMMmoM, WM OO0BEAWHEHHEM, HECKOJIBKHUX COOBITHH Ha3bIBACTCSI COOBITHE,
COCTOSIIIIEE B HACTYIUICHUU XOTS Obl OJJHOTO M3 ATUX COOBITUH (B OJJHOM U TOM K€
WCTIBITAHUH ).

IIpumep. bpocatorcs nBe wurpanbHbie KocTu. IlycTh coOBITHEACOCTOUT B
BBITIaZIcHUU 4 OYKOB Ha | KOCTH, a cOOBITHES— B BHIMAJACHUHM 5 OYKOB HA JIPYroOi
koctu. CoObitusiAuBcoBMecTHbl. [loaToMy coObITHEA+BCOCTONT B BhINagcHUN 4
OYKOB Ha MEPBOM KOCTH, WIM 5 OYKOB Ha BTOPOWM KOCTH, WM 4 OYKOB Ha MEPBOI
KOCTH U 5 OYKOB Ha BTOPOM OAHOBPEMEHHO.

Ipumep.CoObiTueA— BBIMTPHINI MO 1 3aiiMy, cOObITHEB— BBIMIPHILI [0 2 3aiiMy.
Torga coObiTeA+B— BBIUTPHINT XOTS OBl 1O OJAHOMY 3aiiMy (BO3MOKHO MO JIBYM

cpasy).
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[IpousBeneHnEMUIIN TIEPECECUCHNEM HECKOJIBKUX COOBITHI Ha3bIBAE€TCS COOBITHE,
COCTOSAIIIIEE B COBMECTHOM IIOSIBIGHUM BCEX 3TUX COOBITHM (B OJHOM M TOM K€
UCIIBITAaHUN ).

Ipumep.CobbiTusiAuBcocToar B ycnemHoM mnpoxoxiaenun | u I Typos
COOTBETCTBEHHO MPU TOCTYIUICHUHM B HMHCTUTYT. Torma coOwiTued XBCOCTOUT B
YCIEIIHOM MPOXO0KICHUN 000UX TYpPOB.

Teopema. Eciim cobwrtusAi(i= 1, 2, ...,n) monapHO HECOBMECTHBI, TO BEPOSTHOCTh
CYMMBI COOBITUH paBHAa CyMME BEPOSITHOCTEH 3TUX COOBITHI:

P(A1+4,) =P(41) +P(42)

Eciu coObitusid;MA, COBMECTHBI, TO BEPOSITHOCTb CYMMBbI JIBYX COBMECTHBIX
coObrtuii paBHa: P(A;+A,) =P(A41) +P(A4,) — P(A1%A45).

8. YciioBHas BeposiTHOCTh. TeopeMa yMHOKEHUSI BEPOSATHOCTEH

YcinoBHON — BeposATHOCTBIOP(B/A) Ha3piBaeTCsi BEpOSATHOCTh  coObITHS B,
BBIYMCIICHHAS B IIPEIIIOJIOAKEHUH, UTO COOBITHE A YK€ HACTYIHJIO.

Teopema. BeposSTHOCTP COBMECTHOTO TOSIBIEHUSI [JBYX COOBITHIl paBHa
IIPOU3BEJCHUIO BEPOSITHOCTEN OJHOTO M3 HHMX Ha YCIOBHYIO BEPOSITHOCTH APYIOro,
BBIUHCIICHHYIO B IIPEATNOJIOKEHUH, YTO IIEPBOE COOBITUE YXKE HACTYIHIIO:

P(A-B) = P(A)-P(BIA).

JIBa cOOBITHSI HA3bIBAIOTCS HE3aBUCUMBIMH, €CIIM MOSIBICHHE JHO00T0 M3 HUX HE
W3MEHSET BEPOSATHOCTD MOSABJICHUS Jipyroro, T.e.P(4) = P(A/B)

Eciu coObiTusiAuBue3aBucumMbl, TOP(A-B) = P(A)-P(B).

3agaHus 11 NPAKTHYECKON padoThbI:

1. B kopoOke HaxoasTcss M+2 cunux, N+3 kpacHbIX U 2N+1 3e/IeHbIX KapaHamen.
OnHOBpeMEHHO BBIHMMAIOT M-+3N+2 kapannamieil. HallTu BepOSTHOCTH TOTO, YTO
cpenu HUX Oyner M+1 cuaux u N+1 KpacHBIX.

2. B mepBoit ypHe Haxonarcs M+2 mapoB 0enoro u N mapoB YEPHOTO IBETA, BO
BTOpPO — M+N Gemoro u M cuHEro, B TpeTheld — N+3 Oemoro m M+1 kpacHOTO
useta. M3 nmepBoil 1 BTOpOM YpHBI Haylady W3BJIEKAIOT IO OJHOMY IIapy M KJIaayT B
TpeThio. [locae 3Toro u3 TpeTbeld BRBIHUMAKOT OAMH map. Halltu BepoATHOCTH TOTO,
YTO OH OKaXXETCs OCIBIM.

3. BeposdTrHOCTh MONaJaHusl CTpelKa B MHILECHb MPU OJHOM BBICTpENE paBHA

m+n .
P [IpousBoautcst N+4 BeicTpena. HailTu BepoOATHOCTH TOro, YTO OH
m+n+

IpoMaxHeTcs He 0oJiee ABYX pas.

4. Kaxnplii n3bupareib HE3aBUCHMO OT OCTaJbHBIX H30HMparenei, oTmaér CBOMU
rojioc 3a kaHgugata A ¢ BepostHocThio 0,1(m+n) u 3a kamaumara B — ¢
BeposaTHOCThIO  1-0,1(m+n). OueHUTh BEPOATHOCTH TOTO, YTO B pe3yJbTaTe
roJiocoBaHus Ha n3ouparenbHoM yuactke (5000 uzdbupareneit) ouH U3

KaHJAUJAaTOB OMEPEIUT JIPYroro:
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a) posHo Ha 1900 ronocos; 0) He meHee, ueM Ha 1900 romocon
Tabauia 1 (BeIOOp mapametpa m)

A |0 1 2 3 4 S) 6 7 8 9
m |1 2 3 4 S) 1 2 3 4 3)

IIpakTnueckas padora Ne 12
Cocmaenenue cmamucmuuecko2o pacnpeoenenus 6bl00pKu, NOCMpoeHue
2ucmozpamm

eab padoThI:

Hay4yuTbcst CTpOUTh CTATUCTUYECKUM Psii BBIOOPKHU U TUCTOTPAMMEBI.

3HaHus:

1. TlonsiTue 0 BELIOOPOYHOM HUCCIICIOBAHUH.

2. IloHsiTue 0 IPEACTABICHNUN CTATUCTUYECKUX JAHHBIX.

Ymenus:

1. ITocTpoeHue CTAaTUCTHUECKOTO PsAZla U TUCTOTPAMMBI.

Conep:xkanue padoTbi:

IIpeamer MaTemMaTHYECKOW CTAaTUCTUKH COCTAaBISIIOT pa3paboTka METOJIOB
perucTpaiuy, OonucaHus W aHaju3a CTATUCTUYECKUX DKCIEPUMEHTAIbHBIX JaHHbBIMU,
MOJIy4aeMbIX B PE3YJIbTaTe HAOMIOAEHUS CIIy4ailHbIX SIBJICHUU.

VY CTaHOBIIEHUE 3aKOHOMEPHOCTEN, KOTOPBIM IOJYMHEHBI MACCOBBIE CIIy4YalHbIC
SIBJICHUSI, OCHOBAHO HA U3YYEHUU METOJIaMH TEOPHUHM BEPOSITHOCTEH CTATUCTHUYECKUX
JAHHBIX, T.€. PE3YJIHTATOB HAOIOICHUS.

B maTeMaTtnueckoil CTaTUCTUKE PaCCMaTPUBAIOT JIBE OCHOBHBIX 33/1aUU:

1) TlepBas 3ama4a COCTOMT B TOM, YTOOBI YKa3aTh CIIOCOOBI cOOpa ¥ TPYHITHPOBKH
CTaTUCTUYECKUX CBEJCHHM, TMOJIYYEHHBIX B pe3yJibTare HaOMIOJEHUN WIH B
pe3ysbTaTe MOCTABJIEHHBIX SKCIIEPUMEHTOB

2) CocrouT B pa3pabOTKe METOJOB aHajKW3a CTATUCTHYCCKUX JAaHHBIX B
3aBUCUMOCTH OT Lenei uccienoBanus. Croga OTHOCSTCS:

a) OIICHKAa HEW3BECTHOM BEPOSATHOCTH COOBITHS; OIlCHKAa IapaMeTpoB
pacnpeneneHus, BUI KOTOPOTO HEWU3BECTEH; OLEHKAa 3aBUCUMOM CIIy4YalHOU
BEJIMYUHBI OT OJTHOM MJIU HECKOJIbKUX CITyYalHBIX BEJTUYUH

0) MpoBepKa CTATUCTUYECKUX TUIIOTE3 O BUJE HEU3BECTHOTO PACIIPEACIICHUS WU O
BEJIMYMHE MapaMeTPOB paclpeeieHus], BUA KOTOPOTrO HEM3BECTEH.
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N3yyeHne Tex WM HHBIX SBICHUA METOJAAMH MATEMAaTUYECKOW CTAaTUCTHKH
CIy’KaT pEIIEHHE MHOTHX BOIIPOCOB, BBIJBUIA€MbIX HAyKOW M MPAKTUKOU
paBUJIbHAS OpraHU3AIMs TEXHOJIOTUYECKOTO Mpoliecca HaubOoJIbIIIe 1e1eco00pa3Hoe
IJIAHUPOBAHUE U MPOYEE.

W Ttak, OCHOBHas 3ajadya MAaT€MATHYECKOW CTATHCTHKU COCTOMT B CO3JIaHUU
METOJIOB cOopa U 00pabOTKH CTATHCTUYECKUX TAHHBIX I MOJYYCHHUS HAYyYHBIX U
MPAKTUYECKUX BBIBOJIOB.

I'enepaabHasi 1 BLIOOPOYHASI COBOKYITHOCTb.

COBOKYITHOCTh BC€X OOBEKTOB, MOAYMHEHHBIX JTAHHOMY MPHU3HAKY, HA3bIBACTCS
reHepaJibHO COBOKYNMHOCTHIO. YuCIO0 Takux OOBEKTOB Ha3bIBAETCA 00bEMOM
reHepaJIbHOM COBOKYITHOCTH.

[lycth TpeOyeTcsi U3y4uTh COBOKYITHOCTH OJTHOPOJHBIX OOBEKTOB OTHOCHTEIIHHO
HEKOTOPBIX KaUE€CTBEHHBIX WJIM KOJIUYECTBEHHBIX MPU3HAKOB, XapaKTEPU3YIOIINE ITH
oObekThl. Hampumep, eciam wumeeTcs mnapTus Jerajeil, TO KauyeCTBEHHBbIMU
MIPU3HAKAMU MOXET CIYKUTh CTaHJIAPTHOCTb JI€Tajeil, a KOJIMYECTBEHHBIM -
KOHTPOJIUPYEMBIN pa3mep ACTalH.

OOBIYHO M3 BCEW COBOKYMHOCTHM OTOMPAIOT OrPAaHUYEHHOE YHCIO OOBEKTOB,
KOTOpO€ H3Yy4yaloT TaKyl0 CIy4ailHO OTOOpaHHYIO COBOKYIHOCTb, HAa3bIBAIOT
BbIOOPOYHOI COBOKYIIHOCTBHIO WJIA BHIOOPKOM.

Bri0opka, T0CTaTOYHO XOPOIIO OMUCHIBAIOLIAsl BCIO T€HEPAJIbHYI0 COBOKYIMHOCTb,
Ha3bIBACTCS pernpe3eHTATHBHOMW. /[ TOro, 4TOOBI MO JaHHBIM BBIOOPKH MOKHO
OBLIO JOCTATOYHO YBEPEHHO CYJIUTh 00 MHTEPECYIOIIEM Hac MpU3HAKe, HEOOXOAMMO,
YTOOBI

00BEKTHl BHIOOPKH TPABMIBHO €0 MPEICTaBIISIN, T. €. BHIOOpPKA JTOJDKHA OBITh
penpe3eHTaTUBHON ( MIPEACTaBUTEIHHOMN).

JIist  moJlydeHHe  pemnpe3eHTAaTHBHOW BBIOOPKM HEOOXOAUMO ,4TOOBI  BCE
OTOOpaKEHHBIE DJIEMEHTHI UMEIOT OJMHAKOBYIO BEPOSITHOCTh MTONACTh B BHIOOPKY. B
ciydyae OonbIIOro 00bEMa TreHepalbHOW COBOKYINHOCTH MCHOJB3YIOT TaOIHILy
cinyvaitHeix yucen. Hanpumep, yToObl BbipazuTh 20006EKTOB U3 MPOHYMEPOBAHHOM
reHEepaIbHON COBOKYITHOCTH MOXHO 3anucaTh 20 cliydailHbIX YHCEIL.

DNEMEHTHI X1, Xp,.. XpCIIY9aifHO TOTIABIINME B BHIOOPKY HA3BIBAIOTCS BapuUaHTaMHU, a
X KOJI-BO N — 00beM BBIOOpKU. OTOOpaHHBIE 3JIEMEHTHI PACIONaraioT B TOPSJIKE
BO3pacTaHus. Takas mocie10BaTeIbHOCTh HA3bIBAETCS BAPUAITMOHHBIM PSIZIOM.

Pa3zHocTh MeXay MakCHUMadbHbIM M MHUHUMAJIBHBIMH SJIEMEHTaMHU Ha3bIBACTCS
pa3MaxoM BBIOOPKH.

Cpenu N-31eMeHTOB BBIOOPKH MOTYT OBITh BCTPEYATHCSI IOBTOPSIOLIHECH.

Hampumep x; — Ny pas, x, — Ny pas; X, — N, pa3. Uucna Ny, N,, N, Ha3bIBarOTCA
4acTOTaMU BapHaHT.
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PacnonoxeHHoe B TOpPSAKE BO3pACTaHMS BapHAHT IMOCJIEAOBATEIBLHOCTh Iap
YHCe, COCTaBJCHHAs W3 BapuaHT M WX 4YacToT (X1;N1), (X2;N2) Ha3bIBaeTCs
CTaTUCTUYECKUM PSAOM WM CTATUCTUYECKUM pacmpeneneHueMm. Ilpu stom
MOJIb3YIOTCS TAOJIMYHOM 3aITUCKIO:

Xj X1 Xo

n; Ny N,

Ilpumep: 3amucarth BapHANMOHHBIA PSII W CTAaTHCTUYECKOE paclpeneiieHue
BBIOOPKH W3 YHCIIa y9eOHBIX JHEH B TOMY, MPOMYIIEHHBIX MO OOJE3HU CTYIACHTAMH.
OnpenenuTs pa3Max BEIOOPKHU:

50,3,7,0,1,0,5,0,5,2,10,2,0,7,2,4,7,7,4

1) Haiinem o6beM BoIOOpKH: N=20

2) 3anwuieM BapHalMOHHBIA PSII;

0,0,0,0,0,2,2,2,3,4,4,5,5,5,7,7,7,7,10,10

3) 3anwmimem cTaTUCTUYECKOE pacrpeieicHHe:

Xi 0 2 3 4 5 7 10

n; S) 3 1 2 3 4 2

4) Onpenenum pa3max Beioopku: Z=10-0=10

[Ipu GonbmioM 00beMe BBIOOPKH MJisi YIPOUICHUS! €€ BBIUMCIEHUS €€ DIEMEHTHI
OOBEUHSIOT B pa3pslbl, MNPEJACTaBsAis B BBIOOPKY B BHJAE TPYNIUPOBAHHOTO
CTaTHUCTUYECKOTO psima. [y 3TOro Bce copaeprKamiuecs 3JIeMEHThl pa3ouBaroT Ha K
MHTEPBAJIIOB PABHOU JIJTUHBI.

I'padpuueckue npeacraBjieHUs CTATUCTUYECKON COBOKYITHOCTH

ITosiuron u rucrorpamma.

B umensx HamISIHOCTH  CTPOST  pa3iuyHble rpaduKd  CTATUCTUYECKOTO
pacnpeneneHus. OHU MO3BOJISIIOT JIy4Ille MPEACTABUTH XapakTep paclpeiesieHUs
AJIEMEHTOB BBHIOOPKH, @ MHOTJA U CHENATh MPEANOI0KEHHUS O 3aKOHE pacIpeieIeHUs
TE€HEPAIbHON COBOKYITHOCTH.

OcHOBHbIC IOHATHSA.

Psax pacnpeneseHust — 3TO psiJ 4YMCEN, B KOTOPOM 3HAaY€HUE H3Y4aeMOro
Mpu3HaKa (BapuaHTa) pacIoJIOkKEHbl B ompeneraeHHOM mopsiake. JIubo B mopsiake
BO3pacTaHus, J100 B nopsiike yobiBaHus. Hapsiay ¢ Bapuantamu psii pactipeesieHui
BKJIIOYAIOT B YacTOThl (BEJMYMHBI, [OKA3bIBAIOIIME CKOJBKO pa3 Kaxias u3
BapHaHTOB BCTPEYAIOTCA B JaHHON COBOKymHOcTH). CyMMa 4acTOT paBHa OObEMY
COBOKYMHOCTU. Takum 00pa3om, psii pacripeesIeH!s] COCTOUT U3 BapUaHT U YacTOT.
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B 3aBHCHMOCTM OT NPEPBIBHOCTH W HENPEPHIBHOCTH BapbUPYIOLIErO IMPU3HAKA
psAAbl pacnpesesieHuss yAOOHO MpeACTaBisATh B BHUJE JBYX Pa3HOBUAHOCTEH:
AMCKPETHOI0 U BAPHUALIMOHHOTO (MHTEPBAJIbHBIX)

JIMCKPETHBIN psia MpeACTaBIIseT COOOU psii IPEPHIBHBIX YHUCET.

Hanpumep: pacnpenenenne cemen 1o 4ucily WICHOB.

[Ipy HempepplBHOW  BapualMy  pACIpPEACICHHEM IPU3HAKA  Ha3bIBAETCS
WHTEPBAJIbHBIM.

Hanpumep: pacnipenenerre coBX030B 007acTu 1Mo % BBITOJHEHUIO TUIaHA.

Ilyctb W3 reHepalbHOM COBOKYIHOCTH U3BJIeYeHa BbIOOpka. Habmrogaembie
3HAYEHUs x;- Ha3bIBAIOT BapuUaHTaMH, n;- 4Mcia HAaOMIOACHUS 4acTOTaMH, n = Y, n;-
00beM  BBIOOPKH,

OTHOIICHHA  4YaCTOT K

ni

OTHOCHUTEJIbHBIMHA YacTOTAMU W,; = "

o0beMy BBIOOPKHM  Ha3bIBACTCS

IIpumep. CocTaBuTh pachpeneiieHus OTHOCHUTEIBHBIX YaCTOT, €CIU 3aJaHO
pacrpeiesieHie 4acTOT BEIOOpKU 00bema.
n=20
X 2 6 12
n; 3 10 7

Pemenne. Haitném oTHOCHTEIBHBIEC YACTOTHI.

RO 3
M= T %20 x; 2 6 12
10
wy = oo w; 0,15 0,5 0,35
7
W3 = ﬁ

0,15+0,5+0,35=1 .
CyMMa OTHOCHUTEJIBHBIX YAaCTOT PABHA €IUHULIE.
B nensx HarnsgHOCTH CTPOSIT pa3IuUHbIE TPaQUKU HOAUCOH U 2UCHOSPAMMA.

IToJIMroHOM YacTOT HA3BIBAETCA JIOMAHAs JIMHUS BEPIIMHON, KOTOPOU SABISIOTCA
TOUKH ((x1, 1), (x2,13) .. (), 1) OTIpEzEsieMbIe IEMEHTaMH CTATUCTHYECKOTO Psifia.
JIst ero mocTpoeHUs 0 OCH aOCIMCC OTKIIAIBIBAIOT BAPUAHTHI X;, & TI0 OCH OpJAUHAT
COOTBETCTBYIOIIAsA UM YaCTOTA n;.

[TocTpoeHHBIE TOYKH COCAUHSIIOT OTPE3KAMHU MPSMBIX.

I'mcTorpaMmoii 4acTOT HasbIBaeTCsl CTymneHYaTas (Qurypa COCTaBJICHHas U3
NPSAMOYTOJbHUKOB TIOCTPOEHHBIX HAa WHTEpBajax TaK YTO IUIOMIAAbL KaXI0To
MPAMOYTOJbHUKA YHACIIEHHO paBHA YaCTOTE BapPUAHTHI PACIIOJI0KEHHOW B CEPEAUHE i
uHTepBajia. To eCTh MIONIAlb TUCTOTPAMMBI YaCTOT paBHA 00HEMY BHIOOPKH

Hpumep.IlocTponuTs NOJUTOH U TUCTOTPAMMY YaCTOT.

JlaHo Bpemsi HeNEeNbHOW 3arpy3Kd JJICKTPUYECKUX AYXOBBIX MmKagoB 50-Tu
00cIIeTOBaHHBIX MPEANPUATHN OOIIIECTBEHHOTO MUTAHUS B Yacax.
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38 60 41 o1 33 42 45 21 53 60

60 52 47 46 49 49 14 57 54 59

77 47 28 48 58 32 42 58 61 30

61 35 47 72 41 45 44 56 30 40

67 65 39 48 43 60 54 42 59 50

Pazo0wem psan pacripenencHust Ha 7 UHTEPBAJIOB, ONPEACIUM pa3Max BbIOOPKH.
77-14=63
63

Haiinem nnuny untepBana.h = — = 9

I'panuist Cepenuna X;
HUHTCPBAJIOB HHTCPBAJIOB
1 14-23 18,5 2
2 23-32 27,5 3
3 32-41 36,5 6
4 41-50 45,5 17
5 50-59 54,5 10
6 59-68 63,5 10
7 68-77 72,5 2

YToO0BI IIOCTPOUTD THCTOI'PpAMMY HaﬁHéM OTHOCHUTCIIbHBIC YaCTOTHI.

18
16
14
12
10

o N ~ O ®

14-23 23-32 32-41 41-50 50-59 59-68 68-77
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3ananus 119 NPaKTHYEeCKOoil padoThI:

154 (219 |16,5 |16,8 |193 |219 |14,7 |198 |204 |21,3 |11,8
17,2 153 |19,7 |14,7 |1/8 |125 |145 |185 |195 |175 |18,6
192 |168 |205 |208 |16,2 |10,1 |18,1 |20,2 |17,2 [194 |19.1
233 132 (143 |195 |15,7 |211 184 (238 |[196 [178 |193

[Ipu u3mMeHeHnu aUameTpa BajMKa mocie nuiM@oBKH Oblia MOTy4YeHa CIEAYIomas
BBIOOpKA:

HOCTpOI/ITI) rucTorpaMmy 4acCToT, IMpCABAPUTCIIBHO ITOCTPOUB PAd CTATHUCTHYCCKOIO
pacipcaciCcHuA, COCTOSIHII/Iﬁ N3 CCMH MHTCPBAJIOB.

Ilepeuenv ucnonv3yemvix yuednvix uzoanuii, Hnmepuem-pecypcos, O0OnOJIHUMENbHOU
Jumepamypul

OcHOBHbIE HCTOYHHUKH:

1. KOxno, H. C. Marematuka : yuebnuk / H. C. FOxno. — Mocksa : UH®PA-
M, 2024. — 204 c. — (Cpennee mnpodeccuonansHoe obOpazoBanue). — DOI
10.12737/1002604. - ISBN 978-5-16-014744-4. - Tekct : snektpoHHbii. - URL:
https://znanium.ru/catalog/product/2136718 (nara oopamenus: 21.03.2024). — Pexxum
JOCTyIA: MO MOJIHUCKE.

2. Owmenpuenko, B. Il. Maremaruka : yueOonuk / B.II. Omenbuenko, H.B.

Kapacenko. — Mocka : HNHOPA-M, 2024. — 349 c. — (Cpennee
npodeccroHanbHoe oOpasoBanue). — DOl 10.12737/1855784. - ISBN 978-5-16-
017462-4. - Tekct : AIEKTPOHHBII. - URL:

https://znanium.com/catalog/product/2085068 (mata oOpamenus: 21.03.2024). —
Pexxum noctymna: mo noamnucke.

HNuTepHeT-pecypcshl:

1. Equnas xosuteknust mudpoBbIX 00pa3oBaTENbHBIX PECYPCOB [DIIEKTPOHHBIH
pecypc]. — Peskum moctyma: http://www.school-collection.edu.ru

2. MaremaTndyeckue OJIMMIMAABI W OJUMIIMAIHBIE 3a0a4d [ DJIEKTPOHHBIN
pecypc]. — Pexxum noctyma: http://www.zaba.ru
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