MunuctepcTBo oOpazoBaHus U Hayku YemsiOnHCKoM 00IacTi
['ocynapcTBeHHOE Or01KETHOE MpodheccHoHaIbHOE 00pPa30BaTEIbLHOE YUPEKACHUE
«HOxHO-Y pajabCKHil rOCYIaPCTBEHHbIH TEXHUYECKUN KOJLJIEIA))

METOANYECKHUE PEKOMEH/JIAILINHU
1O BBIIIOJTHEHUIO TIPAKTHYECKHUX PABOT
10 y4eOHOU TUCIUILINHE
«MATEMATHKA»
JUISl CTYICHTOB 2 Kypca CHeIUaaIbHOCTH
15.02.07 ABTOMaTH3allUA TEXHOJIOTHYECKUX MPOLECCOB M NMPOU3BOJCTB (110
0TPACJIAM)

(6a3oBast MOArOTOBKA)

Yenaobuuck, 2020

1



AKT COI'JIACOBAHMUA

MeToanyecknx peKOMEH AN MO BBIMOJIHEHHUIO MPAKTHYECKUX PadoT
1o nucuuIuinae «MareMaTiuka» JUisl ClieluaibHOCTH
15.02.07. ABTroMaTH3aUsl TEXHOJIOTMUYECKUX MPOLIECCOB U MPOU3BOACTB (II0 OTPACIISIM)
(6a3oBast MOATOTOBKA),
pa3paboTranHbIX penoaaBarenaeM KOxHo-Y panbckoro
roCyJ1IapCTBEHHOI'0 TEXHUYECKOro kosuiemka Yepnoroi U.U.

YueOnas aucuumimHa «MaremaTtukay SBIS€TCS YacThi0 IPOTPaMMbl  MOJATOTOBKHU
crenuanucToB  cpemanero 3BeHa cormacHo PI'OC mo cmemmansHoctu  CIIO  15.02.07.
ABTOMATH3aIUsl TEXHOJIOTMYECKUX TPOIECCOB M MPOM3BOACTB (M0 oTpacisim) (0OazoBas
MOAr0TOBKA). YueOHas aucuuiiimHa «MareMaTuka» OTHOCHTCS K MaTeMaTH4YeCKOMY M OOIIeMy
€CTECTBEHHOHAYYHOMY LMKy U OIpeneiseT oomuid o0beM 3HaHUI U YMEHHM, COCTaBIAIOMUX 0a3zy
poheCCHOHATTLHBIX KOMIIETECHITHH.

[TpakTHyeckasi HaIlpaBJICHHOCTh Y4€OHOW MUCIHUIUIMHBI pean3yeTcsl Yepe3 BBINOJIHEHUE
MPAKTUYECKHUX paboT, HA MPOBEICHUE KOTOPHIX porpamMmMoii orBoauTcst 30 4acos.

MeTtoauueckie pPEeKOMEHAALMU [0 BBIMOJHEHUIO MPAKTUYECKHX paboT pazpaboTaHbl ¢
yuyeToM TpeOoBaHMi paboTomarenss K IMOATOTOBKE CHEIMAIMCTOB CPEIHEr0 3BEHA IO JaHHOM
CHEIHATbHOCTH U BKJIIOYAIOT B ce0st 15 mpakTuieckux paboT, HAMpaBiICHHBIX HAa pa3BUTHE YMEHUI
aHAJM3UPOBATh CIIOKHBIE (YHKIMHM W CTPOUTh WX TpauKH;, BBHINOJHATh JCHCTBUS HaJ
KOMIUICKCHBIMA ~YWCJAMM; BBIUUCISATh 3HAYCHHS TEOMETPUYECKUX BEIMYWH; TPOU3BOIUTH
orepanuy HaJl MaTpULlAMU U ONPEISIUTENSIMU; PEllaTh 3a7aud Ha BBIYHUCICHHE BEPOSTHOCTU C
WCIOJIb30BaHUEM 3JIEMEHTOB KOMOMHATOPUKH; pellaTh MPUKIAIHBIE 33Ja4d C HCIOJIb30BaHUEM
3JIEMEHTOB U (PepeHIMaTIbHOTO U UHTETPAJIbHOTO MCYHUCIIEHUMN; peliarb CUCTEMbl JIMHEHHBIX
YpaBHEHUH pPa3IMYHBIMU METOJAMH.

[TpakTueckue pabOTHl OOEcCeunBalOT yCIOBUS Uil (POPMHPOBAHUS KOMIIETEHTHOCTHU
CMELUAINUCTOB B OCYIIECTBICHUU IOMCKA M HCIOJb30BaHUS WH(POpMAlUU, HEOOXOAUMOW s
3(PEeKTUBHOTO BBHIMOJHEHUS TPO(PECCHOHANBHBIX 3a7a4, MPO(HECCHOHATBLHOTO U JIMYHOCTHOTO
pa3BUTHs, B MCIOAB30BAaHMM  MH()OPMAIMOHHO-KOMMYHHUKAI[MOHHBIX  TEXHOJOTHH B
npodeccnoHaNbHON IeATENbHOCTH, B pab0Te ¢ KOJUIEKTUBOM, PYKOBOJICTBOM, TOTPEOUTENISIMH.

Mertonnyeckne pPEKOMEHJIAIMM [0 BBHIMOJIHEHUIO TNPAKTUYECKUX paboT MOryT ObITh
WCIIOJIb30BaHBI JIJIs1 paOOThI B YUPEXKICHUAX CPEIHETO MPOPECCHOHATBHOIO 00pa30oBaHUsl.
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HHOACHUTEJIBHAA 3AIIMCKA
Meroanyeckue pEKOMEHJALUKM 110 BBINOJIHEHUIO IPAKTUYECKUX paboT 1o y4yeOHOM

mucuuruinHe  «MareMaThkay TpeJHa3HayeHbl s CTYACGHTOB 2 Kypca, OOydalommxcsl II0
cneunanbHoctn  15.02.07 ABromaru3anus TEXHOJOTMUYECKHX IPOLIECCOB W TPOU3BOJACTB (TIO
otpacisiM) (0a3oBast IOATOTOBKA)

[TpakTuyeckue 3aHATUSA ABISIOTCS BaXKHBIM 3JIEMEHTOM y4eOHOM AucLuUIUIMHBL. B mpouecce
BBITTOJIHEHUS] TPAKTUYECKUX PA0OT 0OydaroUIMecs CUCTEMATU3UPYIOT U 3aKpPEIUIAIOT MOIy4YeHHbIE
TEOPETUYECKUE 3HAHUS, pPa3BUBAIOT MHTEIUICKTYaJlbHbIE U TPO(ECCHOHANbHBIE YMEHUS,
(bOpMHPYIOT 3JIEMEHTHI KOMIIETEHIUH OyIyINX CIEeLUATUCTOB.

Meroanyeckue  peKOMEHAALMU  NpeAHa3HA4YeHbl JUIsl  OpraHu3alMd  BbINOJHEHUS
MIPaKTUYECKUX PaldoT 1o yueOHOM nucuuiuinae «MaTtemMaThKay.

[Tporpammoii yueOHOM aucHUIUIMHBL «MareMaTuka» IpPeayCMOTPEHO BbINOJIHEHHE 15
IPAKTUYECKHX  paboT, HampaBlE€HHbIX Ha  (OPMHUPOBAHHME  JIEMEHMO8  CAEOYIOULUX
KomnemeHuuii.

OK 1. [JoHuMaTh CYIIHOCTh M COLMAIbHYIO 3HAYMMOCTh CBOeW Oynymiedl mpodeccun,
HPOSIBJISITH K HEM yCTOMUYMBBINA HHTEPEC.

OK 2. Opranu3oBbIBaTh COOCTBEHHYIO €STEIBHOCTh, OIPENENATh METOJBl U CIOCOOBI
BBITTOJIHEHUS MPO(ECCHOHABHBIX 3a/1a4, OLIEHUBATh WX d(P(PEKTUBHOCTH M KAYECTBO.

OK 3. Pemrate mpo0isiemMbl, OIIEHWBATh PUCKH WM TPUHUMATH PEIICHHS B HECTAHAAPTHBIX
CUTYaIHsX.

OK 4. OcymiecTBisATh IMOUCK, aHaJIM3 M OLEHKY HH(OpManuy, HeoOXoquMol ams
MIOCTAHOBKM M pEIIeHUs Mpo(ecCHOHANBHBIX 3a7ay, HPOPECCHOHATBHOIO U JMYHOCTHOIO
pa3BUTHSL.

OK 6. PaboTaTh B KOJJIEKTHBE M KOMaHJE, obecreuuBarh ee crjoueHue, 3¢h(HEeKTUBHO
00IIaThCs ¢ KOJIJIETaMH, PYKOBOJICTBOM, MTOTPEOUTENAMHU.

OK 7. CraBuTh 1€, MOTHBHPOBATH NEATEIHHOCTh MOJYMHEHHBIX, OPTaHU30BBHIBATH M
KOHTPOJIMPOBATh UX pabOTy C MPUHSATHEM Ha ceOsl OTBETCTBEHHOCTH 3a PE3YyJIbTaT BBIOJHEHUS
3aJaHuH.

OK 8. CaMocTOsSITETHHO ONIPENeNATh 3a1a9i MPo(hecCHOHATEHOTO W TMYHOCTHOTO Pa3BUTHSA,
3aHMMAaTbhCA CaMO0Opa30BaHNEM, OCO3HAHHO MJIAHUPOBATh MOBBIIIEHNE KBATU(UKALINY. .

[1IK 4.1. [TpoBOaUTHh aHAIM3 CHUCTEM ABTOMATHYECKOTO YIPABICHHS C YUETOM CIEIU(PUKU

TCXHOJIOTUYCCKUX MMPOUCCCOB.



[IK 4.2. BeiOupats mpuOOpsl W CpeACTBAa aBTOMATH3allMd C YYE€TOM Crenuduku
TEXHOJIOTMYECKHUX IPOLIECCOB.

IIK 4.3. CocTaBnsiTh CXE€MBl CICHHAIM3UPOBAHHBIX  Y3JI0B, OJIOKOB, YCTPOHCTB |
CUCTEM aBTOMATUYECKOI'O YIIPABJICHHUS.

I1K 4.4. PaccunThiBaTh apamMeTpbl TUIIOBBIX CXEM U YCTPOICTB.

[1K 4.5. OnieanBath ¥ 00ECTIEUMBATHL IPTOHOMHUYECKUE XAPAKTEPUCTHKU CXEM H CHCTEM
aBTOMAaTHU3ALINH.

[1K 5.1. Ocy1iecTBasTs KOHTPOJIb TAPAMETPOB KaueCTBAa CUCTEM aBTOMAaTH3aIUU.

1K 5.2. [IpoBOaUTH aHAIN3 XaPaKTEPUCTUK HAJAECKHOCTH CUCTEM aBTOMATH3AIIHH.

1K 5.3. ObecnieunBaTh COOTBETCTBHE COCTOSIHHSI CPEICTB M CHCTEM aBTOMAaTHU3aLUU
TpeOOBaHUSM HA/ICKHOCTH.

B PE3YIbTATC U3YUCHUS JUCHHUIIIINHBI 06yanOHlHﬁCH JOJIZKCH

ymemp:
. [TpuMeHsATh MaTEMAaTHYECKHE METO/IBI IS PEIIeHHUS MTPOPECCHOHATBHBIX 33/1a4;
. Hcnons3oBare npu€Mbl M METOJIBI MAaTEMaTHYECKOIO CHHTE3a M aHaIW3a B

Pa3IMYHBIX TPOPECCHOHATBHBIX CUTYAITHSIX;

3HATh:

OCHOBHBIE TOHATUS W METO/Abl OCHOB JIMHEHHOH anreOpbl, TUCKPETHOH MaTeMaTHKH,
MaTEMaTHUYECKOr0 aHalu3a, TEOPUHM BEPOSATHOCTEH W MAaTeMaTH4YECKONW CTAaTUCTUKH, OCHOBHBIE
YHCJIEHHBIE METO/Ibl PEIICHUS TPUKIIAIHBIX 3a/a4;

Onucanne KakAoW MPaKTUYECKOM padOThl COAEPKHUT HOMEp, Ha3BaHHE U Lieidb paboThl,
(dbopMupyeMble B TPOILECCE BBINOJHEHUS paOOThl 3HAHWSA, YMEHMS M 3JIEMEHTbl KOMIIETEHILIUH,
TEOPETUYECKOe U3JIOKEHHEe HeoOXOAMMOro Mmarepuaia (IMpU HEOOXOJUMOCTH  NPUMEPHI
BBIMOJIHEHUST 3aJJaHUi), BapuUaHThl 3a/laHUM, ONUCAHHWE aJIrOPUTMA BBIOJHEHHUS pabOTHl U
KOHTPOJIbHBIE BOMPOCHI (C LENbI0 BBISIBUTh U YCTPAHUTH HEJIOUETHI B OCBOCHUM MaTepHaa).

Jl1 mostydeHus JOMONHUTENBHOM, Oosiee moipoOHOM HH(OPMALIMK IO OCHOBHBIM BOIIPOCAaM
y4eOHOM  JUCHUIUIMHBI B  KOHIIE METOJMYECKHX PpPEKOMEHJAllMil TNpuBeleH MepevyeHb
MH(POPMALMOHHBIX HICTOUHUKOB.

OT4eTbl CTYIEHTOB MO NPAKTHUYECKUM pabdoTaM J[OJDKHBI BBIMOJHITHCS B OTAEIBHBIX

TETpadAX, COACPIKAThL HOMEP, HA3BAHUEC U LCJIb pa6OTBI, BBITIOJTHCHHBIC 3aIaHUA U UX PE3YJIbTATHI.



INEPEYEHD ITIPAKTHYECKHUX PABOT

Nen\n Ha3zBanue npakTuueckoi paboTh Yacsl
1 Brrunciienue onpeaenuTenei. 2
2 Pemenuie cuctem N IMHEWHBIX YpaBHEHUHN C N HEU3BECTHBIMH METO/IOM 2

Kpamepa.
3 OnpeneneHne YUCI0BbIX MHOYKECTB, UUCIOBBIX IPOMEKYTKOB, 2
OKPECTHOCTEH TOUEK.
4 Brruncnenue npenenos. PackpeiTie HeonpenenénnocTu. Berancnenue 2
OJTHOCTOPOHHUX IPEIEIIOB.
5 Brruncrienue npon3BOAHBIX JIEMEHTAPHBIX M CIOXKHBIX (YHKIINH. 2
6 HccnenoBanue cioKHOM PYHKIIMU U TOCTPOCHUE TPAdHUKOB.. 2
7 Brranciienue HeonpenenEHHbIX HHTETPAIOB 2
8 Pemenne npukiagHbIX 33249 C HCIIOIB30BAaHUEM MHTETPATBHOTO 2
HCYHCIICHUSI.
9 Pemenue cuctem MMHEHHBIX OJJHOPOIHBIX YPaBHEHUH MEPBOTO MOPSAKA. 2
JuddepeHnnanbHbIX ypaBHEHUH 2-TO MOPSIKA.
10 Pemenune nmpodeccuoHANBbHBIX 3a7a4 C UCIIOIh30BaHUEM 2
muddepeHIaNbHbIX YpaBHEHUH.
11 JluHeliHbIE OTIepaIliil HaJl BEKTOPaMH, CKaJSIPHOE IPOM3BEACHUE BEKTOPOB 2
B IIPOCTPAHCTBE.
12 CocraBieHue ypaBHEHUs IPSIMOM Ha MIIOCKOCTU U B TIPOCTPAHCTBE. 2
13 Pemenne npukiagHbIX 33249 C HCMIOIB30BaHHEM KOMOMHATOPUKH. 2
14 Pemenue 3aga4 Ha BEIYMCIEHUE BEPOSITHOCTEN. 2
15 Pemenue 3a1a4 Ha BBIYHUCICHUE BEPOSITHOCTEH C HCIIOIb30BAHUEM 2
HIIEMEHTOB MaTeMaTUYECKOW CTATUCTHUKHU.
Hroro: 30




INPAKTHYECKASA PABOTA Nel

Ha3panune npaktu4yeckoi padornl: Boiuucnenue onpedenumeneit
Less padoThI: HAYYNUTHCS BHIYMCIATE ONPENEIUTENN PA3HBIMU CIIOCOOAMH.
3HAHMSA!

OCHOBHBIC MOHATUS U METOJbl OCHOB JIMHEHHOH anreOpbl, AMCKPETHONH MaTeMaTHKH,
MaTeMaTHYeCKOT0 aHaln3a, TEOPHH BEPOSTHOCTEW M MAaTeMaTHYECKOW CTAaTUCTUKH, OCHOBHBIC
YU CJICHHBIC MCTOABI PCIICHUSA IMPUKIIAIHBIX 3a1a4
yYMeHHUs:

IPUMEHATh MaTEMAaTUUYECKHUE METO/IbI JUIsl PELIeHUs IPOpeCcCHOHAIbHBIX 3a1a4

Teopernuyeckuii MmaTepuaJ:

1. Onpeneanreiib2-ro NopsiaAKa
OnpenenureseM .BTOPOro MOpsJKa Ha3bIBACTCS BhIpAXKEHUE BUJIA:

i %2| =g agp-aza;
Ay Ay

Uucna aiy, a1z, a1, a2 HA3bIBAIOT DJIEMEHTAMH OIIPEACIIUTEIIS.

Jnaronanb, 0Opa3oBaHHAs JIECMEHTAMH a11; 822, HA3bIBACTCS TJIABHOM, a JUAroHab,
o0Opa3oBaHHAs 3JIEMEHTAMHM a12a21 - TOOOYHOM.

Taxum 06pa3om, ONpeAeIUTENb BTOPOTO MOPSIKA PaBEH Pa3HOCTH MPOU3BEACHHI
DJIEMEHTOB TJIaBHOH U MOOOYHOMN JUAaroHaieH.

3amemum, ymo 6 omeeme NoLYYAEMCI YUCTIO.

IIpumep 1

2
=1-4-3-2=-6.
3 4

2. Onpeaenuresib3-ro nopsiaka
OmnpenesaunresneM TPETHETO MOPSAIKA HA3BIBAETCS BBIPAKEHNUE BUIA:

ay 4 g
ay 4, dy|=aiiazazstaziazaiztai?azzaszi-as1a22a13-a32a23a11-a21a12a33.
a3 d3p  dgg
DNEMEHTHI a11; az2; a3z — 00Pa3yIoT INIaBHYIO AuaroHaib.Yucia ais; azz; as1 — 00paszyror

MOOOYHYIO AHArOHab.

N300pa3um, cxeMaTu4ecku, Kak 00pa3yroTcsl caraeMble ¢ TUTFOCOM U ¢ MUHYCOM:

le o @ «a 8 » |&a_ =& »
[ [ -

e o o | = |/ a/» - « .0 »
. ‘ 4

e o o | & ® ¢ o o



C mIrocoM BXOAT: TPOU3BEACHUE JIEMEHTOB Ha ITABHOW TUAaroHaJIM, OCTAIbHBIC /1B
CJIaraeMbIX SIBJISIOTCS IPOU3BEICHUEM 3JIEMEHTOB, PACIIOIOKEHHBIX B BEPIIMHAX TPEYTOJILHUKOB C
OCHOBaHUSIMU, TapAJLICILHBIMU TJIAaBHOM AHArOHAH.

CraraemMbie ¢ MUHYCOM 00pa3yroTCsl IO TOH JK€ CXeMe OTHOCUTEIILHO TOOOYHON TUaroHasu.

DTO MPaBUJIO BHIYUCIICHUS ONPEICITUTEINS TPETHErO MOPSIIKa HA3bIBAIOTIPABUJIOM

TPEYrojbHUKaA WJIHA NIPABUJIOM Capploca:

IMpumep 2.
-1 3 2
2 8 1/=-1-82+2:1-2+3-1-1-1-8-2-1-1+(-1)-2-3-2=-16+4+3-16+1-12=-36
1 1 2

3. Boiunc/ieHHe OnpeeuTeisi:

@] d1p a3

_ A3y 4m| 23 413 @31 413
@3] dyy Gy —d) - @3- tdyge

@37 43 Q3] d1 d3] 33
3] @33 13

Brrunciaenue OIMPCACIIUTEIA TPETHETO MOPAAKAa CBOAUTCA K BBIYHMCIICHUIO TPEX OHpCI[CJIPITCJICfI
BTOPOI'O IIOPsAAKA.

Ipumep 3.
8 -3
- 1 1 -
-1 1 |=1- - & +{-3) =38.
-6 -1 -1 -6
-6 -1
3ananne: BoruncauTh onpeaenTesu:
1 -1 2 5 2 5
A=11 2 1 A=([-2 -1 -8
2 0 3 2 -3 -2
3 1 1 1 4 1
A=(1 2 3 A=|[-1 1 3
-2 5 =2 1 2 -1
1 -1 -1 2 5 -6
A=[(0 6 2 A=[4 3 -1
-6 -3 -2 -1 2 =2

KoHTpoJibHBIE BONIPOCHI:

1) Yro Ha3bIBaeTCs onpeaenuTeneM 2-ro nopsjika



2) HazoBuTte 1Ba criocoba BHIYMCIIEHHUS 3-TO MOPS/IKA.

INPAKTHYECKASA PABOTA Ne 2

Ha3panme npaktuyeckoil padotbl: Pewenue cucmem JUHENHBIX YPAGHEHUII MEMOOOM
Kpamepa

eab padoThbI: HAYYUTHCA PELIATh CUCTEMBI JIMHEWHBIX YpaBHEHH MeTogoM Kpamepa

3HAHUA:

OCHOBHBIC TOHATUS W METOJbl OCHOB JIMHEHHOH anreOpbl, AMCKPETHOH MaTeMaTHKH,
MaTEMaTHUYECKOI0 aHajlu3a, TEOPUM BEPOATHOCTEW M MaTeMaTH4YECKOW CTATUCTUKH, OCHOBHBIC
YHCJICHHBIE METO/IbI PEIICHUS IPUKJIAJHbIX 3a1a4
YMEHHS:

MNPUMCHATH MATEMATUYCCKHUEC MCTO/IbI U PCIICHUA HpO(i)GCCI/IOHaJIBHI)IX 3aga4

Teopernuyeckuii maTepual:

1.®opmyast Kpamepa niis cuctemMbl U3 IBYX YPaBHEHUI

Cucrembl U3 IBYX ypaBHEHHIA
ayx+a,y="b

b
ayx+a,y =",

Onpenenenue. OnpenenuTens, COCTaBICHHBIN U3 KOY(PPUIIMESHTOB IPU HEU3BECTHBIX, HA3bIBACTCA
OTIPEJICTTUTENIEM CUCTEMBI U 0003HavaeTcs A (neabpTa):

Ay Ay

Omnpenenurenu AX, Ay nosyyaroTcs myTéM 3aMeHbl K03((HUIIMEHTOB MPH COOTBETCTBYIOIIUX
HEU3BECTHBIX CBOOOIHBIMU YJICHAMMU:

b, a a b
L T2 =prag-aphoAy="" Tt = aibo-biaos.
2 A a, b,

AX=

Al

Haiitu 3Ha4eHUSIX1YBO3MOXKHO TOJIBKO MPHU YCIOBUHU, €CITH
DTOT BBIBOJI CJIEIYET U3 CIECAYIOIIEH TEOPEMBI.

2. Teopema Kpamepa:Eciu onpedenumens cucmemvl Omauder om Hys, mo cucmema JuHetHblx
VpasHeHuii umeem 00HO eOUHCMBEHHOe peuleHue, NPUYEM Heu38eCmHoe PagHO OMHOUEHUIO
onpedenumenell. B snamenamene — onpedenumens cucmemsl, a 8 Yuciumeine — onpeoeiumerny,
NOYYEHHbIU U3 ONpedenumens CUCmeMbl NYMEM 3ameHbl KO3Qhuyuenmos npu 3mom Heu38ecmHom
CB0000HBIMU UeHaMU. Dma meopema umeem mecmo OJisk CUCTNEMbl TUHEUHbIX YPAGHEHULL 1100020

nopsoka.



Ay

Takum o6pazom, hopmyrsrt Kpamepa 011 cucmemsvl u3 08yx ypagHeHuil: X= , Y= ~

A

IMpumep 1. Pemnts cucremy JTUHEHMHBIX YpaBHEHUM:
dxtix, =1
n+dr, =-3

CornacHo hopmynam moxydaem:

12
~3 4 1e4-28(-3)  4+6 10 _

= = - =—=1,
1" B 2 Zed—1e2  12-2 10
1 4
31

xg— = =
5 2 Zed—2a] 12-12 10
1 4

1 -3 _3e(3)-le1_-9-1_-10_

WTaK, pemeHne CHCTeMbl 1 Lon=-1

2. YacTHble ciyyau
Tpu cay4dasi IpH pelieHMH CHCTEM JHHEeHbIX YPaBHEHHUIi:

1) cuctema JiMHeHBIX ypaBHEHHH MMeeT eIJUHCTBEHHOE pelleHne(CucTeMa COBMECTHA U
onpeencHHa)
! !
1 %o
c c
VYcmosns: =0, ay 2
2) cucTeMa JIMHEHHBIX YPaBHEHUII UMeeT Oecunc/IeHHOe MHOKeCTBO pellleHunii (cucrtema
COBMECTHA U HeollpeIelEHHA)
oty &y

_ a c
YcnoBus: &=0 , 21 a2

MIPONOPLUOHAIBHBI.

2 , T.C. K03(1)(1)I/H_II/ICHTLI PN HECU3BECTHBIX U CBO60I[HLIC YJICHBI

3) cuctema JIMHeHBIX YPaBHEeHMH pellieHNii He MMeeT(crucTeMa HECOBMECTHA)

c c )
11 12 1
©11 _ -

=0 c b,
VYcnoBus: h=0,ay 2 2

Nrak, cucrema M TMHEWHBIX YPABHEHHI C N MEPEMEHHBIMU HA3bIBAETCS HECOBMECHHOU,
ecii y He€ HET HU OJTHOTO PEIICHUSI, U CO8MeCmHOl, €CITH OHa UMEET XOTsI ObI OJTHO pelieHuE.
CoBMecTHas cucTeMa ypaBHEHUH, IMEIOIast TOJIBKO OJTHO PEIICHUE, Ha3bIBACTCIONnpedeléHHOl, a
6oJiee OJJHOTO —HeonpeoenéHHOU.

3.®opmyasl Kpamepa 1iis cucremMbl U3 Tpex YpaBHeHUil

9



ayx+a,y +az =",
anX+ayy+ay=b,,

A X + Ay Y + 83,2 =D,.
Ax. _AY.,_Az

X= ;
A y_A A

I'me A (menbta) cocraBieH u3 KO3PPUIMEHTOB IPU HEU3BECTHBIX:
a'11 a'12 a13

A=|a, a, a,|A onpexenutenu AX, Ay, AZ nomydarotcs myTéM 3aMeHbI KO3PPUITUEHTOB TIPH
8y 8y dy

COOTBCTCTBYIOIIUX HCU3BCCTHBIX CBOGOIIHLIMI/I YJICHaAMM:

b a, aj, a, b a; a, a, b
Ax=|b, @, ay,[;Ay=|a, b, ay,|;Az=|a, a, b,
b, a, a; ay by ag ay a; b,

b#ED

Haiitn 3HaueHusIX, Y 1 ZBO3MOKHO TOJBKO MPH YCIOBUH, €CIIH
IIpumep 2. Pemiuth cucteMy JIMHEMHBIX YPAaBHEHUI:

2x, —x, —3x; =3

3x, +4x, —5x, =-8,

2x, + 1x; =17
2 -1 -3
A=3 4 —-5=79,
0o 2 7
3 -1 -3
Ax=|-8 4 —5/=395,
17 2 7
2 3 -3
Ay=13 -8 —5=-158,
0 17 7
2 -1 3
Az=|3 4 -8 =237,
0o 2 17
XZEZS; y=ﬂ=-2; 7=AZ -3
A A A

Ortger: (5; -2; 3)

3aganue:Pemuth cucremy meronom Kpamepa
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3x+y+z=-2

x—y=3 3x —4y =5
1.{ o 2.{ oo 3.{5x—y—2z=10
3x—-2y=1 6x —8y =10 X—y 45z =—12
x+3y—z=0 x—2y+z=3 _
4d2x—y+3z=1 5.02x — 4y +2z="5 6.{’3“;_23’:2
7x+ 7y +3z =2 3x —6y+3z=9 Y=
_ x+2y—z=-3 x—4y+3z=5
7.{3&1?:? 8.12x+3y+z=-1 9.{2x—8y+6z=10
Y= x—y—z=3 3x — 12y + 9z = 15

KoHTpoJibHbIE BOIPOCHI:

1) Yrto Ha3bIBAETCS CUCTEMOM JIMHEHHBIX YPABHEHHN?

2) Kakas cucrema Ha3bIBaeTCsl COBMECTHOM, KaKasi HECOBMECTHOM?

3) Kakas cucrema Ha3bIBae€TCs OMPEACICHHON M HEOMPEICICHHON?

4) Tlpu KakOM YCIOBHM MOXXHO HCIOJIB30BaTh (opmynsl Kpamepa st pelieHUs] CHCTEMBI

ypaBHEHUI?

IMPAKTHYECKAS PABOTA Ne 3

Ha3panue npaktuyeckoi padorbi: Onpedenenue 4uciogvix MHOMHCECM G, YUCI08bIX
npoMmedsHcymroe.

Heab padoThI:HAYUYNUTCS BHITOIHATH IEHCTBUS C UNCITOBBIMU MHOXKECTBAMH.

3HAHUSA:

OCHOBHbIE MOHSTHSI W METOJAbl OCHOB JIMHEHHON anreOpbl, IUCKPETHOW MaTeMaTUKH,
MaTEeMaTHUYeCKOro aHajiu3a, TEOPUM BEPOATHOCTEW U MaTeMaTH4eCKOW CTAaTUCTUKHU, OCHOBHBIE
YHCIIEHHBIE METO/IbI PEIICHUS MTPUKIAIHBIX 3a7a4
YMEHHUsI:

IMPUMCHATE MaATEMATUYCCKUEC METO/AbI I PECIICHUA HpOCbeCCI/IOHaJ'IBHI)IX 3aga4

Teopernyeckunit marepua:
MHO0ecTBOMHA3bIBACTCSI COBOKYITHOCTh HEKOTOPBIX 3JEMEHTOB, OO0BEIMHEHHBIX
KaKUM-IM00 OOIIMM MpU3HAKOM. DJIEMEHTaMHU MHOXECTBa MOTYT ObITh 4Hcla, (QUrypsl,

MMpEeAMETHI, ITIOHATHA U T.II.
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MHoxecTtBa 0003HAYalOTCSl MPONUCHBIMU OYKBaMH, a 3JIEMEHTbl MHOXKECTBO
CTPOYHBIMHU OyKBaMH. DJIEMEHTHl MHOKECTB 3aKJIIOUAIOTCS B (PUTYpPHBIE CKOOKH.

Ecimu JIEMEHTXIIPUHAICIKUT MHOKECTBY X, TO 3anuchIBalOTXEX (E—
IIPUHAIJIEXKHNT).

Ecnu MHOXecTBO A sIBIsieTCs 4acThl0 MHOXKecTBa B, To 3ammceiBaror ACB(C—
COJICPIKHUTCS).

MHOXeCTBO MOXKET OBbITh 3a/laHO OJIHUM M3 JIByX CIIOCOOOB: NEPEYUCICHHEM U C
IIOMOILBIO ONPEIEISAIOIErO CBONCTBA.

Hanpumep, nepeunciienneM 3aJaHbl CIEYIOIINE MHOXKECTBA:

. A={1,2,3,5,7} — MHOXECTBO YHCeIl

. X={X1,X2,...,Xn} — MHOKECTBO HEKOTOPBIX JIEMEHTOB X1,X2,...,Xn
. N={1,2,...,nN} — MHOXECTBO HATypaIbHBIX YUCEI

. 7={0,£1,£2,...,£n} — MHOECTBO IEJIBIX YHUCEI

MHOXECTBO (-00;+00) Ha3bIBACTCAUUCAOBOU NPAMOLL, @ THOOOE YUCIO — TOYKOH ITOM
MPSMOM.

[TycTh a — MpOM3BOJIbHAS TOYKA YHUCIOBOW MPSMON M O — TIOJIOKUTEIBHOE YUCIIO.
WuTepsai (a-8; a+d) Ha3BIBACTCS 0-OKPECMHOCMbIO MOYKU d.

Eciin MHOXXECTBO HE COJEP)KUT HU OJHOIO 3JIEMEHTA, TO OHO Ha3bIBAECTCS NYCHMbIM
MHOJICECMBOM 1 3ATIACHIBAETCS O.

Yuci10BbIe POMEKYTKH

Yucnosvie ompes3Ku, URmepedibl, NoJyuHmepeaivl U Jjydu HaAs3vlearont 4ucilo6biMu

NPOMENCYMKAMU.
HepaseHncrso, O0o3HaueHnne
. Ha3BanueuncsioBoro Yuraercs
3a/1a101eeYHCI0BOM YHCJIOBOTO
NMPOMEKYTKA TaK:
NPOMEKYTOK NPOMEKYTKA
a<x<b [a;b] YuC10BO# OTPE30K OTtpe3ok oT a 10 b
a<x<b (a;b) Wutepnain WutepBai ot a 10 b
[TonyunTepBan ot a
a<x<b [a;b) [MonyuHTEpBaN Y p
1o b, Bxkirouas a.
[TonyunTepBan ot a
a<x<b (a;b] [MTonyuHTepBaN Y P
1o b, Bxirrouas b.
YHucnoBou ay4 OT
xX>a [a; + ) YucnoBoit 1yd aJIOTLTIOC
0OECKOHEYHOCTH
OTKpBITHII
OTKpBITHIA YUCIIOBOM YUCIIOBOM JIy4 OT
X>a (a; + o) P yq
Iy4 aJIOTLITIOC
OECKOHEYHOCTH
N YHucnoBon 1
x<a (- o0, a] YucnoBoit 1y4 yi
OTMHHYC

12




0OECKOHEUYHOCTH 10a
OTKpPBITHIN
o o YUCJIOBOM Jy4
OTKPBITBIA YUCIIOBOM
Xx<a (- o0, a) I OTMHUHYC
yi OECKOHEUYHOCTH 10
a

IMpumep 1. OnpeneneHre YUCIOBOrO HEPABEHCTBA

OTMeTMM Ha KOOpAMHAaTHOM NpsMOM TOYKM € KoopauHatamu -3 u2. Ecam Touka
pacmosoKeHa MeKy HUMHU, TO €l COOTBETCTBYET YHCIIO, KOTOpoe Ooubiie -3 1 MeHbIe 2. BepHo u
oOpaTHOE: €CIM YHUCIO X YIOBIIETBOPSAET YCIOBHIO -3<x<2 , TO OHO H300pa)KaeTcsi TOUKOH,
JIe)KaIEeH MEeXAy TOUYKaMU ¢ KOOpJAUHATAMU -3 U 2.

MHnoowcecmso 6cex uucen, yoogremeopsowux yciosuio -3<x<2, HA3b16AeMCAYUCTIOBLIM

NPOMENCYMKOMULU RPOCMO npomexcymkom om -3 0o 2 u obosnauaemces max: (-3;2).

e

Y

L
e -
T =

Ha pucynkax m300paxeHbl MHOKECTBO YHMCEN X, JJIi KOTOPBIX BBIMOJHSAETCS HEPaBEHCTBO

x<10 m x=10. DTH MHOXKECTBA TPEJACTABIAIOT COOOH NPOMEKYTKH, 00O3HAUYAEMBIE
o oo

coorBeTcTBeHHO (- ; 10) u (-~ ; 10]. YUuraerca Tak: 4YMCIO X HPUHAMISKUT MPOMEKYTKY

oo
oTMuHyc OeckoHeyHocTd (- ) A0 10 (x<10) u 4yMCIO X TPUHAICKHUT MPOMEKYTKY OTMHUHYC

oo <
oeckoneunoctu (- ) g0 10, Brmowas umcno 10 (x—=10). 3HaK paBeHCTBaHEPABEHCTBE
0003HayaeTCAKBAAPaTHON CKOOKOMB yKa3aHUU MPOMEXKYTKA.

R A e |
7 v 4; =

X
v [

IIpumep 2. [lepecedeHre YUCIOBBIX TPOMEKYTKOB

MHnoowcecmso, cocmasnsouee 06wy HYacms HeKOmopwvlx Muodxcecme A u B,
HA3b18AIOMNEPECEYCHUCMIMUX MHONCeCms8 U 0003Ha4arm AnB.HpOMeX(}ITOK [3;5] sBmsiercs
nepeceueHrueM mpomMesxkyTkoB [ 1;5] u [3;7]. DTo MokHO 3amucaTh Tak: [1;5] M [3;7]=[3;5].
- [

. =

| BT [
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[Tpomexkytku [0;4] u [6;10] HE MMEOT OOMMX 3JIEMEHTOB. EciiM MHOXECTBO HE HMEET
OOIIMX 3JIEMEHTOB, TO FOBOPAT, YTO UX MEPECEUCHHE MyCTO. 3HAYHT, NEpeceueHre MPOMEKYTKOB
[0;4] 1Y [6:10]=0.

B e s

0 il
o

Ipumep 3. O6bearHEHNE YUCTOBBIX TPOMEKYTKOB
Kaxxmoe uuciio u3 npomexytka [1;7] IpuHAIICKUAT XOTs ObI OTHOMY U3 MPOMEKYTKOB [1;5]
u [3;7], To ecTb, 1160 TpoMexkyTKY [1;5], mubo mpomexyTtky [3;7], 1160 UM 060UM.

Mﬂoofcecmeo, cocmossiyee U3z 3J1emMeHnos, npunadﬂeofcau;ux xoms Ovl odnomy uz MHoacecme

A u B, Hazviaiomobwedunenuemamux muoscecms oboznauaiom 345

[Mpomexytok [1;7] sBasercss oOveawmHEHHEM NPOMEKYTKOB [1;5] m [3;7]. D10 MOXKHO
3ammmcars tak: [ ;5] [3;7]=[1;7].
L L L L]

rrl‘l‘-# T

SIS

SaMeTI/IM, qTo 06’BCIII/IH6HI/IC IMPOMCIKYTKOB HC BCCria HpecACTaBIIACT coOoi IIPOMCIKYTOK,

narnpumep MaokecTBO [0;4] [6;10] He ABIIETCA IPOMEKYTKOM.

3aganue: BoinosinuTe AeiicTBUs 10 X014y padoThI.

1. BeiGepuTe npaBuiibHOE N300paKeHHE TPOMEXKYTKa [-2;4] Ha KOOPAMHATHOM NPSMON

R
1) | 2) =

- EREEE
e e
3) - 4) : 4

2. BeiOepute npoMexyTOK, H300paskeHHBIN Ha KOOPIMHATHOM MPsIMOI:

A

o--

b

=

a) x= 8;0) x<8; B) x>8;r) X =8,

3. [MpuHAICKUT JTH TPOMEXKYTKY [-8;-5] uncio...

14



a) -9; 0) -8; B) -5,5; 1)-5; n)-4; e)-7,5?

4. Ucnionb3yro KOOPAMHATHYIO MIPSIMYI0, HAUAUTE [IEPECEUEHUE IPOMEKYTKOB!

a) (1;8) u (5;10); 6) [-4;8] u [-6;6]; B) (-5;1] m (-4;2]; 1) (- ;3] m [0;+ ],

5. Ilokaxxute MTPUXOBKOW HA KOOPAMHATHON MPSAMON 00bETUHEHNE TIPOMEKYTKOB!
a) (- %25 4w (10:+ %) 6) [3:+ %) m 85+ %°); 8) [4:8] w [-6;6]; 1) (-5:1] 1 (-4:6].
6. BriOepuTe npaBuIIbHBIN OTBET

6.1.UuciioBbIM IPOMEKYTKOM Ha3bIBAETCH. . .

@) MHOJCECmeo cex uucei, yOosiemeopsaouux HepaseHcmasy,

0) MHOKECTBO BCEX YHCET;

B) IEPEMEHHBIX.

6.2. Kakue u3 4nceln He yI0BJICTBOPSIOT HEPABEHCTBY -2<X =8:
a)2un5;0)-1u8;68) -2u9rT)0us.

6.3. Ykakute MHOXKECTBO pelICHUI HepaBeHCTBa X>20):

a) (- %5 20); 6) (20; +77);8) [20; +°7); I[-20;+ ).

6.4. YkaxxuTe MHOXKECTBO, IIPEICTABIISIIONIEe CO00I OOIIYI0 YacTh MHOXKECTB:
X=3u -5<x<3,2:

a) (- 5;3);0) (-5; 3,2); B) (-5; 3], 1) [3; 3,2).

KoHnTposbHbIe BONIPOCHI:
1) Ha3oBuTe OCHOBHBIE YHCIIOBBIE MHOXKECTBA;
2) Uto Ha3bIBaeTCs 00BbEAMHEHHEM MHOXKECTB?

3) Uto Ha3bIBaeTCS MepeceueHueM MHOKECTB?

IMPAKTUYECKAS PABOTA Ne 4

Ha3Banue npakTuueckoii pa6oroi: Botuucnenue npeoenos. Packpvimue neonpeodenénnocmu.
Buiuucnenue oonocmoponnux npeoenoe.

Heab padoTbI:HAYYUTHCS BHIYUCISTH IPEIETBL.

3HAHMSL:

OCHOBHBIC TIOHSTHUS W METOJbI OCHOB JIMHEHHOW anreOphl, JUCKPETHON MaTeMaTHKH,
MaTeMaTUYeCKOro aHalin3a, TEOPUHM BEPOSTHOCTEM M MaTeMaTHUYeCKOW CTAaTUCTUKH, OCHOBHBIC
YUCJICHHBIE METO/bI PEIICHUS TPUKIIAJAHBIX 33724
YMEHHUS:

IMPUMCHATHE MaTEMATHYCCKUEC METO/AbI IJId PECIICHHA HpOCbeCCI/IOHaJ'H)HI)IX 3aga4

15



Teopernyeckuii MaTepuas:
Onpenenenue (HaxoXxaeHUE Tpeaena QyHKIUN Ha OECKOHEYHOCTH).
Yucno A naseiBaercs npezaenoM Gpyukuun f(X) npu X — | ecam m1s m1060ii GECKOHEYHO GOJIBILON
MOCIIEI0BATEIHLHOCTH apTyMEHTOB (QYHKIMH (OECKOHEUHO OOJILIION MOJIOKUTETHHON WITH
OTPHUIATENIbHOM ), TOCTIEI0BATEILHOCTh 3HAUEHUN 3TON (YHKIIUH CXOIUTCS K A.

O6Go3znauaercs lim f(x) = A.
X—00

3ameuanue.
Ipenen ¢pyukuuu f(X) mpu X — % Geckoneuen, eciu s 1000 6ECKOHEYHO GOIBIION
MOCJIEI0BATEIHHOCTH apTyMEHTOB (QYHKINH (OECKOHEYHO OOJBIION MOJIOKUTEILHON WU

OTPUIATEIILHOM ), TIOCIIEIOBATEIIBHOCT 3HAYCHUN ATON (DYHKITUU SBISICTCS OCCKOHEUHO OOJBIIION

lim f(x)=w®
MOJIOKUTETILHOU MIIH OECKOHEYHO OOJNbIION oTpHuIlaTenbHOi. O003HaUaeTCs *—= .
OcHOBHBIE HeoNpeAeJIeHHOCTH NPeiesIOB M UX PACKPbITHE.

o 0
OCHOBHBIC BUIbI HEOIIPEACJICHHOCTECHU: HOJIb JACIUTL HAa HOJIb (6) ) OECKOHEYHOCTh JCIINTDH

Ha 6CCKOH€‘IHOCTI>(§), HOJIb YMHOKHTH Ha 6eckoHeYHOCTH (0 * ©0), 6ECKOHEYHOCTh MHHYC
OecKOHEUHOCTD (00 — 00), eJIMHMIIA B CTEIICHH OECKOHEUHOCTh 1%, HOMb B cTerneHy Hoib 0°,
OECKOHEUYHOCTb B CTENEHHU HOJb 000,
PackpbiBaTh HeonpeaeJJleHHOCTH 1103BOJISET:
ynpolneHre Buja GyHkuuu (mpeodpazoBaHue BhIPaXKEHUS C UCIOIb30BaHUEM (OPMYIT
COKpPAIIEHHOTO YMHOXEHUSI, TPUTOHOMETPUUECKUX (POPMYJI, JOMHOXKEHUEM Ha COMPSKEHHBIC

BBIPpAXKCHUA C TOCIICAYIOIIHUM COKPAIICHUEM U T.H.);

HCIIOJIb30BAHUC 3aMCHATCIIbHBIX ITPCACIIOB;

npuMeHeHune npasuia Jlonurans;

HCIOJIL30BaHUE 3aMEHBLI OSCKOHEYHO MaJIOTo BBIPAXXCHUA CMY 3KBI/IBaJIeHTHI)IM(I/ICHOJ'IBSOBaHI/Ie

TaOIUITBI SKBUBAJIEHTHBIX O€CKOHEYHO MAJIbIX ).
CrpynnupyemM  HEONpeAeNeHHOCTH B Ta0Juuy  HeompeaeideHHocTeii. Kaxaomy  Bugy
HEOTPECICHHOCTH ITOCTABHM B COOTBETCTBUE METOJT €€ PACKPBITHS (METO HAXOXKICHHS IpeIesia).

Tabnuma 1 - MeTobsl Hax0XKICHUS TTpeena

Buast MeTtoabl HaXOXIE€HUs Mpeesia
HEOMPEIeTEHHOCTEN
0 HeoOxonumo npeoOpa3oBath U ypocTUTh BhipaxeHue. Eciu ecth
(0) BBIPAKEHHE BUIA ELLLCE D TO MPUMEHSIETCS TIEPBBIN
kx sin(kx)’
3aMeyaresbHbIN Ipeed.
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(OO) Heo6xoaumo mpeobpa3oBath M yIpoCTUTh BeIpaxeHue. Ecin He

0 MIOMOTaeT, TO MCIOJIb30BaTh IpaBwiio Jlonurass.
. — .. 0 0o
(0 - 00),(00 — o0) HeoOxomuMo npeoOpa3oBaTh HEOMPEACIEHHOCTh K BUIY (6) WIN (;), 3a
TEeM IPUMEHUTH IpaBuiio Jlonurans
1%, IIpuMeHsieM BTOpOI 3aMeyaTesIbHbIN pee
Ilpumepl:
2
x°+2x-3

13y — 5y +2
= —_
Brrunciure npeaen X X+

Pewenue.

. xX%+42x-3 1242:1-3 0
IMoncrasinsem 3HaueHue: lim = = (-
x—1 3x2—5x+2 3:12-5-1+42 0
[Tpumm k HeonpeneneHHOCTH. CMOTPUM B TaOJIMITY HEONIPEICIICHHOCTEH JIIsl BRIOOpa MeToAa
pelieHrs U IpoOyeM YIpOCTUTh BhIpaxkeHue. Tak Kak U YUCIUTENb U 3HaMEHATENb 00paIiaTcs B
HOJIb TIpU X=1, TO €CJIM Pa3JIOKUTh HA MHOKHUTEIIU ITH BBIPAKEHHUS, MOKHO Oy/I€T COKPATUTh (X-

1) u HeonpeaeICHHOCTh UCYE3HET.

Pa3i0KuM YUCIUTENh HA MHOKHUTENH
¥
¥ +2x—-3=0

—4.1-(-3)=16=
—2-4/16

X' +2x—3=(x+3)x~-1)

Paznoxxum 3HaMeHaTeIb Ha MHOKHUTEIIN:
3x' —5x+2=0
D=(-5f-4-3-2=1=
N [

o2

| b2

._al__l_]m

5+

Y

=1=

bl

2

2 .
3x? —5_r+2=3[x—:\!lfx—l]
3T

Ham npeacii NpuMeT BU:

(c-Ha-v =3(x-2) 3(1-9)
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[Mocne npeoOpa3oBaHys HEONIPENAEIEHHOCTh PACKPHIIACK.
¥
x°+2x-3
=4

- T -
Omeem: * 3x" = 5x+2

Paccmotpum nipenenbl Ha 0ECKOHEUHOCTH OT CTENEHHBIX BhIpakKeHUU. Eciu mokaszarenu
CTETIEHHOT'O BBIPAXKEHHUSI ITOJI0KHUTENBHBI, TO Mpe/ied Ha OeckoHeuyHOCTH OeckoHeueH. [Ipuyem
OCHOBHOE 3HAUEHHE MMEET HAauOOJbIIIas CTENIEHb, OCTAILHBIE MOKHO OTOPACHIBATH.

Ilpumep?2:.

L ox +2x" —4
]Hn _'—j
Boeraucnuts npenen o 3x +12

Pewenue.

T -
. x'+2x‘—4_ o0

x=o 3x +12 =

CTeneHb YHCIUTENA paBHa CEMH, TO €CTb m=7. CTeneHp 3HaMEHATENIS TAKKE paBHa CEMU n=7.

-
I

Pa3enuM ¥ YUCIUTEh U 3HAMEHATENb HA -+
; s x7+2x5-4 2 4 2 4
po X P24 T It+5-%5 1+5-= 1+40-0 1
m-——————=1llm———= Illm = = —
x—oo  3x7 + 12 x—>oo 3x7+12 x>0 34 12 3+ 12 3+0 3
.X'7 x7 oo?
T =
Cox +2x -4 1
m >~ = "=
Omeem-*== 3% +12 3
o o . sinx
IlepBb1ii 3aMeyaTeIbLHbIH MPeaeT UMEET BUL: hrr(l) — = 1
X—

Ha MPAKTUKEC YalllC BCTPCUAOTCA MOIll/l(l)I/IKaIII/II/I MEepBOro 3aMev4aTe/JIbHOIO nmpeaejia B BUac:

lim sin(kx)

x—0 kx

rae, K — koaddurnment.

CiencTBus MepPBOro 3aMevYaTeIbHOIO Npeaesia:

. X . 1 1
1. lim—=limgpgzr=-=1
x—0 SsInx x>0 2—= 1
. 1 1
2. - = llmm =-=1
x—0 Sin kx x—0 —= 1
kx
Ilpumep 3:
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: sin(Sx}

o x—=0 7
Haittu npegen: =%

Pemrenue:

TloxcraBisieM 3HaUeHUE:

fim sin(3x ) _J0

=0 2y )]

[Tpunum K HeoNpeAEICHHOCTH HOJIb ICNIUTh HAa HOJIb. CMOTPUM B TaOJIUILY

HEOIPEJICIIEHHOCTEH IS OTIPEIeNICHUs] MeTo1a penieHus. KoMOuHamus cuayca 1 ero apryMeHTa
MOJICKA3bIBAET HAM O MPUMEHEHHUH MIEPBOTO 3aMeYaTeIbHOr0 Mpejiesa, Ho AJIs 3TOro CHavaia
HY)KHO HEMHOTO Ipeo0pa3oBaTh BbIpakeHue. JJOMHOKUM Ha 3X ¥ YHCITUTEIbh U 3HAMCHATEIb
Ipo0wu.

lim

x-0 2x

sin(3x) (0) _ 3xsin(3x) " sin(3x) 3x\ I 3 sin(3x)
“\0) T Bx-(2x) a0\ 3x  2x) x0\2  3x

sin{3x )}
=1
x—0
B cuIly CIIEACTBHS M3 IIEPBOrO 3aMEYaTeILHOrO Mpesena 3x ) , TIOSTOMY IIPUXOJUM K
pe3ynbTary:
. (3 sin(3x)
fim| 3. 5057))

3,3
=02 3x ) 2 2

. . . 1\*
Bropoii 3ameuare/ibHBIH npeaesa uMmeeT BUI: lim (1 + ;) =e

X—00
WU B JIPYTOi 3amucu lir%(l +x)V*=e
X—

B ciydyae BTOporo 3ameuaTesbHOTO Mpejieina HMeeM JIeI0 ¢ HeOPeAeIeHHOCThIO BU/Ia €IMHHIIA B
crenenu 6eckoHedHocTh(1%) .

Ilpumep 4:

o
—_—
.

fim| 1-—=— |
el x? +1)
Beruucnuts npeaen

[ToxcraBnsiem 6€CKOHEYHOCTH:

x241 00241

l- 2 4 2 4 oo o
(=) =(-me)  ma-om=a

HpI/II_HJ'II/I K HCONIPCACICHHOCTU CAUHHNIA B CTCTICHU OCCKOHEYHOCTb. CMOTpI/IM B Ta6JII/Igy
HEOIIpEeACICHHOCTEH IJIA OpEACTICHUA METOAa PCHICHUSA U OCTAaHABJIMBACMCA HAa IPUMCHCHHUU
BTOPOTI'0 3aMCUATCIILHOT'O IIpcciia.

X241 x%+1 t
Cnenaem 3ameny nepeMeHHbIX. [lycTht = — — 2 =3

Ecmu X —»9C o [ ==
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Hcxonublii ipeaen nociie 3aMeHbl MPUMET BU/T:

¥+l 1 !

-t Y 1
]im[l— ,2 } ) ={1°°}=]im(1+l} } =]jm[[1+1J J =g
2@ ¥ +1 t—m i == i

IIpumep S:

X
. ( X— 1)
Berunciuts npenen = X+
Pewenue:

IToncrasnsiem OECKOHEYHOCTD:
X

-1
inf 351 =il | =(555) =)
I— _1_'—'— X— 1+_ —|—
X

[Tpunum K HeONpeAETICHHOCTH IMHUIIA B CTETIEHU 0ECKOHEYHOCTh, KOTOPAask yKa3bIBaeT Ha
IPUMEHEHHE BTOPOT0 3aMeyaTeIbHOro Ipeiena. Boiennm nenyro yact B OCHOBaHUH
MOKa3aTeIbHO CTETIEHHON (PYHKITUH:

x=1 x+1-2 x+1 2 2

_r+1_ x+1 _x+1_x+1_ x+1
Torna npenen 3anumeTcsa B BUIE:
]]lltl[x_l} =<1°°>=]im[l——2 }

x==l x +1 x—sm x+1

CnenaeM 3aMeHy nepemeHHsbIX. [IycTs

r=—%:>23=—x—1:‘=x=—zt—l

Ecmu I—}DG,TO I

Hcxonuelii mpeaen nociie 3aMeHbl MPUMET BU/T:

I (x_l)x—(1°°)—1' (1 2)
xl—{?o x+1 - _xl—r>rolo 2t1x+1

1 1 —Zt 1 —1

=lim(1+—) =lim<<1+—> -<1+—> )

X—00 t t—oo t t

-2t

= lim (1 + —)

t—oo t

131 1\ —2 1y L
-lim(1+—) =lim<(1+—>> -(1+—) =e?-(1+0)1=¢e2
t—oo t t—oo t [o'e}
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B npeobpazoBanusx ObLIM HCTOIB30BaHbI CBOMCTBA CTETICHH U CBOWCTBA MPE/IEIIOB

3ananue:Boruucanrts npeaesa GQyHKuMii:

Bapuanr 1.

1 . x3+1

x—>—1x%2-1

2 i x%-2x-3
" x—>-3 x2-9

3. lim 2
’ X—00 x2—1
. 1-V/x+1
4. lim
' x—0 X
. 3
5. lim(1+2)
X—00 X
. 55
lirn ———
¥—=0 a X
i —
6. 2
Bapuanr 2
2
—-25
1. lim Z
x—-—1 X+5
y) i 2x+x?
T x5-1x245x+6
3 . x%2-25
T xo>—1 x2-8
xX—2
4, lim ——
x——1Vx+2-2
. 1
5. lim (1 +-5)%*
X—00 X
. SN 2x
litmn
6. =0 BX
Bapuanr 3
3
. x>=27
1. lim
x—-3 Xx—3
2 4x3-11x-3
" x53 3x2-8x-3
3 1+2x+x3
' X—00 10x3+4x2-80
6—x
4, lim———
x—6 3—Vx+3
. 2
5 lim(1+-—)*
X—00 3x
sin 2x

lim

6. Ysn3x
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KonTposabHbie BoNpochkl:
1) Yro Ha3bIBaeTCs MpeaesioM QyHKIHHA?
2) Kakas CBsI3b CYIIECTBYET MEXKIY OECKOHEYHO MaJloi U OECKOHEYHO OOJIBIION PYHKITUCH?

3) HazoBuTe BHIBI HEOIIPEACTICHHOCTEH.

INPAKTUYECKAS PABOTA Ne 5

Ha3Banue npakTuyeckoii padoTbl: Boiuucnenue npou3eooHvIX 11eMEHMAPHLIX U CIONHCHBIX
dyukuuil.

Leanb padoThI:HAYYUTHCS HAXOIUTH IPOU3BOIHBIC QYHKIMK 110 Gpopmynam auddepeHInpoBaHuMs.
3HAHNS:

OCHOBHBIC TIOHSTHS W METOJBI OCHOB JIMHCHHON anreOpbhl, TUCKPETHOH MaTeMAaTHKH,
MaTEMaTHYECKOTO aHallu3a, TEOPHH BEPOSTHOCTEH W MAaTeMaTHYeCKOW CTATUCTUKH, OCHOBHBIC
YHCIICHHBIC METO/IbI PEIICHUS TPUKIIATHBIX 33724
YMeHHsI:

MPUMCHATb MATCMATHUYCCKHUEC MCTOAbI JJIA PCHICHHA HpO(beCCI/IOHaHLHBIX 3aJa4

Teopernyecknii Mmarepuall

IyTs X — apryment dynkmun f(X) u AX - Manoe ymcio, oTmHuHOE OT HYIIS.

AX (ynraercs «menbTa MKC») HA3BIBAIOT MPHpPAIEHHEM apryMenTa ¢pyHkuun. Ha pucynxke 1o

ocH aBCIICC MOKA3aHO H3MEHEHHE apIyMEHTa OT 3HAYCHHUs X JI0 3HayeHus ~ T Ax (orcrona BuaHa
CYTh Ha3BaHUS «IpHpAILEHUE» apryMEHTA).

X . Xp+AX
HpI/I nepexoae OT 3HAaUYCHUS apryMeHTa K 3HAUYCHUA (bYHKI_II/II/I HU3MCHAIOTCA

f(fg} flfr,: + Ax)

COOTBETCTBEHHO OT hi(o / TIpH yCIIOBUM MOHOTOHHOCTH (D)YHKIIUH Ha OTPE3Ke
[x0; X0 +A x] . Pasnoctef (xy +A x) — f(x) =A f(x) Ha3bpBarOT NpUpaleHHeM

¢pynxuuu f(X), COOTBETCTBYIOIIEM TaHHOMY MTPHUPALICHUIO apryMeHTa. Ha pucyHke npupaiieHue
(GYHKIIMHU MOKa3aHo MO OCH OpJIMHAT.
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Omnpenesienne npou3BoAHON QYHKIHMHU B TOUYKE.

X, +Ax
[MTycte ¢pynkuus f(X) onpenencua Ha mpomexxytke (a; b), To i *o - TOYKH 3TOTO
npomexytka. [lpousBoanoii pynkuun f(X) B Touke *0 naspiBaercs Tpeie OTHOIICHUS

IIpUpaIICHUA (bYHKI_[I/II/I K IIpUpAINECHHUI0 apryMEHTaIIpHu Ax —0 . O6o3Hayaercs f / (xo) =
lim A1)
Ax—0 Ax

IpaBuaa nupPepenuupoBanus. [IpousBoanbie 3jeMeHTAPHBIX QYyHKIMI

1.(c) =0 11.(2*) =a*Ina
2. (x) =1 12.(sinx)’ = cos x
3. (u+v) =u' +V/ 13.(cosx)' =—sinx
a(uv) =u'v+v'u ¢
14.(tg¥) = cos® X
/ / / —
u) u'v+viu (ctax) =
5-(;) = 1. (etox) =
6.(cu)’ =uc’ 16. (arcsinx)’ =—1%X2
7. (x") =nx 17.(arccosx)' -1
1—x?
1
(Inx) == (arctgx)’ =
8.(Inx) » 18. (arctgx) T
1 —
(logx) ==1 (arctgx)’ =
9. (logx) ~loge 19. (arctgx) T

10.e* ) =e*




HajiTu npou3BoaHbIe CJaexyOmUX (YHKIIHI:

Hpumep 1

y=x2-4x+3.

Pemenue:

y'=(x*4x+3) /= (x? - (4x) + 3.

o dopmynam 1,2, 3,6 u 7 Tabmume 2.1, momyuum y' = 2x-4.

Ipumep 2
NSRS

Jx  x? 3x°
Pemenue:

BBoas 1poOHBIE U OTPHUIATENIbHBIE TIOKA3aTeH, IpeodpasyeM JaHHYI0 ()yHKIHIO:
1 -1
y=x%+5x3 —x?+=x7" .

[Ipumensiss popmynsl (6 1 7), HOTydUM:

1 1 1 4
y' zlx?l + 5(— ljx_?’_l —(=2x "+ Q}i{*l :115(7E —§X_5 +2x° —x"*
2 3 3 2 3

1 5 2 1
Y T ok Rxt x* x*

IIpumep 3

, Jx
§ (X) = 1. \/; . Beramcauts § /(1).

Pemenne:

[To popmynam (5 u 7) nomyunum:

1 Yx 1 1
§'<x):(&)'(1+&)—(1+&)’-&:z&(“ﬂ 2k _2x 2 2.

L+ Vx) L+ Vx) L+vx)
() 1 .
J (X)_2&(1+&)2’
11
J (X)_zﬂ(1+ﬁ)2_2-22

ool o
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IIpumep 4

o]

Pemenue:

PaCKpBIBaeM CKOOKH U IMPOU3BOAUM JCIICHUC!:

L Vx) _142Vx+x 1 2
X

—+—+1.
X X J;

Hcnonb3yeM ApoOHBIE M OTPUIATENBHBIC MMOKA3aTeNH, MPUBOAS JaHHOE BhIpaxeHWe K BUIY (7)

Tabyune! 2.1:

1

y=x'+2x 2 +1 .

Haxoaum Ipou3BoHyo y :

N2 11
= x?+2 S x2=-"—
! (zj Xy

IIpumep 5
Haiiti npon3BoaHyto 2-ro nopsaka oT pyHKIuu y=x-sinx .
Pemenne:

Hcnonb3ys popmysst 4,2 u 12 tabnauisl 2.1, noxydum:

y' =(x) sinx+x(sinx)' =sinx+Xcosx .

JInddepennupys Npou3BOaHYI0 y |, MMeeMm:
y" =(sinx)’ +(x) cosx +x(cosx) =cosx+Ccosx —Xsinx =

=2C0SX — XSinX.

IIpumep 6

Z[BI/I)KGHI/IC JICTYHKA IIPU KAaTallYJIbTUPOBAHUU U3 PCAKTUBHOI'O CAMOJICTa

MO>KHO IPUOIM3UTENBHO ONUcaTh GOopMyIIoi S= 3,7t3 +Int-19t (M). OnpenienuTh CKOPOCTh U

YCKOpEHUE JIETYHNKA uepe3 2 ¢ TocTe KaTamyIbTHPOBAHUS.
Pemenue:
ITo dopmynam 3, 6,7 u 8 Tabmuter 2.1:

v=$,v=(3,73 +Int—-19t)" ,

Torma v=3,7+3t? +% -19=259wm/c; a= (:i_\t/ ra=111t% + % -19;
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1(m 1
j— — — | — " — . —_—— = M .
a=222t - ( ) a_, =222-2 2 4415 42

4. IlpousBogHas CI0KHON QyHKIUN
Ecmm y = § (u), rje u = (x), T.. €CIIM y 3aBUCHT OT X Yepe3 MPOMEKYTOUHBIH apryMeHT
U, TO y Ha3bIBaeTCs CIOKHON (PYHKIUEH OT X.

[IpousBogHas ciokHOM (YHKIMHM paBHA TPOU3BEIACHUIO €€ TMPOU3BOAHOM IO

IPOMEKYTOYHOMY apryMEHTY Ha MPOU3BOIHYIO 3TOTO apryMEHTa MO HE3aBUCHMOUN IEPEMEHHOIL:
y'=§"(u)-u'(x)
Hekotopsie (hopMyJIbl TaGIUIIBI TPOU3BOIHBIX TEMEPh OYIyT KMETh BHI :
(un )/ —nu™t.u’
(sinu) =cosu-u’
(cosu) =-sinu-u’
U T.JI.

5. HaiiTu npou3BoaHbIe CJeaYHIHUX QyHKIMMA:
Ipumep 1.

y = (1+5x)".
Pemenmne:

[omnaras 1+5x = U n y = U3, npumensis npauio qudepeHnpoBanns CI0KHON (HYHKIINH, UMEEM:
2

y =3u’(1+5x) =3(1+5x)" -5=15(1+5x)

IIpumep 2

y =sin3x.
Pemtenue:

[Tonaras 3x= U, HaiineM, UCTIOJIB3YsI COOTBETCTBYIOIIUE (POPMYJIBI:
. T

y' =(sinx®) =(sinu) =cosu-u’ =cos3x® -3

y’ =3cos3x.

Ipumep 3
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y =sinx®.
Pemrenue:

[Mosnaras x3= U, HaMaeM:

y' =(sinx®) =(sinu) =cosx-u’ =3x* cos x’.

IIpumep 4

B kakoif MOMEHT BpeMEHH CKOPOCTh TeJjIa, ABHKYILErocs 1o 3akony S = 3t? — 15t + 2, paBua 0?

Haiitu yckopenue tena.

Pemenue:

—

- N dS

CKOpOCTb TEJIa V - 3TO IIEepBas MPOU3BOAHAs OT IIEPEMECIICHUA S 10 BPpCMCHHU: V= E; 3aKOHY
2 /
v=(3t? —15t + 2) =16t —15.

Ecimm v=0, To 0=16t-15 => t = % =2,5(¢c)

- - N d\?

Vckopenne @ — 3T0 1nepBasg IPOU3BOJAHAA OT CKOpocTH \/ 10 BpeMEHH: aA=—— ;

dt
a=(6t-15) =6(/. |

Ipumep S

Touka coBepmiaer KojeOarelbHbIe IBWKEHHSA 10 OcH abcrmce mo 3akony X =COS®U. Haiitu
MOMEHT BpPEMEHH, KOTJja CKOPOCTh PaBHA HYI0. YeMy B 3TO BpeMs paBHO X?

Pemenne:

dx )
V=E:—msmmt : 0=mwsinwt;

KT 0K
Kkn=ot=t—: X=cos——==1 .
0 0

3aganue: Haligure npon3BoaHyo pyHKIM NPH JAHHOM 3HAYCHUH APryMEHTA
Bapmuanr 1

1. f(x)=x3-3x2+4x-75; f'(2)

2. fx)=(x—DVx+1; f'(3)

3. f@) =11
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4. f(t) =t?+e%; f'(0)

f) =225 f'(V3)

f(x) =2x3—4x?> —-5x+3; f'(2)
o) =@-DVx+ 1 £'(3)

f@) =% '@

9. f(t)=3t>—e3+1; f'(2)

10. f(x) =125 f'(V3)

o

N o

oo

Bapmuanr 2

L f@)=4x +10—Z+7=—2 f'(1)
2. f(x)=(x+DVx2=1; f'(2)
3 f@ =2 f'(3)
fx) = 3W' f'(0)
(x) = 1—x2+1 f(2)
f(x) =sin?x; f'(n/4)
F(x) =Incosx; F'(—m/3)
f() =sint —cos?t; £'(0)
f(2z) = tgz; f'(n/4)
10.  f(x) = eS"¥; £'(0)
Bapuanr 3
f(x) =cos?x; f'(—m/4)
f(z) =lIlnsinz; f'(m/6)
F(x) = cosx + sin?x; F'(0)
fGx) =Inctgx; f'(-m/4)
fy) = e f'(m/4)
f(z) =Insin?4z; f'(n/16)
f(x) = cos?x%; f'(m/4)
f(x) = 2sin®xcosx; f'(m/2)
0(x) = esin2x _ 30082, £1(0)
10. F(y) = tg*3y; F'(0)

© o N o g &
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KoHnTpoJsbHbIE BONIPOCHI:

1) 3anumuTe onpeneseHNue MPOU3BOIHON



2) Yem oTnm4vaeTcs MPOM3BOJHAS CIOXKHOM (PYHKIIMH OT TPOU3BOIAHOU dJIEMEHTAPHOU

byHKIIIN?

IHPAKTHYECKAS PABOTA Ne6

Ha3zBanue npakTuueckoii padoroi: Hccnedoeanue pynkyuu ¢ nomouybio npou3800Hoil

eab padoTbi:HayuyuTbcst HAXOAUTH C TOMOIIBIO IEPBOM MTPOU3BOAHOM TOUKH IKCTPEMYMa

Y MHTEPBaJIbl BO3pacTaHUs U yObIBaHUS (PYHKIIMH; C TOMOIIBIO BTOPOM MIPOU3BOIHOM TOUKH

nepern0a U HHTEPBAJIBI BBITYKIOCTH U BOTHYTOCTH (D)YHKIIMH; C TOMOIIBIO TIPEIETIOB

BBIUUCIIATH ACUMITOTHI TpaduKka GYHKIUHU; CTPOUTH TPaUK MO IMOJTHOMY HUCCIICIOBAHUIO

byHKIAHA

3HAHUSA:
OCHOBHBIC TOHATUS W METOJBl OCHOB JIMHEHHOH anreOpbl, AMCKPETHOH MaTeMaTHKH,
MaTEeMaTUYeCKOr0 aHajlu3a, TEOPUM BEPOSTHOCTEH M MaTeMaTH4YEeCKOHW CTaTUCTUKH,
OCHOBHBIE YHCIIEHHBIE METO/IbI PEIICHUS MPUKJIAIHBIX 3324

yMeHHSI:

MNPUMCHATH MATEMATUYCCKUEC MCTO/AbI U PCIICHUA HpO(i)GCCI/IOHaJIBHI)IX 3aga4

Teoperuyeckunii marepuas:
IHotHoe Hccen0BaHNe (PYHKIIUHM U IOCTPOEHHE rpaduka.

Crout 3aZlada: IIPOBECTHU MMOJIHOC UCCIICAOBAHNC (I)YHKI_II/II/I " TTOCTPOUTH €€

thj:_;;__
rpadux -1

AAropuT™ UCCiIe0oBaHMs PYHKIIMHA COCTOUT U3 CIEAYIOLIUX 1IaroB.

1. Haxoxnenue o6;1acTu onpenejeHusi GyHKUMH.
OT0 OYeHb BaXKHBIN 1IAT UCCIe0BaHMs (PYHKIIMH, TaK KaK BCe JaNbHEUINE NeHCTBUS OYAyT
MIPOBOAMTHCS Ha 00JIaCTU ONPEEIICHNUS.
B nammem npumepe HY>KHO HalTH HYJIM 3HAMEHATEeNsl U UCKIIOYUTh UX U3 00JIacTH
I[eﬁCTBHTeHBHLIX YHUCCII.

4x* -1=0
1
X=I—=
2
/ 1 11y (1
XS| —#—— || ——.— u‘—l—fﬁ:
i 272) 127 )

|
- A - ALY A

(B npyrux npumepax MOryT ObITh KOPHH, JIoTapuMbl U T.1. HanmoMHUM, YTO B ATHX CIIydasx
00J1aCTh ONpeIeNIeHHs] UIIETCS CIEAYIOIINUM 00pa3oM:
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4

. gix
JUTs1 KOPHSL Y€THOM CTETIeHH, Harpumep, ¥ < - 00J1aCTh OIpEICTICHUS HAXOAUTCS U3
glfx =0
HEepaBeHCTBa < ;
g, g(x) g(x)> 0
JUTst Torapudma - 00J1aCTh OIpe/IeTICHUS] HAXOIUTCS U3 HEpaBeHCTBA =+ ).

2. HMccaenoBanne GyHKIHMH HA Y€THOCTh HJIM HEYETHOCTD.
. vi—x)= px)
DyHKIMA ABIAETCA YeTHOM, ecii © © 7 < 7 UeTHOCTh QyHKLMHU yKa3bIBAET HA
CHUMMETPHIO rpa)Ka OTHOCHTEILHO OCH OpIMHAT.

y y—x)=—ylx)
OyHKIWS SIBISICTCS HEYeTHOM, ecimi ~ = ° " . HedetHocTh (DyHKIIMU yKa3bIBACT Ha
CUMMETPHIO Ipa¥Ka OTHOCHTENILHO Hauasaa KOOPIHHAT.

ECJII/I K€ HU OIHO U3 paBeHCTB HC BBIIIOJIHACTCA, TO Hepel[ HaMH (I)YHKHI/ISI 06H_ICFO BHJIA.

vi—x)=yx)
B HallleM npuMepe BBIOJNHSCTCS PABEHCTBO * ©  ©  * * | CIIeHOBATeIbHO, HAIlla (YHKIHS
yeTHas. ByJeM yduTsIBaTh 3TO MU MOCTPOSHUH TpaduKa - OH OyIeT CHMMETPpUYCH

OTHOCHUTECJIBHO OCH 0Y.

3. HaxoskneHne NpoMe:KyTKOB BO3pacTaHusi U yObIBaHUSI (PYHKIMH, TOYEK IKCTPeMyMa.

¥

[TpomexyTku Bo3pacTaHusl U YObIBAaHUS SIBJISIIOTCS PELICHUSIMU HEPABEHCTB f h] =0
L

u / If:: )=0 COOTBETCTBEHHO.

Touku, B KOTOPBIX IPOU3BOJIHAS 0OpaIaeTcs B HOJIb, HA3bIBAIOT CTALMOHAPHBIMH.

Kpurnyeckumu Toukamu (pyHKIMH Ha3bIBalOT BHYTPEHHUE TOUKU 00JaCTH ONPE/IENICHNUs, B

KOTOPBIX IPOM3BOIHAs (DYHKIIMH PaBHA HYJIIO MJIM HE CYIIECTBYET.

3AMEYAHMUE (BkiroyaTh JId KPUTHUECKHUE TOUKU B IPOMEKYTKH BO3pACTaHUS U YObIBaHUS).
1. TlonararoT, YTO MPOMEKYTKH BO3PACTAHUS U YObIBAaHUS SBISIOTCS PELICHUSIMU

HEPABEHCTB f If‘.c]} 0 " f ':'f]} 0
IIPOMEIKYTKH.

2. TlonararoT, YTO TOYKH, B KOTOPBIX (DYHKIIHS OTpeJieNieHa, a KOHEYHOM MPOU3BOHOM He
HMEET, HY>)KHO BKJIIOUYaTh B IPOMEKYTKH BO3pAaCTaHUs U YObIBaHUA (HanpuMep,

-

. Batom CJIydac KpUTHYCCKUC TOUKU HC BKIIFOYAIOTC B

— X o
q)yHKHI/IH ol B TOUKEC .x:O OHpe,Z[eJIeHa, a HpOI/I3BOI[Ha${ B 3TOU TOYKCEC
1 v 1
.}IF: E _}"I'[G__]=E=:’:
R |
66CKOHe‘IHa 3 X y x:0 CHeI[yeT BKJIFOUUTH B HpOMC)KyTOK

BO3pacTaHus (PyHKIUN).
Mgl OyzieM BKJIIOYaTh KPUTHUYECKHE TOUYKH B TPOMEKYTKH BO3pAcTaHUs U yObIBaHUS, €CIIM OHU
IPUHAAIEKAT 00JIaCTH ONpeIeNeHUsT (PYHKIUU.
Taxkum 006pa3oM, YTOObI ONPeeIMTh MPOMEKYTKH BO3PACTAHUS U YObIBAHUS (PYHKIMHU
® BO-IIEPBBIX, HAXOUM POU3BOAHYIO;
® BO-BTOPBIX, HAXOAUM KPUTUYECKUE TOUKHU;
® B-TpPEeThHX, pa30rBaeM 00JIaCTh ONPEICTCHHS KPUTHUECKUMH TOUKaMU Ha HHTEPBAJIBI,
® B-UETBEPTHIX, ONPEACIAEM 3HAK IPOU3BOIHON HA KaXKJAOM U3 IPOMEKYTKOB. 3HAK
«TUTIOC» Oy/IeT COOTBETCTBOBAThH MPOMEXKYTKY BO3pPACTAHUS, 3HAK «MUHYC) -
MIPOMEXKYTKY yOBIBaHHUS.
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3.

4.

Haxoaum npousBogHyro Ha oOJactu onpeaeIeHus
N £ ET o | BT P | I, o
.f | X | = = S - _L '."l‘ = - —
- 4x* —1T |4x" -1

Haxoaum kpuTHyeckue TOUKH, ISl TOTO:
Haxoaum crammonapHbie TOYKH (OHH K€ HYJIM YUCITUTEINS): B HAIIEM IPUMeEpe x=0 ;
==
Haxonum Hyu 3HamMeHarens:
HanocuM 3Tu TOUKH Ha YHCIIOBYIO OCh U OIIPEACIISIEM 3HAK MPOU3BOJHON BHYTPHU KaXXJI0T0
MOJIYYCHHOTO TIPOMEXyTKa. Kak BapuaHT, MOYKHO B3SITh JIFOOYIO TOUKY U3 MPOMEXKYTKA
BBIYMCIIMTH 3HAYEHHUE POU3BOJHOM B 3TOM TOUKE. Eciii 3HaueHne MOJI0KUTEIBHOE, TO CTABUM
TUTFOCHK HaJ 3TUM MPOMEKYTKOM U MEPEXOJUM K CIECIYIOIIEMY, €CITU OTPULIATEIBLHOE, TO

b |

1.

o —2--1] 2
Jli-ll=rm———r=2>0
|4(-1F —1] 9
cTaBuM MHUHYC U T.71. K mpumepy, o : , CIIeJIOBATEIbHO, HAJl
MIEPBBIM CJIEBa MHTEPBAJIIOM CTABUM ILITIOC.
+ + - -
® C) ® > X
1 1
/ - / 0 \ : \
JlemaeM BBIBOJ:
1 1
—o0— —\I ——;0
4 _,.J ] 2 4

(GyHKIHS BO3pACTaeT Ha MIPOMEKYTKE
0; l\}. 1 :v::w
2) 2
¢byHK1Ms yOBIBaET Ha IPOMEKYTKE U Ha IPOMEXKYTKE < /.
CxeMaTu4Ho MIrcaMy / MUHYCaMU OTMEYEHBI IPOMEKYTKH T'J1e IPOU3BOIHAS MTOJIOKUTENbHA /
oTpuuarensHa. Bo3pacratomnye / yObIBarole CTPEIOYKH TOKA3bIBAIOT HAIPaBJIECHUE
BO3pacTaHus / yObIBaHUS.
Touxamu sxcmpemyma @pyHKyuy SIBIASIOTCA TOUYKU, B KOTOPBIX (PYHKIIMS ONpEaeIeHa U MPOXOAs
qyepe3 KOTOpbIE TPOU3BOIHAS MEHSET 3HAK.
B Hamewm npumepe Toukoi sKCcTpeMyMa siBisieTcd Touka x=0 . 3HaueHue (pyHKIHUU B ITON TOUKE
;
£0)= 55— =0
paBHO T . Tak kak Mpou3BOHAs MEHSET 3HAK C IUII0Ca Ha MUHYC IIPH
npoxoxaeHuu uepe3 Touky x=0, 1o (0; 0) sBnsieTcst Toukoii TokanpHOro Makcumyma. (Eciu 661
IPOM3BOJIHAS MEHsIA 3HAK C MUHYCA Ha IUJIFOC, TO MBI UMENU Obl TOUKY JIOKAJIbHOTO MUHUMYMA).

4. HaxosknaeHne NPpOMeKYTKOB BbINYKJIOCTH U BOTHYTOCTH (DYHKIMM U TOYeK Nepernda.

HpOMC)KYTKI/I BOTHYTOCTH U BBIITYKJIOCTHU (I)YHKI_II/II/I HaxXo4dATCAd IIPU pCIICHUAMU

fﬂﬂzﬂnfﬁﬂgﬂ

HCPaBCHCTB COOTBETCTBCHHO.
HWuoraa Bor HYTOCTb HAa3bIBArOT BBIITYKJIIOCTBIO BHU3, d BBIITYKJIOCTh — BBITYKIJIIOCTHEIO BBCPX.

31ech TakKe CIIPaBeUIMBbI 3aMEYaHus, TOA0OHbIE 3aMEYaHUAM U3 IIYHKTA [P0 MPOMEKYTKU
BO3pacTaHus U yObIBaHUSI.
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Takum o0pa3om, 4TOOBI ONpeaeJUTh NPOMEKYTKH BOTHYTOCTH M BBIMMYKJIOCTH (DYHKIMH !

BO-TIEPBBIX, HAXOUM BTOPYIO IIPOU3BOJIHYIO;

BO-BTOPBIX, HAXOAUM HYJIW YUCIIUTEI U 3HAMEHATEIsI BTOPO IIPOU3BOJIHOM;

B-TPETHHX, pa30nBaeM 00JIaCTb ONpPEACTICHHUS MOTYYCHHBIMUA TOYKAMH HAa HHTEPBAJIbL;
B-4ETBEPTBHIX, OIIPEAEIISIEM 3HaK BTOPOM IPOU3BOIHOM HAa KAYKIOM U3 IPOMEKYTKOB. 3HAK
«IUTIOCY Oy/IeT COOTBETCTBOBATH MPOMEXYTKY BOTHYTOCTH, 3HAK «MUHYC» - TPOMEKYTKY
BBIITYKJIOCTH.

Haxoaum BTOpYIO IPOU3BOIHYIO Ha 00JIaCTH OTIPEIEIICHUSI.
L}

"oy 2y
f LT )= ‘ _|:-IT _1):

"\
1=
I
|
o

_ 20 (a0 -1 - 2ofla -1 ) _ 242
(45 —1) [4x* -]

I[anee HUIIEM HYJIUM YUCIUTCIIA U 3HAMCHATCIIA.

x==

| =

B namem npumMepe HyJield YUCIUTEINS HET, HYJIM 3HAMEHATEIs
HanocuM 3TH TOYKHM Ha YUCIIOBYIO OCh U ONPENEISAEM 3HAK BTOPOM IPOU3BOAHON BHYTPU
KQKIOr0 MOJIy4€HHOT'O IIPOMEKYTKA.

1. Jlemaem BBIBOJ:

1 17
2°2)
e (yHKIMA BBINYKJIas HA IPOMEXKYTKE ;
1
1) L)
e (pyHKIIMS BOrHyTast Ha IPOMEKYTKE </ uHa MIPOMEXKYTKE - J

(x : (‘.c . .
Touka * %° f En Ha3bIBAETCS MOUKOU nepeauba, eClnyu B JTaHHOW TOUKE CYIIECTBYET

KacaTenbHast K rpaduky (QyHKIUU U BTOpasi MPOU3BOAHAs (YHKIIMU MEHSET 3HaK MpU

MPOXOXKIECHUH Yepe3 %o,

Jlpyrumu cioBamMu, TOYKaMH Ieperuda MOTyT SIBIATHCS TOUKH, IPOXO/Is Yepe3 KOTOphIEe BTOpast
MIPOM3BOIHAS MEHSIET 3HaK, B CAMUX TOYKaX JMOO paBHA HYJIIO, JIMOO HE CYIIECTBYET, HO ATH
TOYKH BXOJSAT B 00JIaCTh onpeaeaeHus (QyHKIHH.

B namem MMpUMEPE TOUCK Hepem6a HCT, TaK KaK BTOpPasa MPOU3BOJHAA MCHACT 3HAK IIPOXOAA
1

i=xt—
S
4yepes3 TOUYKHU “ , a4 OHU HE BXOJAIT B 0011aCThb OIIpCACIICHUS (byHKHI/II/I.

32



5. Haxo:xnenue TOPU30HTAJBbHBIX, BEPTUKAJBbHbIX U HAKJTOHHBLIX AaCUMIITOT.

Topusonmanvhvle unu HaKIOHHbIE ACUMNMOMbL CIIEYET UCKATh JHIIb TOT1A, KOTAA (QYHKITHS
ornperneneHa Ha 6eckoHeuHocTH. Ha rpannnax obimactu onpenesneHus pyHKIusI

UMEET 8epMUKAIbHbLE ACUMNIMOMbL, €CIIA OJHOCTOPOHHHE TpeJeibl QYHKIUH B ITUX
T'paHUYHBIX TOYKAX OECKOHEYHBI.

==

b | =

B namem npumepe rpaHUYHBIMU TOYKAMU 00JIACTH ONPEACTICHUS SBISIOTCS
Hccnenyem noBepaeHne GyHKIIUU P MPUOIMKEHUN K TUM TOYKaM CJIeBa U CIIpaBa, JJisl 4ero
HalJIeM OJIHOCTOPOHHUE IIPEIEIIbI:

. x? . x? 1/4 N
im ———=lim = = 400
x==3-0 4x2 —1 x—>—3-0 2x—-1D2x+1) (=2)(-0)
i x? . x? 1/4
im ———= lim = = —
oo dx? =1 ol C2x=1DC2x+1)  (=2)(+0)
. x? . x? 1/4
im ———=lim = - _
xori04x? =1 1ol o 2x—=1D(C2x+1)  (+2)(=0)
i x? . x? 1/4 N
im —— = lim = = +oo
xotrodx? =1 o liox—-D@2x+1)  (+2)(+0)
X= il
Tak KaK OJHOCTOPOHHHE MPEENbl OECKOHEUHBI, TO IPAMBIE < ABISIOTCH
BCPTUKAJIbHBIMH ACUMIITOTAMU Fpa(bI/IKa.
[x]
k = lim L%
H v=ki+b ey
AKJIOHHBIE ACHMIITOTBI UIIYTCS B BUJIE OPSAMBIX * , TIIe

b=1lim| flx)- x|
" oW L
Ecau k=0 u b He paBHO O€CKOHEUHOCTH, TO HAKJIIOHHAS! ACUMIITOTA CTAHET 2OPUZOHMATIbHOLL.
Yro Takoe BOOOIIE 3TH ACUMITOTHI?

OTO0 Takue JUHUM, K KOTOPbIM MpuoOnxkaeTcs rpapuk GyHKIMU Ha 6eckoHeuyHOCTH. Takum
00pa3oM, OHM OYEHb IOMOTAlOT IPU NOCTPOCHUHU Tpaduka QyHKIHH.

Ecny rop30HTaIbHBIX WM HAKJIOHHBIX aCUMIITOT HET, HO (DYHKIMS oNpesesieHa Ha IIIH0C
0ECKOHEUHOCTH U (MJIM) MUHYC OECKOHEYHOCTH, TO CJIEAYeT BHIYUCIUTD Ipeaea pyHKIUU Ha
TUTIOC OECKOHEYHOCTH U (MJIM) MHUHYC O€CKOHEYHOCTH, YTOOBI UMETH TIPE/ICTABIICHUE O
MOBEJICHUU TpaduKa QyHKIIUH.

s Hamero npumepa

X
Fetim L) g A =1 g
r=w oy ¥ x
b=tim(f(x)—fe)=tm "+ =1
e TITILT 4
1
77

- TOpU30HTaJIbHAsl aCUMIITOTA.
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Ha sTom ¢ nccnenoBanue pyHKIMH 3aBepIIaeTCs, MEPEXOAUM K MOCTPOCHUIO rpaduKa.

Boruuciisiem 3HaueHns1 GYHKIHUHM B POMEKYTOUYHBIX TOUKAX.

Jist 6osiee TOYHOTO MOCTPOEHUS rpaduka peKOMEHIyeM HalTH HECKOJIBKO 3HAYCHHUN (DYHKIIUU B
MIPOMEKYTOUHBIX TOYKAX (TO €CTh B JIIOOBIX TOUYKAX M3 00JACTH ONpeAeICHU QYHKITUHN).

Jlns Hamiero nmpuMepa HaiiieM 3HadeHus: QyHKIuu B Toukax x=-2 , x=-1, x=-3/4 , x=-1/4 . B
CHITy YETHOCTU (DYHKIIUH, OTH 3HAYCHHS OYAYyT COBIAIATh CO 3HAUCHHUSIMU B

Toukax x=2 ,x=1 ,x=3/4 ,x=1/4.

DU S e
fl=21=f12) 1, 4 = (.27
" X E u X E 4:2-_1 1:'.-!

PR P 1° 1
(-1)1= fll)= —— =—=0.33
fl=)= fl)= = =

B

Co30 (3 4 ) 9 -

-—— = — 1= __._J-\ =—=|:|..4:'
f| 4) f\_{' f3y 20

4{_, -1
4)

A 4}
[ R ) TR, P Y
U e Y 12

4= -1
4

IHocTpoenue rpapuxa.

CHavaJsia CTpOMM aCHUMIITOTBI, HAHOCUM TOYKH JIOKaJbHBIX MAaKCUMYMOB U MUHUMYMOB
(GyHKIMH, TOUYKH Nepernda v mpoMeXKyTouHble TOUKH. [ yno6cTBa noctpoeHus rpapuka
MOYKHO HAHECTH U CXeMaTHYeckoe 0003HauYeHHE MPOMEKYTKOB BO3pacTaHUs, yObIBaHUS,
BBIMYKJIOCTU U BOTHYTOCTH, HE 3P %€ MbI IIPOBOJIUIH UCCIIEI0BAaHUE PYHKIMH =).
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j-
1 1
X=—— X=—
P b
- 2- -
>
1 -
1
- - ~V=—
S - . o 4
mia x
| i 1 4 L 1] 1 |
-3 =2 o 0 1 2 3
1 x
-]
.’I‘\\
AR

Ocranock mpoBecTH JUHUH TpaduKa yepe3 OTMEUCHHbBIC TOUKH, MPHOIIKas K aCHMITOTaM U

CJIEAyA CTPEIOYKaM.

3 -
1 1
X =—-—— X =—
) 2
- 2- -~
Y
1 -
. o
__A/," '\'_\__‘ 4
mEgx
T T T 1
-1 0\ 1 2 3
4
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3ananme: Uccaenyiite GyHKIUIO M OCTPoOiiTe eé rpadguk

a) f(x)=x*>-2x+8.

2x2 2
b) f(X)=— 2 4x+Z.
) f(x) 3 3

c) f(X)=-x*>+5x+4.

2
X x 1
d f(x)=—+—+=.
) 1) 4 16 4
KonTtpoJibHbIe BOIPOCHI:
1) Anroput™m aHanu3a QyHKIHNA?

2) Bwuabl acuMnror?

IHHPAKTHYECKASA PABOTA Ne 7

Ha3panue npaktuyeckoii padorbi: Boiuucnenue neonpedenénnplx uHmezpasoa.
e padoThI:HAYIUTHCS BBIYUCIIATEH OMPEACIEHHBIA HHTETPAJIBI C TTIOMOIIBIO TAOJIHMIIBI OCHOBHBIX
WHTETPaJIOB
3HAHUSA:
OCHOBHBIE TOHSTHS W METOAbl OCHOB JMHEHHOW anreOphl, MUCKPETHOW MAaTeMaTHKH,
MaTEeMaTUYeCKOro aHalii3a, TEOPUU BEPOSITHOCTEM M MaTeMaTH4YeCKOW CTaTHCTHKH,
OCHOBHBIE YHCJICHHBIE METOIbI PEIICHUS TPUKIIQAHBIX 33124
YMeHHSA:
UCIOJIb30BaTh NPUEMBI M METOJAbl MAaTEMaTUYECKOrO0 CHHTE3a W aHalu3a B
Pa3IUYHBIX MTPOPECCUOHATBHBIX CUTYAIIHSIX

Teoperuyeckunii marepuad:

OnpenesieHne nepBoodPa3HOi.

[TepBooOpaznoii ¢pynkiuu f(X) Ha mpomexxytke (@; b) Ha3pBaercs Takas Gpynkuus F(X), uto

( ‘
F'(x)= flx)
BBITTIOJIHACTCA paBeHCTBO Lo - IS J'HO6OFO X U3 3aJaHHOT'O HpOMe>I<yTKa.

Eciu npuHsTh BO BHUMaHKE TOT (aKT, YTO MPOU3BOHAS OT KOHCTaHThI C paBHA HYIIIO, TO
cipaBetuBo paBeHctBo(F(x) + C)/ = f(x). Takum o6pazom, GpyHkims f(X) ©IMeeT MHOXECTBO
nepBooOpaszubix F(X)+C, i mpou3BobHON KOHCTaHThl C, IIPUYEM TH TIEPBOOOPa3HBIE
OTIIMYAIOTCS IPYT OT JIpyra Ha MPOU3BOJIbHYIO MOCTOSIHHYIO BEIHUHHY.

OnpeneseHue HeoNMpeaeJeHHOT0 HHTErpaJia.
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Bce MHOXecTBO TIepBo0Opa3Hbix GyHKINH f(X) Ha3bIBACTCS HEOMPEICICHHBIM HHTETPATIOM ITOH

Jflf_x:]dr = Flf_x:]+ C

¢GbyHKIMU 1 0603HAYACTCA

Bripaxxenue f If'.c Jebx Ha3BIBAIOT NOObIHMESPAIbHBIM 8bipadiceruem, a T(X) — noovinmezpanvroil
pynkyueil. TlogpIHTErpabHOE BRIpAXKEHUE MPeACTaBiIsIeT coooit nuddepeniman ¢pyuakuuu f(x).

JleficTBYE HaXOKICHHS HEM3BECTHOU (PYHKIIMH 10 3a[aHHOMY e¢ AuddepeHIrany
HA3bIBACTCS HEONPEOe/leHHbIM HHTETPUPOBAHKEM, IOTOMY YTO PE3yJIbTATOM UHTETPUPOBAHHS
sBisieTcs He oaHa GpyHkuus F(X), a MHOXKecTBO ee mepBooOpasubix F(X)+C.

Ha ocHOBaHUM CBOICTB MTPOU3BOIHON MOKHO CHOPMYITUPOBATH U JIOKA3aTh C8OUCHIEA
Heonpeoenenno2o unmezpana (CBOWCTBA NEPBOOOPAZHONN)

[ flx)dx) =(F(x]+C) = flx)
[Tpou3BoHas pe3yapTaTa MHTETPUPOBAHKS pPaBHA MOBIHTETPATbHON (YHKIINH.
jd[F[x,]f] = jF'[xf]ci&: = jflf_x’]dx = Flf_x,]+ C

Heonpenenennsiii unterpan quddepennnana GyHKIHMH paBeH cyMMe caMoi (QYHKITUU U
MPOU3BOJIbHON KOHCTAHTHI.

[ & flalde =k [ flx)dx
, T7ie K — mpou3BosibHAs KOHCTAHTA.
KoadduiuneHT MOKHO BEIHOCUTD 32 3HAK HEOIIPEEIEHHOIO HHTEerpaa.
[t )£ gl e = [ flxc ket = [ glic e
Heormpenenennsiii HHTErpasl CyMMBI/pa3HOCTH (QYHKIUI paBeH CyMMe/pa3HOCTH
HEOIPEeNICHHBIX HHTETPAJIOB (DYHKIIUH.

3aaya MHTErpUPOBAHUS sBIsIeTCA 00paTHON 3afaue TuddepeHIUpOoBaHNs, TPUUYEM MEXKAY 3TUMHU
3aJjauaMH O4€Hb TE€CHAasl CBA3b:

NepPBOE CBOMCTBO MO3BOJIET IPOBOANUTD TPOBEPKY UHTErpUpOBaHUsl. YTOOBI MPOBEPUTH
IIPABWJIBHOCTbD BBIIIOJIHEHHOTO MHTEIPUPOBAHUS JOCTATOYHO BBIYMCIUTH IPOU3BOAHYIO
MOJIy4E€HHOT0 pe3ysbrarta. Eciau nonydyeHHas B peynbrate nuddepeHuupoBanus GyHKIUS
OKa)KeTCs paBHOM MOABIHTErPANbHOM (QYyHKIMH, TO 3TO OyJeT 03HauaTh, YTO MHTEIPUPOBAHHE
IIPOBEJIEHO BEPHO;

BTOPOE CBOMCTBO HEOIPEICIIEHHOTO HHTErpajia MO3BOJISET 0 U3BECTHOMY JU(depeHmany
(GyHKIIMM HaliTH ee epBooOpa3Hyro. Ha 3ToM cBolicTBE OCHOBaHO HETIOCPEICTBEHHOE
BBIUMCJICHUE HEONPECIEHHBIX HHTETPAJIOB.

HecoMHEHHO, OCHOBHBIM METOJOM HAXOXACHUS MEepPBOOOpPa3HON (YHKIMH SIBISETCS
HEMOCPEJCTBEHHOE HMHTEIPUPOBAHME C MCIOJIb30BaHUEM TaONUIBl TEPBOOOpA3HBIX U
CBONMCTB HEOIPEIEICHHOr0 HMHTEerpana. Bce npyrue MeTonbl MCIHOJIB3YIOTCS JIAIIL IS

IMPUBCACHNA UCXOOAHOI'O HHTETpaJia K Ta6J'II/I'-IHOMy BUAOY.

Tabanna nepoodpa3HbIX (HeonpeaeJeHHbIX HHTEIPaJIoB).
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E] - 'rl""i_
v v = -, p=-1
! p—1
O dv=0C
© e oLal . . f_dx Lo o
arax=——-0C. a=zl Jf=—f“'ﬁ'§__(—_-
. In o a —x° o« .
R dx X
jgax=e - C Jf:arcsu‘_——{f
) Aa® —x” a
A -
| = II|'"‘f| —L e 1 ¥ — ,
X r— =—1In -
- . , Yy —a- 2a |x—a
cosy -y =siny—C ]
* ax 3
c o . =lnlx -~y —a|-C
st ¥-dy = —cosx — O .rr 2 2l -
J X" za
s dy ) : oy |l — QOS5 X
| == -C J —— =In|— ~C
COS™ X S X | S X
s Y :
— =—ctgx—C sy |1—sin x
Y sinT x =ln -C
) YCosY | COSY
LAY .
——— =arcsmx—_
Tl —x
© o ody
—— =arcigy—C
Y1-x

CDOpMy.]'ILI U3 JICBOI'O CTOJ'I6I_[a Ta6J'II/II_[I>I Ha3bIBalOT OCHOBHBIMH HepBOO6p33HLIMI/I.
CDOpMan)I H3 IIpaBoro CTOJ'I6Ha OCHOBHBIMH HEC ABJIAIOTCA, HO OYCHb 9YaCTO UCIIOJB3YIOTCA ITPU
HaXOXXJACHUHN HCONIPCACIICHHBIX NHTCTPAJIOB. Hx MOxHO IMpOBEPUTH I[I/I(b(l)epeHLII/IpOBaHI/IeM.

IIpumep 1:
R S
fl:\_'{jlzj" _?"‘ Sx+4
Haiinute MHOX€ECTBO IEpBOOOPA3HBIX (PYHKIIUU 2
Pewenue.
M 3 1
f(x}=2“ "‘; ASx =27 +? -(5x+4}3

3anumiemM GyHKIUIO B BUIE
Tax xak uHTErpan cymmsbl (PYHKIIUH paBeH CyMM€E HHTErPaioB, TO

Jf[_x_]ch' = H 2% +—[5x+ 4_]% H:dx = JZ: dv + ‘[% (5x+ :I_]_% dx

~

3

a4

Yucaopoii KOI)(I)(I)I/II_[I/IGHT MOKHO BBIHCCTH 3a 3HAK UHTCTpajia:

‘ff[.x.]dr = I 2dx+ I% (5x + 4.]% dy =

:Ij:dx— -I[_Sx—{]?:dv

L..'Il LS}
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[lepBrIii U3 HHTErPaANIOB MPUBEAEH K TAOJIMYHOMY BHUY, IOATOMY U3 TaOIHIIBI IEPBOOOPA3HBIX AJIs

. 2F
2y = +C|

o 2
MOKa3aTeIbHON (QYHKIIUU UMEEM In2

j[5x+4:]%dx

p+l

JIns HaxoXAEHUs BTOPOro UHTErpaia

x¥dx=

BOCIIOJIb3yeMcs TabuuIel IepBooOpasHbIX
X

+C

n

p+1

JUIsL CTeTIEHHON (DyHKIIUU

ff{;c-x—b)du%ﬂ}c-x—bj—c

MPaBUIOM . To ectb

- -\.1 ' "1 3 i ‘4
[(sx=4pdc=t. 1 (sxwaf <€, = (s34 ~C.
. 51 ) ' - 20 )
—+1
3
CrnenoBarenbHO,
.q Flxlde = : 2ide =+ % .I Sx—4Fdv=
_ - - _i.:i-l_fr—-l_l_%—fl =
In2 2020 '
In2 40 '
3
C=C+=C,
rie 2

Omnpenesiennblii uHTerpaa Herorona-JleiiOnnna.
Celiyac mokaxxem, KaK JaeTcs MOHITHE OMpeeNeHHOro nHTerpana Herotona-JIeliOHuna.

[Mycte ¢pynkus y=Ff(X) umeer nepBoodpaznyto F(X) Ha otpeske [a; b], npuuem 3naueHme
nepBooOpa3Hoii B Touke X=a paBHo Hym0: F(a)=0. Onpedenennvim unmeeparom Horomona-

[ flxlde=F(b)

Jletibnuya Ha3siBaeTCs 3HAUCHUE 3TOM NepBOOOpasHO B Touke b, T0 ecTh, *
npu F(a)=0.

]
] £(cki=F(e)-Fla
DT0 ompeeneHne TeCHO CBs3aHo ¢ popmynoif HeroToHa-JIelOHuIa @ .B
dbopmyie Hetorona-Jleiiouuiia F(X) — qro0ast mepBooOpa3Has U3 MX MHOKECTBA, a B IIOHATHH

omnpeaeneHHoro uurerpataHeroToHa-JIeliOHuIa PUryprupyeT IMEHHO Ta epBOOOpa3Hasi, KOTopas
oOparaercsi B HOJIb TpU X=a.

®opmyny HeroTona-JIeitOHMIIa HA3BIBAIOT OCHOBHOU POPMYNOU UHMESPATLHO2O UCUUCTIEHUSL.

IIpumep?2:
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=)

j x*dx

BbruuciuTh 3Hau€HNE ONpeIeIeHHOro HHTerpaia ! 1o ¢popmyine Herorona-Jleitbuuua.
Pewenue.
.
y=x
Jliis Hayasla OTMETHUM, YTO MOJIbIHTErpajibHas PYHKIUSA HerpepbiBHA Ha otpeske [1;3],
CJIeZIOBAaTENIbHO, MHTEIPUPYEMa Ha HEM.
y=x"
W3 Tabauibl HeoNnpeieNeHHbIX UHTErPajloB BUIHO, YTO AJIs (YHKLIUU MHO€ECTBO
. . X €e [1; 3]
IEpBOOOPA3HBIX [T BCEX JNEHCTBUTENBHBIX 3HAUYEHHMIT apryMenTa (CiienoBarenbho, u s~ L7 =)
. ) x° X’
Fﬂ\.'{;l=f.‘{ dx:T—C F(x}=—
3aIMMCBIBACTCS KaK - . Bozemem nepBooOpasnyto npu C = 0: 3
Teneps ocranock Bocmoab3oBathes hopmynoi HeroroHa-JIeiOHMIa 17151 BEIYUCICHUS
P X[ ¥ 1 26
Ix'dT:T el
] 3 3 3 3
OIpeJIeJIEHHOI0 UHTEerpaa: !
IIpumep 3:
syt -2 edxt =2
— Y M — X
- - X
BbrauciuTh onpeneneHHble HHTeTpaibl - -
Pewenue.
1
_ﬁ_;
Ha otpeske < 1 moppiHTErpanbHas (GyHKIWS HETIPEPHIBHA, CIIEI0BATEIHHO, HHTETPHPYEMA.
4x” +2
Y=—73"
Haiinem MHOXeCTBO epBOOOpa3HbIX GYHKIIUU X
4x’ +2 S , 2
j—,dx = 4jxdx+2J x Tdy=2x"-=+C
X~ X )
, 2
F(x)=2x"-Z
Bo3zbmem nepBooOpa3Hyto X u no ¢opmyne HoroTona-JleiiGHMIIa BEIYUCTUM
TpeOyeMblii OnpeeIeHHbIH NHTETpal:
_: 1
L 4:{.: e 2 I , . 2 -.| =
I—,dx=| X —— | =
X \ X
- 2 " Y
:"| —l — —| 2—4 —— |=l—4—3."—l=—’38
L7 1 —4 [ 7
2
[lepexoauM KO BTOPOMY OIpe/Ie]IEeHHOMY UHTETpay.
. oAxT +2
lim ——— =+
Ha otpeske [-1;1] moaslHTerpanbHas GyHKIHSA HE OTPAHMYEHA, TaK KaK - , TO
€CTb, HE BBINOJIHAETCS HEOOXO0MMOE YCIIOBHE HHTETPUPYEMOCTH (DYHKIMH Ha oTpe3ke. bonee
3
. 2 4x" 42
Flx)=2x* -2 y=2r 12
TOTO, X He sBisETCS MEPBOOOPA3HON PYHKITUH X Ha otpeske [-1;1],

IOCKOJIBKY TOYKa O, mpuHaJIeKanad OTpe3Ky, HC BXOAUT B 00J1acTh ONpCACIICHUA (I)yHKI_II/II/I
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CrnenoBaTennbHO, HE CYIIECTBYET ONpeIeeHHbIN nHTerpan Pumana u Hetorona-Jleitoaumna as

4x° +2
y=—735—
byHKIIH X Ha otpeske [-1;1].
3ananmne:
BapuanTt 1
1. Haiitu uaTErpans:a) f(§x3 — %xz + 8)dx; 6) [ sin? x cos x dx;

B) [(e®* + 2)dx

2. Haiitu HHTeraHBIZIXZ_XdX

3. HaiinuTe HHTErpasl:a) fozn sin xdx; 0) f003(2x + 5)dx
Bapuanr 2
1. Haiitu unrerpaist: a) [ (x* — 8x3 + 4x)dx;0) [ cos? x sin x dx;

a. B) [(e3* + Ddx

2. Haiitu uHTErpAIBI: I x?e¥*dx;

3. Haiinure unrerpansra) |, 03 3 xdx; 6) f_on cos(2x)dx

KoHTpoJibHbIE BOIPOCHI:

1) Kakoii nHTerpa Ha3bIBaeTCsl HEONPEAEIEHHBIM?
2) Kakoii nnTerpan Ha3bIBaeTCs OnpeneaéHHbIM?
3) 3anumute popmyny Herorona-Jleitoauna

4) HazoBuTe 0CHOBHBIE METOIBI HHTCTpHUPOBAHUA

IHPAKTHYECKASA PABOTA Ne 8

HasBanue npakTu4eckoi padorel: Pewenue npukiadnvix 3a0au ¢ ucCnoib306anuem

UHMeZPANbHO20 UCHUCTEHUS

Heab padorbi:HayunThcs BEIUMCIATH MIIOMAAH JIOCKUX (DUTYDP C TOMOIIBIO

OIpEeEIEHHOrO UHTETpaa.

3HAHMA!
OCHOBHBIE TMOHSTHS W METOJAbl OCHOB JIMHEMHON anreOpbl, JUCKPETHOM MaTeMaTHKH,
MaTE€MaTU4YeCKOro AaHajln3a, TEOPUU BEPOSITHOCTEW M MAaTEeMAaTHYEeCKOW CTATHCTHKH,
OCHOBHBIE YHCJICHHBIE METO/bI PELICHUS IPUKIIAAHBIX 33124

yYMeHHUs:
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HCIIOJIB30BaTh HpI/IéMBI n MCETOAbI MATEMATHYCCKOIO CHHTC3a W aHallu3a B

Pa3JIIMIHBIX HpO(l)GCCI/IOHaJIBHBIX CUTyalludgXx

TeopeTnyeckuii MaTepuas:

Beruncienue romany OCHOBBIBACTCS HA CISTYIONIMX OCHOBHBIX CBOICTBAX MJIOMIAIH
IMonoxkuTenbHoCTh. [T10maAb €CTH HEOTPUIIATEIBHOE YHCIIO.
AIUTHBHOCTS. [11o11aap 3aMKHYTOH 00J1aCTH, COCTABICHHBIX U3 HECKOJIBKUX (QUTYp, HE
UMEIOIIMX O0IIMX BHYTPEHHHUX TOYEK, paBHA CyMME IIJIOUIa el 3TUX Quryp.
HNuBapuantHocTb. [Inomany paBHbIX GUTYp OJUHAKOBBI.
HopMmupoBannocts. [nomans kBagpara, IOCTpOEHHOTO HAa €AMHUYHOM OTpPE3Ke, paBHA
CIMHHIIE.
Boruucnienue mimomann (urypsl SBISETCS ONHOW M3 HamOojee HE MPOCTHIX MPOOJIeM TeopHuu
IJIOIIAEH.
PaccmoTrpuM 3aaqy 0 BBIYMCIEHUH IUIOIAAN KPUBOIMHENHOM Tpaleliuy, IPUYEM IOJOMIEM K HEU
B T€OMETPUYECKOM CMBICIIE. DTO MO3BOJIMUT HaM BBIICHUTH MPSMYIO CBSI3b MEXKIY OINPEICICHHBIM
WHTETPAJIOM U IIONIAJbI0 KPUBOJIUHEWMHON TpaNeUH.
IMycts ¢yukuusay = f(X) nenpepsiBHa Ha otpeske [a; b] u He MeHsier 3HaK Ha HeM (TO €CTbh,
HEOTpHIIATeNIbHAS WM HenoioxuTenbHas). durypy G, orpanndennyto auausmu Yy = f(x), y = 0, x

= au X = b, Ha3bIBAIOT Kpusoaunelnou mpaneyueti. O603uaunM ee omiaas S(G).
e -

KpHEOAKHKEHHAR
TRaneuna =

1)

T

ol a

B BblunciaeHMHM TUIOIIAAM  KPUBOJMHEWMHOW TpameuuH COCTOUT 2eOMEeMPUUECKUti  CMbICT
]

J 7o
onpeoenenHo20 unmezpand. BEIYUCINB ONpPeeICHHbI HHTErpaJI ¢ , MBI HaiiieM IIJIONIaIh
¢burypsl, orpanuueHHON uHUAMH y = f(X), y=0,x =aux =b.
3aMedaHue.

Ecmu ¢ynkums y = f(x) HenmonmoxuTenbHas Ha OoTpe3ke [a; b], TO mIomaas KpUBOIMHEWHOM
Tpanenuu MOXKeT OBITh HaiieHa Kak Gopmyra

Ipumepl.

yv=2e', yv=0, x=-1, x=3
Boruncnuth miomaas GUrypbl, OorpaHU4eHHON JIMHUSMU

Pewenue.
[Toctponm urypy Ha TurockocTH: mipsiMast Y = 0 coBIagaeT ¢ 0Cbio a0CITUCC, MPSAMBIE X = -2 U X =

s |

y=2-e
3 mapaiIeNIbHBI OCH OPJIMHAT, a KPUBas MOXET OBITh MTOCTPOEHA C
yv=g
IIOMOIIBI0 TEOMETPUYECKUX IIPpeoOpa3oBanmii rpaduka QyHKIAN *
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] x
— . iy -
-4 -3 -1 -1 0O 1 2 3
Taxum oOpa3oM, HaM TpeOyeTcss HATH TUIOIAAb KPUBOJIMHEWHON Tpanenuu. I eoMeTpuyecKuii
CMBICJI OIIPEIEIEHHOI0 UHTErpajla HaM yKa3bIBa€T HA TO, YTO UCKOMas IIJIOLIAAb BEIPAKAETCA

S(G= J'z &3 dx
onpeneaeHHbIM HHTerpaioM. Clie1oBaTeIbHO, -2 . DTOT ompeiesIeHHbIN UHTETpal
MO>KHO BBIUHMCIIUTH I10 d)opMVJIe Herorona-JleliOuuua;

] v‘-\- -

:alGI—I"ggFT ‘69 | =6-ef —f.g7 :6-‘5?—5?

—= Aoa RS -

[FEN )

3ameuyanue.

I[Tpy HAXOXICHUH TUIOIIA/ICH KPUBOJIMHEHHBIX TPAIICLIUI COBCEM He 0053aTebHO CHAYaia CTPOUTh
oty urypy. Ecnu Bei 3Haere, uro ¢pynkuus y = f(X) HeorpuuarenbHas Ha otpeske [a; b] (kak B
b

5(G)=  flx)is

HalleMm anMepe) WJIN HEMOJIOXKUTENNbHAs, TO MOKHO cpa3y IPUMEHSTH (popMyJIbl

S(G)= jﬂr

niIn

IIpumep?2.

Beruucnuts minomane GUrypsl, orpaHu4eHHON

1/ -
y=-(x¥+2x-8] y=0, x=-2, x=4
JIHHUSIMHA 2
Pewenue.

[Toctponm 31y urypy. [Ipsmas y = 0 coBnamaet ¢ ockro OX, ipsiMble X = -2 ¥ X = 4 mapauieabHbI

(x* +2x- 3)_—:»: ~1f -3

J_':

o | —

ocu Oy, a rpadpuxom QyHKIIHN SIBJISIETCS TTapabosna ¢
BepnHOW B Touke (-1; -3) BeTBU KOTOPOit HampaBiieHbl BBepx. Haiiiem TOUKH mepecedeHus 3Toi
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mapaboJIbl ¢ OChI0 a0CIIHCC:

lﬁl::r: L2x—8|=0 < ¥ +2v¥-8=0
ﬁ |

D=2"-4.1(-8]=36

—2+4/36 —2—4/36
_‘{12—21‘ Iﬂ=—=_4
7 ) -

CremoBarenbHO, 3Ta mapaboJia nmepecekaet och abcuuce B Toukax (-4; 0) u (2; 0).
Takum o6pazom, Hamia ¢purypa G uMeeT ClIe Ty BU/I.
v

[

] @urypa G

Y.

Orta purypa He ABISETCS KPUBOJIUHENHOMN Tparenuen, Tak Kak QyHKIUS 3
MEHSIET 3HaK Ha oTpeske [-2; 4].

Kak xe ObITh B 3TOM citydae? Ouensb npocto. durypy G MOKHO MPEACTaBUTH B BUIE O0HETUHEHUS

JIByX KPUBOJMHEWHBIX Tparenun G= Gl - Gl U II0 CBOMCTBY aJAUTHUBHOCTH
momam SIG)=51G )+ 5(G, )
vk
ﬁ -
4_
] G
-5 2 z #
T i
4

Ha otpeske [2; 4] rpaduk mapabosibl HAXOAUTCS B HEOTPHIIATEIILHOM 00J1acTH,
]. [ 9 h!
of 1 1 4. 1/,
S50G, = I;I:‘x 2x 8__Ic.i’_r y :_(x +3x_g)
O3TOMY - . Ha otpeske [-2; 2] dynkrims
HETOJIOKUTENbHAS, CIIEIOBATENILHO, B CUITY 3aMEUYaHUs K TEOMETPUIECKOMY CMBICITY

~

(G, :]=—j%[xl +2x—8)dx

-

OTIpeIeIEHHOr0 UHTEerpaia,uMeeM - . OcTanock BEIYHCIUTH
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ompeeraeHHbIe HHTEerpaibl o Gpopmyie HeroToHa-JIeiOHua:

o 1, Cowly . -
SIGI=81G 1- 581G, I=— | =lx" =2x=8ldx - | ={x* = 2x -8 ldx =
a o
1l x R N
=——| ——x"-8x || —-=— ~x —8x || =
303 303 .
o (iZar .
I e P S Rt R N R n
33 L3 ' --
4 SEE
48| T2 g2 s
3003 3 _
8 g )
=—l!;—1:—; 0 —l! 4 168 1pi1
3 3L3 3

O6paTI/IT€ BHUMAaHHUEC HA TO, YTO HECJIB3s HAXOJUTh HJIOHIaIII) JTOM (bI/II“ypI)I

bIGI—I—ir + 2y — Bkh:——‘ - —I{':—E.'{'l =
-3 .'j o
& 5 B M -.I"-.l
RS I S -2 P g (—2]11=
3l 3 B )
=i 614—15—5—3::15:—4
JL 2 A !
KakK . -

B namem MMpUMEPC MOJITYUCHHOC TAKUM o6pa30M SHAYCHUC NTPCACTABIISACT coboit

S[Gl :]_S[Gl ] .

Pa3HOCTb

IIpumep 3

Onpenenuts cuily 1aBJIECHUS BOABI HA CTEHKY aKBapuyMa ¢ ocHoBaHueM 1,8 M u BricoTol 0,6 M.

Jlano: Pewienue:
F
I=1.8MP =~ = F =p-sF [ pds.
H=0,6m BenuuunHa p naBieHus )KUIKOCTH Ha TOPU30HTAIIBHYIO

II0IIAJIKy 3aBUCHUT OT FJ'IY6I/] HBI €€ MOTPYKCHUA X, T.C. OT

F-?paccTosiHus MIOMAaKK 1P TOBEPXHOCTH KUIKOCTH

P=103 KF/Mg p=p-g-x.

G=9,8M /CZHJ'IOHIaJIB 9TOM TTosTocku ds = [ - dx.
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0,6

x*10,6 _ pgl
F = ] dx = pgl — | = —
fpgx dx = pgl—1|" >

0

(0,36 —0) = 0,18-10-9,8- 1,8 = 3,2(kH).

3aganue:

Bapwuanr 1.

Boraucnuts miomans GUrypel, orpaHU4eHHYIO JTUHUASIMU: f(x)=1- X2, y=0.

Bapuanr 2.

2
BBIYHCINTE MIOMAAs QUIYpHI, OrpaHHUeHHYI0 THHsAM: Y =3X—X", Y =-X.

Bapwuanr 3.

BEIUmCIUTE MI0MAAb (GUIyphl, OTPaHHYEHHYIO THHAAME: y=1-X2, y=x?+2, x=0, x=1.

KoHTpoJibHbIE BONIPOCHI:
1) 3anummure popmyny Herorona-Jleitbnuia

2) B yem 3akiroyaeTcsi reOMETPUIECKUI CMBICIT OIPEEICHHOTO HHTerpaia?

HNPAKTHYECKAS PABOTA Ne9

Ha3panune npaktuyeckoi padorel: Peuwenue cucmem nuneiinplx 00HOPOOHbIX YPAGHEHUTL
nepeozo nopaoka. /lugppepenyuanvusie ypasnenun 6mopo20 nopaoka.
Leab padoThI:HayuYNUTHCS pPeLIaTh CUCTEMBbI IMHEHHBIX OJJHOPOJIHBIX YpaBHEHUI.
3HAHUA:
OCHOBHBIC TOHATUS W METOJbl OCHOB JIMHEHHOHN anreOpbl, AMCKPETHONH MaTeMaTHKH,
MaTeMaTUYeCKOro aHajlu3a, TEOPUM BEPOSTHOCTEH M MaTreMaTH4eCKOHW CTaTUCTUKH,
OCHOBHbBIE YHCIIEHHbIE METO/IbI PEIICHUS TPUKJIIAIHBIX 33]a4
YMEHHs:
UCIIOJIb30BaTh MNpPUEMBI M METOABl MAaTEMaTHYECKOIO CHHTE3a M aHaliu3a B
Pa3IYHbIX TPO(ECCHOHATBHBIX CUTYAIUSIX
Teopernyeckunii marepuas:
ITonsiTHe 00 00bIKHOBEHHBIX AN (P PepeHIHATBHBIX YPABHEHUAX
Hugpdepenyuanvrhoe ypaenenue -  3TO PABEHCTBO, COJEpIKAlllee IPOU3BOJIHBIE WU
muddepentmansl HeuzBectHoU (yHkuuu. O0mmii Bua muddepenipaipaoro ypasaenus: F(X, Y, y’,

y” ...)=0, 3mecy F- HEKoTOpast u3BeCTHAsI (PYHKITHS, 3aBUCSIIAS OT HECKOJIbKUX MEPEMEHHBIX.
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[Ipumenenue Teopuu nuddepeHInaTbHBIX YpaBHEHUH B OMOJIOTUH M MEAUITMHE 00YCIOBJICHO TEM,
9TO B COOTHOIICHUSX, SIBIISIONIUXCS BBIPAKEHWEM TEX WM HHBIX 3HAKOB, B DommcaHusx
KOHKPETHBIX CBOWCTB TE€X WJIM MHBIX CHCTEM WJIM MEXaHHU3MOB BXOJST, KaK MPABHUIIO, TIPONU3BOIHBIE
UHTEpecyromux Hac (GyHKUuN, a He camMu (QyHKUuH. [losTOMy cyliecTBeHHas 4acTh M3y4eHUs
WHTEPECYIOIIET0 HAc SBJIEHUS COCTOMT B aHallM3€ M PEIIEHUH COOTBETCTBYIOIIMX
Qg QepeHIranbHbIX yPaBHEHUH.

JuddepeHunanpaple  ypaBHEHHS HAa3bIBAIOTCS  0ObIKHOBEHHbIMU, €CIIM HEH3BECTHAs
(GyHKIUS 3aBUCUT TOJIBKO OT OJJHOTO apryMeHTa.

Ilopsook nuddepeHunanbHOr0 ypaBHEHUS — O5TO MOPSAJOK BBICHICH ITPOU3BOJHOM,
COJIepKAILECHCS B ’TOM YPaBHECHUH.

Hanpuwmep: ypaBuenne y’+5y — 3y =0 - sto muddepeHnuaab-HOe ypaBHEHHE BTOPOTO
MopsiIKa.

Humeepan (unum  pemieHue) ypaBHEHHME — 3TO  (YHKIUS, YIOBJIETBOPSIOIIAs
muddepeHIMaTbHOMY YPaBHEHHUIO.

Hanpumep, QpyHKIus y=2X SBJISETCS MHTErPaloM ypaBHeHHs X2y — 2Xy + 2y = 0 , Tak
KaK, HalJi1 MPOU3BOIHBIC ITOTO YPAaBHEHUS U IMOJCTABISAS UX B JaHHOE YpaBHEHHE, MbI MOJIYyYHM
TOXKIecTBO -4x+4x=0.

Obwee pewenue nuddGepeHTUATEHOTO YPaBHEHHSI COJCPKHUT CTOJIBKO HE3aBUCUMBIX
MMOCTOSTHHBIX, KAKOB TIOPSI0K YPaBHEHUS.

Yacmnoe pewienue-3T0 (QYHKIHS, TONydaeMas TPU PA3MYHBIX YHCIOBBIX 3HAYCHHIX

IMPOU3BOJIbHBIX IMOCTOSHHBIX.

3agauu, npuBoasiue K 1M depeHIHATBLHBIM YPABHEHUAM
PaccmotpuMm 3amady, npuBoAsmiyl0 K AU(PQEpeHlNaTbHOMY YPaBHEHHUIO: YCTaHOBUTH 3aKOH
u3MeHeHHs ckopoctd U cBOOOAHO Majaromiero Tena Maccod M Oe3 ydéra CUibl COMPOTUBIICHUS
BO3/yXa.

CormnacHo BTopoMy 3akoHy HbroTOHa,

du

mazmg,

rae mg-cuja TsKECTH.

du
[TonyuyenHoe ypaBHeHue siBisieTcs quddepeHaabHbIM, TaK KaK B HErO BXOJUT MPOU3BOIHAS T

uckomoit pynkuuu U. Pemuts nuddepennmanbioe ypaBHEHHE — 3HAYUT HAWTU Takylo (QYHKIUIO
U = f(x), xoTopasi TOPKECTBEHHO YIOBJIECTBOPSET ITOMY ypaBHEHHIO. JIErko MpPOBEPUTH , UYTO

ypaBHeHMIO ynoBieTBopsieT (yHkius Buma U=gt+C, rme C-mo0oe ymcio. Yka3aB HayallbHbIE
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YCIIOBUS, MOXHO HAlTH OAHY (YHKIHIO, YAOBJIETBOPSIONIYIO0 ypaBHeHHio. Tak, ecmu mpu t=0 u
U=Uy, To nonyunm ¢pyukmuo U = U, + gt
CymiecTByeT MHOTO 33/1a4 U3 pa3IMYHBIX 001acTeil 3HAaHUH, PELICHNE KOTOPBIX CBOJUTCA K

COCTABIJICHHUIO M PEIICHUIO JU(PepeHIINaTbHBIX YPAaBHEHUH.

JAnddepenuunaibubie ypaBHeHUS NEPBOro MOPSAIKa

Ipumep 1
[IpoBepuTh MOACTAHOBKOH, 4To auddepeHnran-Hoe ypaBHeHHe Y’ — 2y = e3X umeer obuiee
pemrenue B Buge y = e3X + Ce?*
Haiitu yacTHOE pelIeHue, yA0BIETBOPAIONIEE yCIoB 0 Y=3 mpu x=0.
Pewenue:
y = e3X + CeZy = 3e3* + 2Ce**
[MoacraBuM auddepeHnnanbHoe ypaBHEHHE:
3e3% + 2Ce?* — 2(e3% + Ce?¥) = 3%
3e3X 4+ 2Ce?* — 23X — 2Ce?* = 3X
e3* = e3X - 370 TOKIEeCTBO.
YacTHOE pelleHue:
y = 3 4+ Ce?*; 3=¢e%+Ce? =>C=3

y = 3 + 3e** - yacTHOE permenue.

YpaBHeHus € pa3sAeJAIIIMMUCH ITePeMEeHHbIMH
VpaBuenne mepsoro  mopsaka  P(x,y)dx+ Q(x,y) =0 HA3bIBAETCS  VpPaABHEHUeM  C
paszoensiowumucs nepemennvimu, eciiu Gyakmun P u Q pasmararoTcs Ha MHOXHUTEIH, 3aBHCSIIUE
KaXXJbIil TOJBKO OT OJJHOM MEPEMEHHOI:
f; GOf?(y)dx + @ () @2 (y)dy = 0

B Takom ypaBHenuu mociie jaenenus wieHoB Ha f;(y) - @(X) mepeMeleHHbIe pa3aesSOTCs:

hi&) 4y 02O)

@1(x) f,(y)

W kax[1p1i1 4ieH ypaBHEHUS 3aBUCUT OT OJTHOM ITEPEMEHHOM.

dy =0

OO6mwmit MHTETpaAT YpaBHEHUS HAXOAUTCS MOWICHHBIM HHTETPUPOBAHUEM

f; (x) $2(y) _
an(x)d”f Gy V=0

Ipumep 1

Haiitu oO1mue uHTErpanbl ypaBHEHUS:
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x+1)3dy — (y—2)?dx =0
Pewenue:

Pa3ieiM 1epeMeHHbIe B JaHHOM YpaBHEHMH, e o0e ero yactu Ha (x + 1)3(y — 2)2
dy dx
G-22 G+D7
TTOUIeHHO HHTErPUPYS, HOJTYYMM HCKOMOE OOIIEe PEICHHE:
1 1

0

_ =C
y—1 * 2(x+ 1)?
Ipumep 2
Haiitu yactHoe penienne qudpepeHnaaIbHOr0 ypaBHEHHsI % = (x — 1)dx, mpu X=2, y=5.
Pewenue:
%=xdx—dx; f%=fxdx—fdx;

In|y]| =0,5x% —x + InC.

VYmuoxuMm 0,5x%> —x Halne ,(Ine = 1);

Inly| =1ne®5**~X 4 In(;

ly| = C-e%**~X 510 o6mee perenne AuQ epeHIHaIBHOIO YPaBHEHHUS.
Hartioem wacmnoe pewenue. J1nig storo BerancaumMCrpu X=2 u y=5.

5=Ce?? =>( =5 .YacrHoe peuenne y = 5e%5% X,

Onnoponnbie nuddepeHunaIbHbIC YPABHEHHS NIEPBOI0 MOPSAIKA

VpaBuenue mnepBoro mnopsiaka  y = f(X,y) HaswBaeTcs 00Hopoouwim, ecnu f(X,y) MOXHO

MPEICTaBUTh KaK (PYHKIHIO TOJBKO OJHOIO OTHOIIEHHUS MEPEMEHHBIX fx,y) = ¢ (i) , T.C.

ypaBHEHHE BUIA Y’ = @ (%) .
OnHOpONHOE ypaBHEHHE MPHUBOAMTCS K YPAaBHEHHIO C Pa3/CISIOIIMMUCS TIE€PEeMEHHBIMH,
CJIEIOBATENIbHO, PEIIAaeTCs MOCPEACTBOM 3aMeHbl (QYHKIMM y (WM X) HOBOM (yHKIuMell Umo
dopmyney = ux (uaux = uy).
Ipumep 1
Haiitu oO1miee perienue oqHOPOAHOTO TG HEpEeHIINATBLHOIO YpaBHEHUS
xdy — ydx = xdx.
Pewenue:
U3 ypaBuenue cneayert, uro  xdy = (x + y)dx;

d X+ d
J_IT) o1+
dx X dx X
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Tak KaK MOMy4eHHOE YPABHCHHE SBISETCS (PYHKIMEH TONBKO OTHOUICHHS 2, TO OHO OJIHOPOJIHOE.
X

Beoaum HOBYIO0 (yHKIHIO U. [Tonoras y = ux, npoauddepeHnupyem mo X:

dy du 4 dx dy N xdu 9
ax  dx ¢ Vax ax U ax (2)
xdu

[Tpuposusiem (1) u (2): 1 + g =u+—

d
[ToacraBum y=uX. [Tonyuum 1 +u =u + %.

HOJ'Iy‘lI/IJ'II/I YpaBHCHHE C pasaCIdArOIUMUC IIEPEMCHHBIMU

du dX
1=x— =>dx =xdu =>du=¥;

dx
dx y
fduzf—; u=In|x|+C, rjeu = -—.
X X

O6ruee pemienne ypasaenus umeet Bua: y = x(In|x| + C) .

IIpumep 2

Haiitn wactHOoe pemieHue OAHOPOAHOrO AuPepeHIInaNbHOrO YpaBHEHHUS, YAOBIETBOPSIOIIEE
ycioBuio Y=-9, npu x=1.

Pewenue:
dy _ y
[IpuBenemM ypaBHEHUE K BHITy .~ = 2 — "
[Tonyuennoe ypaBHeHue BisieTcs] QyHKIIUEH TOIBKO g, CJIeI0BAaTENbHO, OHO OJTHOPOJIHOE.

Jlii perieHust Noja0XuM Y=UX u npoauddepeHIpyem 1o X:

dy 4 xdu
— =1u —_—
dx dx
dy y _ .
3amMeHUM o @ 3= U BHCXOJHOM ypaBHEHHH:
d
u+x==2-u.
dx

Paznensem nepemennsie: 2dx — 2udx = xdu,;

2(1 —uw)dx = xdu, x_ A
X 1-u
[IpouHTErpUpYyeEM: 2f % = 1d_—uu;

21n|x| + 1n|C| = —1n|1 — u|;

OO11ee peieHne ypaBHEHUS:

_y .. _x(x*0 2 _ o —
u=-y=—73 HUIIN X xy = C.
YactHoe pemenne: 1+ 9 =C;C = 10. Otser: x% — xy = 10.
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JInHelHbIe OAHOPOAHBIC YPABHEHUS BTOPOr0 MOPAIKA C NOCTOAHHBIMH KO PHULUHEHTAMH

d? d .
d—XZ +a; d—i + a,y = OHa3bIBAIOTCS JUHEUHbIMU OOHOPOOHLIMU YPABHEHUSMU

VYpaBHeHue Buaa a
8MOPO20 NOPSOKA C NOCMOSAHHLIMU KO Duyuenmamu.
OO0muii MHTETrpall HAXOAUTCS C TIOMOIIBIO XaPAKTEPUCTUICCKOTO YPABHECHUS:
agk? + a1k +a, =0

KOTOpOE TOIy4YaeTcs U3 ITOTO YPaBHEHMsI, €CITU, COXPAHSsl B HEM Bce KO (DHUIMEHTHI a;, 3aMEHUTH
byukuro Y equnuieid (y = 1), a Bce ee IPOM3BOAHBIE 3aMEHUTh COOTBETCTBYIOIIUMHE CTEIICHIMHU
k. ITpu aTOM:

l. Ecnu Bce KOpHH XapaKTEPUCTHUECKOTO YPaBHEHUS OelicmeumelibHble U paziuitble,
TO OOIIMI UHTETPAII UMEET BHI:

y= Cleklx + Czekzx

. Ecnu xapakrepuctuyeckoe ypaBHEHHE UMEET KOPHM Oelcmeumenvhbie U pasHbvle

k; = k,, 0
y = CyeK1X + C,xekeX
1. Eciu kopau muumsie K = +bi: y = C; cosbx + C, sinbx .
V. Eciu kopHu komnaexcuvie K = a + bi:

y = e®*(C, cos bx + C, sin bx).
Haiitu o61ee pemenue cienyromux 1uddepeHInaibHbIX YPaBHEHHN:
Ipumep 1

d’y _dy
2-—= —5-242y=0.
dx2 5dx+ y=0

Pewenue. CocTaBUM XapaKTepUCTUUECKOE YPaBHEHUE:!

2k* —5k+2=0.
O6mee pemrenne: k; = 2, k, = % , y=Ce**+ Czeg.
IIpumep 2
282 5242y =0,
Pewenue. CocTraBuM XapakKTEPUCTUUECKOE YPABHEHHUE:

2k* —5k+2=0.
O6mee pemenne: k; = 2, k, = %, y = C,e®* + C,ez.

Ipumep 3

d’y  dy
@—8&4' 16y— 0.

Pewenue: kK2 —8k+16 =0, k; =k, =4, y=e"(C; + Cyx).
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IIpumep 4

d?y

— = 0.

dx? Ty

Pewenue:k* +1 =0, k=+i, y=C; cosx+ C, sinx.
IIpumep 5

d’y _dy
— 2182125y =0.
=2 + 8 Ix + 25y =0

Pewenue: k> + 8k +25 =0, k=—4+ 3,
y = e **(C; cos 3x + C, sin 3x).

Cucrembl THHEHHBIX O/THOPOJAHBIX YPABHEHMI NePBOro NOpsiAKa.

d
& ax +byv+c.
| dt ) ) )
Tﬁl =a.x+b,v+c,
dI' - -“ -

npocTedmux cucreM quddepeHInaTbHbIX YpaBHEHHI UMEIOT BU/T ,
rae ai, bi, C1, @z, b2, C2 - HEKOTOPBIC JciicTBUTENbHBIC YnciTa. CHavama moKakeM METO/T
MHTETPUPOBAHUS CUCTEMbI YpaBHEHHH, jajiee MOoAPOOHO OMUILIEM PellIeHUE MpUMepa.

Perrennem takoit cuctemsl sBisieTcs napa ¢pyukuuii X(t) u y(t), oOpararomas B ToxaecTBa 06a
YPaBHEHHUS CHCTEMBI.
OnwuiemM METo] MHTETPUPOBAaHUS cHCTeM U (HepeHIInaIBHBIX

-

dx
— =ax+by+c
| dt
| dy
{ —=a,x+b,v+c,
YpaBHEHUU dt .
Hckmounm HensBecTHYIo (yHKIuro X(t) 13 mepBoro ypaBHeHUs CHCTEMBI. I 3TOr0 BBIPa3HM X M3
dv 1 {dv
—=ax+by+c, = x=—|—-by-c,
BTOPOT'O YPaBHEHHSI CHCTEMBI di a,\. di / ,
dx
npoaudpepenipyeM 1o t BTopoe ypaBHEHHE CUCTEMbI U Pa3pelIiM ero OTHOCUTEIBEHO at
d*y dx dv de 1 (dv dv |
dar- dt dt dra, | dr- dr |
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[TozxcTaBisieM NOTyYeHHBIE PE3YIbTATHI B IIEPBOC YPaBHEHUE CHCTEMBI, TEM CaMbIM HEH3BECTHAS
¢bynknus X(t) Oyner uckiodeHa:

dx
—=ax+byv+c, =
dt
1 {d* dv| a dy |
a, | di” rlooal dr o )
d’1 d
——(a, +by)-—+(ay b, —a, b ) v=a,-¢,—a, c,
dt” t
IIpumep 6.
dx
—=x-1

| dt

| dv

{ —=x+2y-3
Haiinure pemenue cucreMsl qudQepeHnnaIbHbIX ypaBHEHUH dr

Pewenue.
r==-2 y+3
Pa3zpermm BTOpoe ypaBHEHHE CHCTEMBI OTHOCHTENBHO X: dt
dx
dt

[Mpomuddepenunpyem BTopoe ypaBHEHHE CHCTEMBI U Pa3pEIINM OTHOCHTEIHHO

d*v  dv  _dv de  d°v  _dv
.,-=__H| wr :> y -y a

Ldi*t  dr dr ar dr dr

[ToxcraBnsiemM noiayyeHHbIE pe3yIbTaThl B IIEpBOE ypaBHEHUE cUCcTeMBbI Tu(depeHIIaTbHbIX

YpaBHEHUN:
dx

—=x-1

dt

d’1 dv  d

2= _2y+3-1

dt dr dt

d"’}l — 3 fﬁ 1L =

dt~ di

Tak MblI ipuy x JIHAY BTOpOro nopsaka ¢ moCTOSHHBIMU

dy _dy
T —d—+LV=42
1 dt

KO3 pureHTaMu . Onpeznenus ero oO1iee perieHue, Mbl MOJIy4YUM

dynxumro y(t).

Haiinem cHagana Yo - o0Iriee perieHre COOTBETCTBYOIIETO OJTHOPOAHOTO Au(depeHIInaTLHOTO

YPaBHEHUS.
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k*-3k+2=0.

JIy1s1 5TOro BBIYMCIMM KOPHH XapaKTEPUCTUYECKOTO YPaBHEHUS

D=3"-4-2=1

;c.:J_1:1
)

fc:=3_1=2

|

Tak kaKk KOpHU ACHUCTBUTEIBHBIC U PA3JIMYHBIC, TO OOIIEe pelIeHUEe OJTHOPOIHOTO
; 2t
Vvp=C,-e +C,-e
d*v _dv
vV dt dt
IlepexonuMm K HaXOXKAEHUIO * - yacTHOro pemenus JIHY .
Tak kak ero npaBas 4acTh IIPEACTABIISIET COOOM MHOTOUJICH HYJIEBOM CTEMEHU, TO YaCTHOE PEIlICHUE

g depeHIaTbHOTO YPaBHEHUS 3aUILIETCS KakK

+2v=2
o

7= .
OyzeM HucKaTh B BUJIE ~ , e A — HeompeIeJICHHBIN KO3 (UIIHEHT.
N T
Ornpenenum ero U3 paBeHCTBA dt dt
d*(4) _d4)
-3 J—rLi=2 —

dr” dt
24=2 = 4=1
. o~ t 2t
=1 1-'(2.‘]: Vo+V=0Cy-¢ +Cy-e” +1
Taxum oOpazom, ~ u - d ! -
GbyHKIUS HailiieHa.
[ToacTaBuM 3Ty PyHKITHIO BO BTOPOE YpaBHEHUE CUCTEMBI U] depeHITnaTbHBIX YPABHECHUH 1
pa3perM MoJTy4eHHOE PaBEHCTBO OTHOCUTENBHO X(t):

dlC,-€¢'+C; - _1-':I= x+2-C,-e +C, -e* —1_.:]—3

. tak, oqHa Hen3BecTHAs

dr
C,-e"+2C, e =x+2C,-¢" +2C, -e¥ -1
x=-C,-e +1

xt)=-C,-¢ +1

Tax MBI TOJTYYHITH BTOPYIO HEU3BECTHYIO (DYHKITHIO
Omeem:

(x(t)=-C, - &' +1

5

v(t)=C e +C, e +1

3ananue: Haittu yacTHbIe pemieHust AU PepeHnaTbLHBIX YPABHEHUI
Q) (x+3)dy—(y+2)dx=0,echuy =3npux = 2;
b) y+2y+4=0,ecqiuy =5npux =0

2
C) 2=12t—2,ecm/15=41/1E=2Hp1/1t=1
dt? dt
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d?s 1ds ds
d) Frek _?E; S=2I/IE= 1 npu t=1

KoHTpoJibHbIE BOIPOCHI:

1. Kakas cuctema Ha3bIBaeTCs OAHOPOIHON?

2. AJTOpPUTM pelIeHHs OJHOPOTHON CHCTEMBI JIMHEHHBIX yPaBHEHUH.
3. 3anummre omnpeneneHue AU GepeHIMaIbHOr0 YpaBHEHUS
4

HazoBure Buab! auddepeHnnaibHbIX YpaBHEHHH

IMNPAKTUYECKAS PABOTA Nel0

Ha3Banue npaktudeckoi padorbl: Peuienue npogheccuonanvHwvix 3a0au ¢ UCnOIb306AHUEM
oughchepenyuanvnvix ypagnenuil
Llesanb padoThI:HAYIUTHCS TPUMEHSTH AU PepeHInaTbHbIC YPABHEHHS IS PEIICHUS
npoeCCHOHATFHBIX 3314
3HAHUSA:
OCHOBHBIC TOHSTHS W METOJAbl OCHOB JIMHEHHOW anreOphl, IUCKPETHOW MAaTeMaTHKH,
MaTEeMaTUYeCKOr0 aHajlu3a, TEOPUM BEPOSTHOCTEH M MaTeMaTH4YEeCKOM CTaTUCTUKH,
OCHOBHbBIE YHCIIEHHbIE METO/IbI PELICHUS IPUKJIAIHBIX 33]1a4
YMeHHSA:
UCIIOJB30BaTh MNpPUEMBI M METOABl MAaTEMaTHYECKOIO CHHTE3a W aHaliu3a B
Pa3IMYHbIX TPO(HECCHOHATIBHBIX CUTYAIUSIX
Teoperuyeckunii marepuad:
JuddepennnanbHble ypaBHEHHS SBISIOTCS OCHOBOW OTPOMHOI0 KOJTMYECTBA PaCUETHBIX 3ajau U3
CaMbIX Pa3NIUYHBIX 00JIaCTel HAYKU U TEXHUKH.
IIpumepsbl npumeHenus 1MpPepeHIHATBLHOT0 YPAaBHEHHUS
IIpumep 1.
s nexomopoii hupmovl QYHKYUSL MAPHCUHATBHOU BLIPYUKU OM NPOOANCU CBOell NPOOYKYUU UMeem
6u0MR=10-0,2¢. 30eceMR— mapocunanrvrasn evipyuxa gupmel, aQ— obvem npooykyuu. Hyosicro
Hatmu 00uy1o 8bIPYUKY.
Kak BuaHO M3 3amauM, 3TO NPUKIATHOW MpPUMEP M3 MUKPOIKOHOMUKU. MHOXeCTBO (upM U
NPEINPUATHIA MOCTOSIHHO CTAJIKUBAETCS ¢ TIOJJOOHBIMH pacueTaMy B X0/1€ CBOEH J1eATeIbHOCTH.
IIpucrynaem k pemenuto. Kak HW3BECTHO W3 MMKPOIKOHOMHUKH, Map)KMHAJIbHAs BbIPYYKa
MpescTaBiIsieT co00i NMPOM3BOJAHYIO OT OOIIeH BBIPYYKH, NMPUYEM BBIpYYKa paBHA HYJIO IMpHU

HYJIEBOM YPOBHE MPOJIAX.
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C wmaremMaTM4ecKOW  TOYKHM  3ajada  cBeJlach K pemeHnio  auddepeHnmuanbHOro
ypaBaeHmsiR'=10—0,2qnpu ycnosuuR(0)=0.

[TpounTerpupyeM ypaBHEHHE, B3sIB IIEpBOOOpa3HyI0 (PYHKIHIO OT 00eMX YacTel, MoJyduM olIee
pemenne:R(q)=/(10-0,2q)dg=109—0,1¢2+C.

Yroos! HaiiTi koHcTaHTyC, BcnomuuM ycnoreR (0)=0. IToacraBum:R(0)=0—0-+C=0.

3naunt C=0 1 Hama ¢yHKuus oouel Beipyukn npuaumaet BuaR((q)=10g—0,102. 3axaya peena.
IMpumep 2.

Pacnipenenenue remneparypsl BHYTPH OTpakIAr0IIMX TIOBEPXHOCTEH.

Kupnuunas crena tonmunoi 30 cM uMeeT TeMiiepaTypy Ha BHyTpeHHeH noBepxHoctu 20

rpagycoB, a Ha HapyxHOH 0 rpagycoB.

HaiiTi 3aBHCHMOCTB TeMIEpAaTypbl BHYTPH CTEHBI OT PACCTOSHUSA JIO €€ HApYKHOTO Kpasi U

KOJIMYECTBO TEIJIOTHI, KOTOPOE OTAAET HapYKy |KBaJgpaTHBIM METP CTEHBI B TEYEHHUE CYTOK.

Pewrenne:

KonnuecTBo TemaoThl, Mpoxosiiee Yepes3 eAUHUIy TOBEPXHOCTH B €AMHUILY BPEMEHHU, PaBHO:
&

dx

rae: t- TemnepaTypa; X- pacCTOSIHUE J0 Hapy>KHOU CTEHbI; K- KOA(PGUIUEHT TEIIONPOBOJHOCTH

(ms kuprmya- 0,2 kkan/m*a*rpan);dt/dx- xapakTepu3yeT HHTEHCUBHOCTD Ma/ICHHS TEMITEPATYPhI

10 HAIIPaBJICHUIO TEIJIOBOTO NIOTOKA NEPIEHIUKYJIIPHO K IOBEPXHOCTH CTEHBI.

ITycTh TEeMIepaTypa BHYTPHU CTE€HBI €CTh (DYHKIIMS PACCTOSHUS 10 HAPYKHOM MOBEPXHOCTH X, T.€.

T=t(x).

WHTEeHCMBHOCTD MaZieHHs TEMITEPATypPhbl IO HOPMaJIH K ITOBEPXHOCTH CTE€HBI OMPEeIIeTCs

npousBoaHoM dt/dX.

Bo3bMeM Ha pacCTOSIHUM X OT HapYKHOM CTEHBI CIIOW TONIHMHON dX ¢ TIOCTOSIHHOW (BHYTPH 3TOTO

3JIEMEHTAPHOTO CJI0s1) TemriepaTypoit t. KommmaectBo TeruoTsr Q1, mpoxosiiee yepes 3TOT CIIOH,

OyZleT NOCTOSHHBIM U 110 yCIO0BUIO: Q, = —k . S

dx
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Qq=-k —
Tak kak MoOBepXHOCTh S=1 KBagpaTHOMY M, TO: dx
Pemmm nonyyeHHOe ypaBHEHUE:
dt
Q=K
dx
Q
dt = ——*.dx
k
Q
I dt = I— =1 dx
Q
t=——Lix3:C
Kk
Q
t=—"T.x+C
O6mee pemenne qudHepeHINATEHOTO YPABHCHHSI UMEST BU: k

Hauansnoe ycnosue:npu x=0 t=0, orkyna cornacuo ypaBuenuto, C=0.Torma nckoMblid 3aK0H

TEMIIEpaTypbl BHYTPH CTCHBI: K

Ecnu napyxuas temmeparypa  -20°, To
9

x=0 t=-20°
20--2.0:0
K

C=-20
t=-2.x 20

k
g k(t+20) 02-40 80
3 X 03 3
Q = 640kkan

HALO WCKATE MATEPWATNDI
C BOJNEE HU3KUM KO30OULMEHTOM
TENNOMPOBOAHOCTK

IIpumep 3.

Kycok meramna ¢ TemnepaTypoil a rpaycoB IIOMELIEH B [1€Yb, TEMIIEpATypa KOTOPOH B TEUEHUE
Yyaca paBHOMEPHO MOBBIIIAETCS OT a rPpagycoB 0 b rpagycos. Ilpu pazHocTH Temmeparyp ey u
metaina B T rpagycoB meTain HarpeBaetcs co ckopocThio kT rpanycos B Munyty. Haiftu
TEMIIEPATYPY METAJLIA Yepe3 Jac.

Pemenne:
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« CorJiacHO YCJIOBHIO, UMEeM

dT,

& = & - T, (1
rae T, » T, — Temneparypsl neud u merauia coorsercrento. Hanee, T, = a + ) (b — a)t B cuny
PaBHOMEPHOTO [IOBBLILIECHUS TEMIIEPATYphl NEYM, { — BpeMs, U3MEPSEMOE B Munymximl'axum obpasoM,
nnddepeHunansHoe ypasHeHHe (1) MOXHO 3anmucaTh B BUIe

dT, ¢
—Et--k(a+65(b-a)—T,). (2)
Beenem 3ameny a + g%(b —a)—T, = z. Torna ypaBHenue (2) npeobpasyercs B ypaBHeHHE C pa3jiens-
IOIMUMHCS TIepEMEHHBIMU

dz

b-a
kx—a

= ~dt,

MHTErPUPYS KOTOPOE, HAXOUHM
1

b—ay _ 1
,—‘ln(kz——a)—)——hr;lnC, k#0,

INb~-a
§ — t——) — Rl
a+( k) % + Ce

Tak kak Ty (¢)|i=0 =a, 10 C = %Ek‘l. CrenoBare/ibHO, OKOHYATE/IbHO HMeeM

T,.=a+b6—oa ( —i(l—-e"")).

TemiiepaTypa MeTa/L1a Yepes 4ac, oueBuaHo, Oyner paBHa

T.(60) = b — %;EG- (l —e‘“’") >

IIpumep 4.

B npsmoyronbHbiit 6ak pazmepom 60 cM x 75 cM u BeicoTol 80 cm nocTymnaet 1,8 1 BoJIbl B
ceKyHy. B He nMeeTcs oTBepcTHe Tomapio 2,5 cM2. 3a Kakoe BpeMs HaroTHUTCA 6ak?
CpaBHUTB pe3yJIbTaT ¢ BpeMEHEM HAIOJIHEHHUs TaKoro 6aka 6e3 OTBEpCTHs B THE.
Pewrenne:

ITycTs XWAKOCTH BHITEKAET M3 HEKOTOPOI'O COCYAa 4epe3 OTBEPCTHE B HEM CO CKOpOCTBIO,
pasuoit 0,6\/2¢h, tae g = lOM/Cz, h — BbICOTa YPOBHSI XHAKOCTH HAl OTBEPCTHEM.

B npamoyroabHeiit 6ak pasmepom 60cMm X 75¢cMm u Beicotoi 80cM mnoctynaer 1,851 Boasl B
ceKkynay. B ane umeetcs oTBepcTHe ruiowansio S = 2,5cm’, 3a Kakoe BpeMs HANOMHWTCH 6ak?

<« [lycrs h(t) — Beicota yposHst Boasl B 6ake. Torna AV, = (h(t + At) — h(t)) 60 - 75 — npupa-

weHue ce obbema 3a BpeMs ot ¢ 1o ¢+ At. D1o yseauucHue (MM yMeHblIeHHe) 00beMa npoucxoauT 3a
cyet nocrynteHust AV, BOjibl 4 ee yTeuku B KoiimyecTBe AV; uepes orsepetue. Takum o6pasom, umeeM
ypaBHeHue AV, = AV, — AV;. [Tockoneky AV, = 1800At, AV; = 2,5-0,61/2gh(t))AtL, t; € (&, t+Atl),
TO MOC/e[HEe YPaBHEHHE MOXHO TIPEJCTABUTL B BUIE

4500(h(t + At) — h(t)) = 1800At — 2,5 0,6\/2gh(t))At, g =10’ cm/c’. 1)

Pasgenus B (1) o6e yactu Ha At u cosepiuuB npenenbHbii nepexoq npu At — 0, noayunm gudxbepen-
HHAZIBHOE YPaBHCHHE

dh
30

= = (12-001 25),
dt (12 ’ g

58



MPOMHTEIPUPOBAB KOTOpOe, HaHAeM:

6000 1200 -
t+C=—-—=(Vh+ —=In(12-0,01,/2gh) | . 2
VT < 7% ( g )) (2)

IMycre h(0) = 0, Torua u3z (2) caeayer, yro C = —3600In 12. Tlogcrasue B (2) h = 80, Haiigem
BpeMs £, 32 KOTOpoe HanoJAHKUTCH bax:

3
t, = 1200 (3ln§ - 1) ~ 260 c. »

3ananue:

1. Pemwuts quddepennmanbHoe YpaBHEHHUE C Pa3aeISIIOITAMUCS
nepemennbivu 1+ ) dy — 2xy dz = 0. Hajry vacroe peleHue,
YIOBIIETBOPSIONIEE HAYATBHOMY YCIOBHIO (0)=1

2. CKOpOCTh OCTBIBaHHSI HAPETOT'O TeJIa MPONOPIIMOHATIbHA PA3HOCTH TEMIIEpaTyp Telia |
okpy:xaroreit cpeapl. 3a 10 munyt Teno oxnaaunock ot 100 1o 60 rpamycos.

Temmnepatypa cpeasl noctosiHHa U paBHa 20 rpanycam. Korna Teno octeiHeT 10 25

rpanycoB?

KOHTpOJILHbIe BOIIPOCHI:

1) xakuM MeToI0M pemaroTcs TuddepeHaIbHbIe YpaBHEHUS ?

INPAKTHYECKASA PABOTA Nell

Ha3panune npaktuyeckoi padorsl: Juneiinvie onepayuu Hao 6ekmopamu, cKanapHoe
npouséeoenue 6eKmopos
Heanb padorbi:HayunThcs BBITOIHATH JIMHEHHBIE ONEpallii HaJl BEKTOPaMHU U HAXOAUTh
CKaJISIPHOE MPOU3BECHIE BEKTOPOB.
3HaHus:
OCHOBHBIE TOHATUS W METO/Abl OCHOB JIMHEHHOH anreOpbl, TUCKPETHOW MaTeMaTHKH,
MaTeMaTUYeCKOro aHajiu3a, TEOPUH BEPOSTHOCTEH M MaTeMaTH4YeCKOHW CTaTUCTUKH,
OCHOBHbBI€ YHCIIEHHbIE METO/IbI PEIICHUs TPUKJIAIHBIX 33/]1a4;
YMEHHS:
Hcnonp30BaTe MpUEMBI M METOJBl MAaTEMaTH4YECKOTO CHHTE3a M aHajiW3a B Pa3IMYHBIX
npodeccuoHaNbHBIX CUTYaIUsIX
Teopernyeckunii Mmarepuas:
Bektopel 3aHMMaOT 0co00€ MECTO cpelu OOBEKTOB, paccMaTpUBAEMBIX B BBICIIEH

MaTCMaTUKEC, IMOCKOJIbKY KaXKIbIN BCKTOP UMCCT HC TOJILKO YUCJIOBOC 3HAYCHHUC - JJIMHY, HO
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U (QU3NYECKOE U TEOMETPUYECKOE -

HAaIpaBJICHHOCTD.

Bekrop, mnpenacraBieHHBII

—_—

HaIpaBJICHHBIM OTPE3KOM, HAYIIUM OT TOUKHU A K Touke B, 0003HAaYaeTcs TaK: A .

——
s o
S 2
s’ Ny ;!
’ -~ . ,
’ \.\ s .
4 >~ / :
o il ’
(. .................. K i
' A \ '
] ol { \ ]
i o § b ¥
. N
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1 ” | 4 y
1 - 4
’ /
' - s
W s i"
X Jf 1%

I'eomeTpuyeckuii BEKTOP MPE/ICTABIICH B
JIBYMEPHOM U TPEXMEPHOM IIPOCTPAHCTBE B
BU/JIE HANPABIEHHO20 Ompe3Ka, T.e. OTpe3Ka, y
KOTOpOTO pa3in4aroT Hayallo U KOHELL.

Ecnu A - nagaino Bektopa, a B - ero koner, to
BEKTOP 0003HAYACTCS CHMBOJIOM Ay

OJIHOM cTpouyHO# OykBoii % . Ha pucynke KoHel
BEKTOPA YKa3bIBAETCs CTPEIKOU

JlnHO# (MM MOJTYJIeM) TEOMETPHIECKOT0 BeKTopa “15 HaspIBaeTCSs JHMHA MOPOKIAIOMIETO €ro

43|
oTpe3ka

JInHelHbIE onepanuu HaA recOMETPpUICCKUMHU BEKTOpaMu

1/

~

Ry

YMHOKeHHe BEKTOpa Ha YHCJI0

Ipouseedenuem eekmopa ® na wucio *
HA3BIBAETCS BEKTOP, MOTYJAIOIIHIACS U3

—+

ﬂ |4] =1
BekTopa % pacTskeHueM (pu ) Win
4] <1, |4
)B

HaIpaBJICHHUC BCKTOpa o COXPAHACTCA,

ckatueM (mpu pa3, npu4ém

ecmn 4 > U 1 MeHsieTcs Ha IPOTHBOIONOKHOE,
ecm A =0
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W3 onpenenenus cienyeT, 4To BEKTOPBL & u b = A@ peerma PacIO0KEHBI HA OJTHOW WM Ha
napajuiesIbHbIX NPsAMbIX. Takue BEKTOPbl Ha3bIBAIOTCA KotuHeapHuimu. (MOXKHO TOBOPUTH TaKXKe,
YTO 3TH BEKTOPHI MMapaUIeIbHbI, OTHAKO B BEKTOPHOM all ;z Op 4 IPUHATO TOBOPUTH "KOJUTMHEAPHBI".)

CHpaBeI[J'II/IBO u O6paTHOC YTBECPKACHUE: €CJIIN BEKTOPEI n KOJUIMHEAPHEBI, TO OHU CBA3aHbI

A y Onpenesienne 1. CxkanspHbIM
MIPOU3BEICHUEM IBYX BEKTOPOB
Ha3bIBACTCSI 4YHUCIO (CKajlsip), paBHOE
A-B=ABcos¢

MPOU3BEICHUIO JUIMH JTHX BEKTOPOB Ha
KOCUHYC yria Mexay Humu. CoriacHo

B ; onpezeneHuto, (GopMmyna BBITTISAIUT TaK

aif;n:|a:l

5|c:os &

P
A

-+ -+

oTHOImEeHHeM & = Ad

—— — -
X

CioskeHne 1 BBIYNTAHHE BEKTOpPOB

[Ipu cnokeHnu BEKTOPOB HYKHO

3HATh, YTO CYMMOU BEKTOPOB ¥ U b

-+ =+

2y

Ha3bIBAETCS BEKTOp & = & +&  gagamo
KOTOPOTO COBIAJAET C HA4YaJIOM

BeKTOpa & , a KOHeIl - ¢ KOHI[OM

BEKTOpa b IIPH YCIIOBUH, YTO HA4aJIO

BCKTOpa & IMMPUIIOKCHO K KOHITY

—+

BeKTopa & .

CxansipHoe nNpou3Be/ieHue BEKTOPOB

CkaniipHO€ TIPOM3BEACHHE BEKTOPOB IIO3BOJIAET HAXOJIUTh Yrojl MEXAY JBYMsI BEKTOPaMHU.
[TosToMy OHO 4YacTO BCTpeYaeTcsi B IMOCIHEAYIOIIMX pa3jieiax MaTeMaThKH, OCOOEHHO,
aHATMTUYIECKOH reoOMCTpPHHU. Croutr nm TOBOPHUTE O TOM, 4YTO HAXOXKICHUC CKAJIAPHOIO
MIPOU3BEJCHNSI BEKTOPOB - (hyHIAMEHTAIbHbI HaBBIK s Jr000ro Oyayliero HWHXEHepa,
MIPOEKTUPYIOLIETO BCE YTO YIOJIHO

z. .

. Haiitn @ *% | ecrn
T
&

Ipumep 1. /Tanbl
|c_£|: 3 E:8|; :;:?(c;, 5) =

Perienue:
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5-5:3-8“05%:3-8-%: 12403,

AsiredOpanyeckue CBOMCTBA CKAJSAPHOI0 NPOU3BeIeHHsSI BEKTOPOB

ab=ba (mepeMecTUTENIbHOE CBOMCTBO)
(,aa Jo =2 (cxb) 3
(coueraTenbHOE OTHOCUTEILHO YHUCIIOBOTO MHOXHUTEIISI CBOMCTBO)

(cz +E:)r: =ae+be
(pacntpenenureabHoe OTHOCHTEJTbHO CYMMBI BEKTOPOB CBOWCTBO)

—+—+

aa >0 ,eci % - HeHyieBoil Bektop, 1 %2 =0 ecn a. HYJIEBOI BEKTOP.
aeh= nE TN 5z

e Z|=2, [B|=3, Z@i=
IIpumep 2:Haiiti CKansIpHOE IPOU3BEICHNUE BEKTOPOB ¥ 1 & , ecnn'ﬂl Pl

Fh = |§| |5| cos (@A)
Ne

T =l I T P _
.:;tf:':|a|-|b|-cosi(a,b]—2-5-::055—10-?—5'\5

Pemenue: Ncnonszyem hopmyny . B mannom cnyyae:

Orger: %% = 5“*5
VYron Mexay BEKTOpaMH U 3HAYCHUE CKAJISIPHOTO MPOU3BEACHHS
B Ilpumepe 2 ckansipHO€ MPOU3BEACHHUE MOTYUUIOCH MOJIOKUTENbHBIM.OT 4ero 3aBUCHUT 3HAK
T b= |§||5| cos (@, B)
CKaJsipHOrO Ipou3BeneHuss. CMOTpuM Ha Hairy GopMyiy:

7| = 0, |§| =0
HCHYJICBBLIX BCKTOPOB BCCIr/JAa IMMOJTOXKXUTCIIbHBI: F(| , IOOTOMY 3HAK MOKCT 3aBHCCTh
TOJIBKO OT 3HAYCHUSA Koanyca.Ymﬂ MCKAY BCKTOPaAMH MOXCT UBMCHATHCA B
O=s0@ b=

. JITuHBI

npeacitax , 1 IIPpU 9TOM BO3MOJKHBI CJIICAYIOIINUC CIIydau:

- 7
0w b «<—
1) Eciu yroJ Mexay BeKToOpaMH OCTPBbIii: 2 (ot 0 10 90 rpanycoB),

To LOSL(T 8] >0 , I CKAJISIpHOE NMPou3BeieHue OyAeT NMOJI0KHUTEeIbHbIM @& >0 Ocobsit

cilyyail: eciM BEKTOPbI COHanpasienvl, TO Yroll MEXIy HUIMU CUUTAEeTCs HYJIEBBIM (@ 5)=0

¥ CKaJISIPHOE MPOU3BEICHHE TaKkxKe OyIeT momoXuTenbHbIM. [Tockombky ©“% 0=1 1o bopmyna

YIPOIACTCS: ' |ﬂ| lb | .

T -
— < L& BY) <
2) Ecnu yroJa Mexiy BEKTOpaMu TYNOI: (o1 90 mo 180 rpamycon),

o tosL(@ ) <0 , 1, COOTBETCTBCHHO, CKAJIIPHOE NPOU3BEAeHNEe OTPULATETbHO: ah <0
OcoOblii ciry4ail: eciau BEKTOPbI Hanpasierbl NPOMuEONoI0H#CHO, TO IOl MEXy HUMU

CUUTAETCS PA3GEPHYMbBIM. L@ b)=ma (180 rpanycoB). CkanispHOE IPOU3BEIACHUE TOKE

OTpULIATENBHO, TaK Kak "oF 7 = -1
CrpaBeyIMBBI U OOpAaTHBIE YTBEPKACHUS:

1) Eciu @b =0 19 YToJl MEXAY JaHHBIMU BEKTOpaMu ocTpblif. Kak BapraHT, BEKTOPEI
COHAIPAaBJIECHBI.

2) Ecin @b <0 19 yroJl MeXy JaHHBIMHM BEKTOpamu Tynoil. Kak BapuaHT, BEKTOpEI
HaIpaBJIEHbI IPOTUBOIIOJIOKHO.
Ho oco0wlit nHTEpec mpencTaBiIseT TPETHH ciayyail:
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i{E;E}:E cos?—T:U

3) Ecnu yroa Mexxay BeKTOpamu NpAMON: 2 (90 rpagycoB), TO
U CKAJIAPHOE MPON3BeleHue PABHO HYJIIO! zh =0 OOpaTHOE TOKEe BEPHO: €CIIH zh =0 ,
-
(T3 by =—
TO . KomnaktHo yTBepknenue Gopmynupyercs tak: CkajasipHoe Npou3BeIeHue

ABYX BEKTOPOB PABHO HYJIO TOrIa H TOJBbKO TOrAa, KOrjaa J1aHHbI¢ BEKTOPbI

opToroHaabHbl. KopoTkas MaTemaTHuecKkast 3alucCh: gh=0=zlb

3ananme:Ilo koopaunaram Touek A, B u C 1151 yKa3aHHBIX BEKTOPOB HANTH:
a) MOJyJIb BEKTOpa a;
0) cKaJIsIpHOE NPoM3Be/leHNe BEKTOPOB a U B.

1) A4, 6,3), B(-5, 2, 6), C(4, -4, -3), a=4 CB - AC , 5= 45 .

2) A4, 3, -2), B(-3, -1, 4), C(2, 2, 1), a=-5 AC +2CB , 5=45 .
3) A(-2, -2, 4), B(1, 3,-2), C(1, 4, 2), a=2 AC 354 , 5= BC .
BAQ, 4,3), BG, 1, -4), C(-1,2,2), a=2 BA +4 AC , 5= A .
5) A2, 4, 5), B(, -2, 3), C(-1, -2, 4), a=3 45 -4 AC , 5= BC .
6) A-L, -2, 4), B(-1, 3, 5), C(1, 4, 2), a=3 AC -7 BC , 5=45 .
7) AL, 3,2), B(-2, 4 -1), C(1, 3, -2), a=2 4B +5 CB , 5= AC .
8) A2, -4, 3), B(-3, 2, 4), C(0, 0, -2), a=3 AC -4CB , s="45 .
9) A, 4, -4), B(-2, 1,2), C(2, -3, 1), a=5 CB +4 AC , 5= A .
10) A0, 2, 5), B(2, -3, 4), C(3, 2, -5), a=-3 4B +4 CB , = AC .

Pemienue THIIOBOIro BapuaHTa:

ITo xoopmuHaTam Touek A(-5, 1, 6), B(1, 4, 3) u C(6, 3, 9) naiitu: a) Mmoayns BekTopa a=4 45 + BC

—_—

; CKaNApHOE Tpou3Be/eHne BekTopos a u 8= BC .

a) Haxomum 4B =(6, 3, -3), BC=(5, -1, 6), 4 4B + BC=(29, 11, -6), |4 4B + BC |=
J29% +11% + (—6)? =+/998

0) Umeem a=(29, 11, -6), B=(5, -1, 6). Tormaa-8=29-55+11-(-1)+(-6) -6=98.

KoHnTpoJsbHbIE BONIPOCHI:
1. 3anumure onpeneneHue BeKTopa

2. 3anummure IMPaBUJIO CIIOKCHUSA U BBIYUTAHHA BEKTOPOB
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ITPAKTHYECKAS PABOTA Nel2

Ha3Banue npaktudeckoi padorbl: Cocmaenenue ypagHeHus npamoul Ha NJ1OCKOCHMU U 8
npocmpancmee
Henb padorbi:HayunThcs BBINOIHATH JIMHEHHBIE ONlEpaAllM HaJl BEKTOPAMHU, COCTABIIATh
ypaBHEHUE NPSIMOM Ha IJIOCKOCTU U B IIPOCTPAHCTBE
3HAHUA:
OCHOBHBIC MOHATUS U METOJbl OCHOB JIMHEHHOH anreOpbl, AMCKPETHONH MaTeMaTHKH,
MaTEMaTUYECKOI0 aHajlu3a, TEOPUM BEPOSTHOCTE M MaTeMaTH4YEeCKOM CTaTUCTUKH,
OCHOBHBIE YHCIIEHHbIE METO/IbI PELICHUS TPUKIIAIHbIX 33]1a4
YMEHHS:
IPUMEHATh MaTeMAaTUUYECKHUE METO/IbI JUIs PELIeHUs IPOpeCcCHOHAIbHbIX 3a7a4
Teoperuyeckunii marepuas:

[TycTh Ha KOOPAMHATHOM TIOCKOCTH MOCTPOEHA MpsiMasi, IPOXOAsIas Yepe3 ABE 3aJaHHbIC
Touku. OTMETUM Ha MPSAMO MPou3BoIIbHYIO TOUKY C, e€ koopAauHaThI (X;Y). O003HaUUM JBa
BEKTOpa:

AC w AB

A
P X

N3BecTHO, UTO y BEKTOPOB, JIeXKAIMX HA MapaJUIebHbIX IPSIMbIX (1100 Ha OTHOM MPSAMOI),
COOTBETCTBYIOIIHME KOOPAUHATHI IPOIOPLIHUOHAIBHBI, TO €CTh

X— Ve X— V=
M — Al H __]-_[ H S B — H E { 1 }
X— Y- X— Y-

A AR AC AC

OtHomenus koopanHat "x" u koopauHAT "y" TaKMX BEKTOPOB PABHBI.
Teneps ocTaércst TOABKO BCIOMHUTD, UTO ISl ONPEEICHHUS KOOPAUHAT BEKTOpa HEOOXOAMMO
13 COOTBETCTBYIOIIMX KOOPAMHAT KOHIA BEKTOPA BBIUECTh KOOPANHATHI €0 Hayaa:

y Hac  A(xy;;yvy)  B(xy;v,) C(x;y)

3HAUNT KOOpAHWHATBbI BEKTOPOB UMCIOT BU:
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X_=X—X Y =Y—N

AC AC
X _ =X, — X = —
AE 2 1 }’AE Yo — W1

[Toncrasnsem B (1). [Tomygaem dopmyay:
X—Xp V=W
Xop =Xy VYa— M0

Ecnu kaxoii-n16o 13 3HameHaresneil paBeH HyJI0, ClIeyeT IPUPABHATh HYJIIO COOTBETCTBYIOIIMIA
yucnuTelb. Ha miaockocTu 3anmmucanHoe BhIlIE€ YpaBHEHUE IPSIMOM YIIPOILIAETCS:

_LI"| __'L‘:I . o

Ve == (x—x)
X, — X,

2 - €CIU X1 £ X2 UX = X1, €CIU X1 = X2 .

X, — X, .
Hpobp - ! a3pIBacTCA YIJIOBBIM KO3(pPuUIHEHTOM NPAMOM.

IIpumep 1: Haiitu ypaBHeHue npsimoid, mpoxoasiieit uepe3 Touku A(1, 2) u B(3, 4).
Pewenue. ITpumensist 3ancanHyo BbIIe GOPMYITy, MOTydaeM:

4-2
y—2= (x—1)

y=-2=x-1
x—yv+l=0

YpaBHeHHe NPAMOI 110 TOYKE M YITI0BOMY KO3(p(pHumeHTy.
Ecnu oOuiee ypaBuenue npsimoit Ax + By + C = () npuBecTH K BUAY:

A -
ty

A C
——=k, ——=bh. me v=kx+bh
n o6osHaunts 0 s , TO TIOJy4EHHOE YPABHEHHE
Ha3bIBACTCA

VpasHenuem npamotl ¢ yenosvim Koagguyuenmom k.
YpaBHeHHe NIPAMOI B 0TpPe3Kax.

Ecnu B 06miem ypaBuenuu npsimoit Ax + By + C = 0 C#£0, To, paznenus Ha —C, moyyuum:
A B X
——_I.'l:——v_l*'—] —+—=1
( ( a b

138071 , TIIe
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C C
q=——: h=—-—
A ]
['eomeTprueckuii cMbICT KO (PUIIMEHTOB B TOM, YTO KOX(P(PHUIUEHT a SBISIETCS KOOPIUHATOM
TOYKH TEePECeUCHHUS
npsiMoii ¢ ockto Ox, a b — koopaMHATON TOUKH ITepeceueHus mpsmMoii ¢ ocbio Oy.

Ilpumep 2: 3anano oOuiee ypaBHeHHE NpAMOn x — y + [/ = (). Halitu ypaBHeHuUe 3TOM NpsIMOM B
OTpe3Kax.

c=1, I 1 a=ap=1
Ilpumep 3. Jlano obiee ypaBHeHue npsamoit /2x — 5y — 65 = 0. Tpebyercs HanucaTh pa3IMIHbIE
THUIIBl YPAaBHEHHUU 3TON IIPSIMOM.

YpaBHeHHe ITOH NPAMOil B OTpe3Kax:
|2 3

- P =1
(63/12) (—=13)
YpaBHeHue 3T0# NPSAMOIi ¢ YyrioBbIM KO3 GuuueHTom: (1eauM Ha 5)
12 63 12 .
Y=—X—— —T.‘C—].‘I.
3 3 J

Yroa MEXKAY NPAMBIMHA HA IIJIOCKOCTH.

Onpeoenenue. Eciu 3amgansl a8e npsmbie Y = Ky X + b1,y =K 2X + b2, To ocTpslii yron mexmy
STHMHU TPSIMBbIMU
OyIeT onpeaensThes KaK

Jll:l.--1 .I!I;.'I
Igo = —

] 4 ;":f._ k.

JIBe nipsiMble MapaisienbHbl, eciu K1 = Ko . J/[Be mpsiMble meprieHAuKyIsIpHBI,
ecmm k1 = -1/ ko .

Dopmynvt KOOpOuHam cepeoursvl OMpe3Ka

321,[[8.‘18. ACJICHUA OTPC3Ka Ha ABC PABHBIC YaCTHU — 3TO YaCTHBIN cnyqaﬁ ACJICHUA OTPC3Ka B TAHHOM

A | wacme M 1 yacms B
o ®
OTHOILIEHHUH.
Add 1
B 5ToM ciydae OTHOIIEHHE BhIpaxkaercs nmponopuueit &M 1 U o6mue gpopmyssr
XM=XA+/1-XB M=yﬂ+/1-y3
I+ 4 I+4  gynecHsIM 06pa3oM MpeoOpakaroTcs B HEYTO 3HAKOMOE U
o=t _Yatle
MUz M
pocToe:
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Y 100HBIM MOMEHTOM SIBJISIETCS TOT (PAKT, YTO KOOPAMHATHI KOHIIOB OTPE3Ka MOXKHO
¥ _IB+XA __}J’B+_}J’A
M T T 4 M T 4
2 2
6e300J71e3HEHHO TTEPECTABUTh:

JI1st IpOCTPAHCTBEHHOTO ClIy4asi CIIPaBEeJIMBA OYEBHIHAsL aHAJIOTH. Eciu JaHbl KOHIIBI OTpe3Ka

A4 P 4240 B X5 ¥ 5 25) , TO KOOpAUHATEI €r0 CEPEIUHEI M BBIpaXKAIOTCS POpMyIJIaMu:

oo Fat X _YatVs . _ZatZs
M a0 2 M 2
IIpumep 4
[TapannenorpamMmm ABCD sanan KOOpJMHATAMU CBOMX BEPIINH A=4.0), B, 4), C(7.2), D-1.-2) .

Haiitu Touky nepeceueHus ero [uaroHajieu.
Penrenmne:
XKemnaronme MOTYT BBITOTHUTH 4epTEK. [ padhuTi 0COOEHHO PEKOMEHAYIO TEM, KTO KalTUTaIbHO

3a0BLT HIKOJIBHBINA KypC T€OMETPHH.

[To n3BecTHOMY CBOMCTBY, IMAaroOHAJIM MMapasuieIorpaMMa CBOEH TOUKOM mepeceueHmst Clxg: Fo)

ACIIATCA II0II0JIaM, ITIO3TOMY 3aavdy MOXKHO PCHIUTL JABYMA criocobamu.

PaccMOTpuM IPOTHBOIIONIOKHBIE BEPIIHHBI A-4.0), C(7.2) . ITo hopmynam neneHust oTpeska

J'L_=JrL’J.1+.7r,:_.=—4+7 E . =yﬂ+yc=lil+2=1
AC.TP Ty 2 7 Y 2

MOTOJIaM HalIEM CepeIMHY TUaroHaiu

1)
B pesynprare: 2

3aganus:

Bapmuanr 1.

1. Haiiti paccrosiaue mexay Toukamu A(1;2;3), B(4;5;6);

2. Jlan TpeyronbHuk ¢ BepumHaMu A(-2;0), B(2;4) u C(4;0). Hartucars ypaBHenne menuansl AE.
Bapuanr 2.

1. Haiftu paccrostnue mexay Toukamu A(2;2;3), B(1;5;6);

2. Jlansl BepmuHbl Tpeyronbanka ABC: A(4, 3), B(-3, -3), C(2, 7). Haiitu ypaBHeHHE MeIuaHBI
AM.

KoHTpoJibHBIE BONIPOCHI:

1) 3anuiuTe ypaBHEHHE MPSMOIL IO JBYM TOYKAM

2) 3amuiure OIMPEACIICHUC MCIUAHBI TPCYTOJIbHUKA
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IHPAKTHYECKAS PABOTA Ne 13

Ha3Banue npakTudeckoi padorbl: Peuienue npukiaouvix 3a0a4 ¢ UCHOIb306AHUEM

KOMOUHamopuKu.

Hean padoTbl:HAYYNTHCA pElIaTh 33a4K HA MMOJCUYET YUCIa KOMOMHAITUH.

3HAHMAL!
OCHOBHBIE TMOHSTHS W METOJAbl OCHOB JIMHEHHON anreOpbl, IUCKPETHOW MaTeMAaTHKH,
MaTEeMaTHUYeCKOr0 aHalin3a, TEOPUH BEPOSTHOCTEH M MaTeMaTH4YeCKOW CTaTHCTUKH,
OCHOBHBIC YUCJICHHBIE METObI PEIICHUS TIPUKIIATHBIX 33124

YMEHHUSA:

IIPUMCEHATE MAaTEMAaTUYCCKUEC METOAbI IJId PEIICHUA HpO(beCCI/IOHaJ'IBHBIX 3aJa4

TeopernyeckniimaTepuall

KomOunaTopuka n3ydaeT KoamyecTBa KOMOWHAIMN, TTOAYMHEHHBIX OMPEIeICHHBIM
YCIIOBHSIM, KOTOPBIE MOYKHO COCTaBUTh U3 AJIIEMEHTOB, 0€3pa3InYHO KaKOW MPHUPOIBI, 331aHHOTO
KOHEYHOT'0 MHO>KecTBa. [Ipu Hemocpe1cTBEHHOM BBIYHCICHUU BEPOSTHOCTEH YaCTO UCIIONIB3YIOT
¢dbopmynbl komOuHaTopuku. [IpuBeneM Hanbonee ynoTpeOUTENbHbBIE U3 HUX.

[Tpu pemennn 3a1a4 KOMOMHATOPUKH MCIIONB3YIOT CIIEAYIOIIE MTPABHJIA:

Ilpasuno cymmoi. Ecim HEKOTOPBIN 00BEKT A MOXET ObITh BHIOPAH U3 COBOKYITHOCTH
00BEKTOB M criocobamu, a Apyroit 00beKT B MoxkeT ObITH BEIOpAH N criocobamu, TO BEIOPATH JIHO0
A, mu60 B M0OxHO m + n crocobamu.

IIpasuno npoussedenus. Ecnm o0beKT A MOXHO BBIOpaTh U3 COBOKYITHOCTH OOBEKTOB M
Croco0aMy U Mocye KaXk10ro TaKoro BbIOOpa 00beKT B MOXkHO BbIOpaTh n criocodamu, To napa
00BeKTOB (A, B) B ykazaHHOM MOpsIJIKE MOXKET OBITh BBIOpaHa m-n crocodamu.

IlepecmanogxkamuHa3bIBalOT KOMOMHALIUH, COCTOSIINE U3 OJHUX U TEX e N pa3IMyHbIX
AJIEMEHTOB M OTJIMYAIOLIHECS TOIBKO MOPSAKOM MX PaCHoOI0XKeHUs. YHCI0 BCeX BO3MOXKHBIX
MIEPECTaHOBOK

Pr=n!, rae n! = 1e 2e 3¢ en.
3ameTunm, 4To yao6Ho paccMmarpuBats 0!, monaras, mo onpenenenuto, 0! = 1.

Pasmewenusmu Ha3pIBalOT KOMOMHAIIMY, COCTABIICHHBIE U3 N PA3JIMYHBIX DJIEMEHTOB 110 M
AJIEMEHTOB, KOTOPBIE OTIIMYAIOTCS JTHOO COCTABOM DIIEMEHTOB, TMOO0 UX MOPsIKOM. YUCIo Beex
BO3MOJKHBIX pa3MeIleHHH

A =n(n-Nn-2) . (n-m+1) = _onb
(1 —m;!

Couemanusimuaa3bIBalOT KOM6I/IHaHI/II/I, COCTAaBJICHHBIC M3 N PA3JIMYHBIX 3JICMCHTOB I10 M

9JICMCHTOB, KOTOPBIC OTJINYAOTCA XOT OBl OJIHUM 3JIEMEHTOM. YHCIIO coueTaHui
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o fl

tml{n —m)l
IIpumep 1.
CKOJIBKO TpeX3HaYyHBIX YHCET MOKHO COCTAaBUTH U3 tudp 1, 2, 3, ecnu kaxaast uudpa BXOIUT B
n300pakeHue yucia TOJIbKO OMH pa3?
Pemenue.
HckoMoe unciio Tpex3HauHbIX YUCEI
Ps=3!=1*2*3=6.
IMpumep 2.
CKOJIBKO MOXHO COCTaBUTh CUTHAJIOB U3 6 (JIaXKKOB PA3JIMYHOrO LIBETA, B3ATHIX 110 27
Pemenne.
Hckomoe 4uciio curHajioB
A%=6*5=30.
IMpumep3.
CkonpKUMHU cIocOOaMH MOKHO BBIOPATh JIBE J€TAIM U3 sIUKa, cojepsxauiero 10 neraneit?
Pemenne.
Hckomoe uncio cnoco0oB
C?0=10!/ (2! 8") = 45,
[TomguepkHem, 4TO yncaa pa3MENIEHU, IEPECTAHOBOK U COUETAHUM CBSI3aHbI PABEHCTBOM
A" =PnC™,.
IIpumep 4.
Ha ponutensckom cobpanuu npucyrctByet 20 yenoBek. CKOJIBKO CYIIECTBYET pa3IMuHbIX
BapHaHTOB COCTaBa POJUTEIHCKOIO KOMUTETA, €CIIM B HETO JOJDKHBI BOUTH 5 yenoBek?
Pewenue:
B sTOM npumepe Hac He HHTepecyeT MopsAAoK (haMmInii B ciucke koMmuteTa. Eciau B pe3ynbrate B
€r0 COCTaBe OKa)KyTCsl OJJHU U T€ 7K€ JIFOIH, TO 110 CMBICILY JJIsl HAC 3TO OAMH U TOT K€ BapHUaHT.
[ToaToMy MBI MOKEM BOCITIOJIb30BaThCs (HOPMYIOH AJIs oJIcUeTa yrcaacoueTanuit u3 20

3JIEMEHTOB 10 5.

HWuaue 6y,Z[YT 00CTOSITh Acia, €ClIn KaXXIbIil 4JIeH KOMHTETa U3Ha4aJbHO OTBEUAET 3a OIPCACIICHHOC

HarnpasieHue paboTsl. Toraa mpu 0THOM U TOM K€ CIIUCOYHOM COCTaBE€ KOMHUTETA, BHYTPH HETO
BO3MOJKHO 5! BapHaHTOBIIEPECTAHOBOK, KOTOPHIE UMEIOT 3HaYeHHe. KoimuecTBo pa3HbIxX (M 1O
COCTaBYy, U IO cpepe OTBETCTBEHHOCTH) BAPHUAHTOB OIPEAEISAETCS B 3TOM Cllydyae YHCIOM
pa3MenieHniin3 20 3JeMEHTOB 10 5.

3ameuvanue.
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Brrme npeamnojgarajloCb, 4YTo BCE n 3JICMCHTOB pa3JIMYHEIL. Ecan xe HEKOTOPBIC 3JICMECHTBIL
MOBTOPSIFOTCS, TO B 3TOM ClIydae KOMOWHAIIMH C TIOBTOPEHUSIMH BBIYHCIISIOT IO IPYruM (popmyram.
HaHpHMep, CCJIK CpCaH N 3JICMCHTOB €CTh N13JIECMCHTOB OAHOTO BHU A, N23JICMCHTOB APYToro Buja u
T.A., TO YUCJIO NEPECTAHOBOK C IIOBTOPCHUAMHA

Pn(ng, Nz, ...) =n!/ (n1! na! ... ),rme ni+ N+ ... =n,
Pa3M€L(/;€Hu}ZMM C NOBMOPEHUAMU U3 N 3JIEMEHTOB MO M HAa3bIBalOTCA ynopﬂdoueHHbze m-
3JIEMEHTHBIC BEIOOPKH, B KOTOPBIX 3JIEMEHTHI MOTYT nO8MOpsamuvcs. Qucno pasmewenuil ¢

E:=)2M

noemMopeHusMUBbIYUCISAETCS 110 hopMmyJie:
Ilpumep 3.
Bo3emem OykBbib, A, P. Kakue pazmenieHus U3 3TUX OyKB, B3AThIX 110 JIBE, MOXKHO IOJIyYUTh?
CKOJBKO TakuX HAOOPOB MOYYUTHCS, eci: 1) OyKBBI B HA0OpE HE TIOBTOPSIIOTCS; 2) OYKBBI MOTYT
MOBTOPSATHCS?
Pewenue.

1. Tlomyuarcs cnenyromue Habopwi:bA, bP, AP, Ab, Pb, PA.

nl

AR =n(n-Dn-2..(n-m+1=

ITo gpopmyie (n —m)l

.3 123

A= =———=4
|§ -2
noJrydacem: 2} ! Ha60p0B.

2. Tlonyuarcs nabopwi:bb, bA, bP, AA, Ab, AP, PP, Pb, PA.

o~

» o »m
qu 2 2 a2

ITo popmyne nomydaem: 3 =7 T 7 HabopOB.
Yucno couemanuii ¢ nosmoperusmu(NdIEMEHTOB, B3STBIX IOM, TJIe 3JIEMEHTHI B HA0OpE MOTYT
o (n +m - 1)!

MTOBTOPSITHCS) BBIYHUCIISAETCS O (hopMyIie: © mi-n)
Ipumep 6.
B xne6HOM oTENe UMEIOTCs OyIKu 0eoro u uepHoro xiaeda. CKOIBKHUMHE CITIOCOOaMH MOKHO
KynuTh 6 Oyiok xyeba?
Pewenue.
O6o3Hnayas Oyiku Genoro u yepHoro xjeda OykBamu b u U, cocTaBUM HECKOJIBKO BHIOOPOK:
BBBBBb, BBUYEL, YUYYYBH, ... CocTtaB MeHsIeTCsl OT BEIOOPKU K BBEIOOpPKE, MOPSIOK IIEMEHTOB
HECYIIECTBEHEH, 3HAUUT 3TO - COUETAHUS C MOBTOPEHUSIMU U3 2 110 ©.

o IIH +m - lj!

® = N _ 6 _ 6 _ vl
ITo popmyite mlfa-1) HonyqaeMC3 Cos1 =C7 =C7 =7 hioco6os.
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Cnenaem npoBepKy U BoinuiieM Bce BapuanThl nokynku: bbbbbb, bbbbbY, bBbbbUY, bbbUYY,
bbUYYYY, bYYYYY, YYYYYY. VX neiiCcTBUTEIBHO 7.

Ipumep 7.

CTpouTenabCTBO JECTHHULIBI.

Pewenue.

Crpourtcs necTHULA, Beayllas u3 Touku A B Touky B(cM. puc.).

A C

Paccrosinue AC paBHo 4,5 M, a pacctosinue CB — 1,5 M. BreicoTa kaxnoii crynenbku paBHa 30 cwm,
a ee LIMpPUHA JOJKHA ObITh 1eNIbIM KpaTHBIM 50 cM CKoJIbKUMHU criocobamu

MO>KHO MOCTPOUTH JIECTHUILY?

W3 ycnoBus 3amayu BUAHO, YTO JIECTHULIA JOJDKHA UMETh 5 CTYNEHEK U COCTOSTh U3 9 «OIOKOB»
mHoit 50 cm. IloaToMy cTyneHbkun MokHO cTpouTh B 10 mecrax. Takum obOpazom, Hamo u3 10
MECT BBIOPATh 5, H 3T0 MOXKHO czenath C?1o= 252 croco6amH.

3ananmus:

Bapmnanr 1

1. CxonbKo ABYX3HAYHBIX YMCENT MOXKHO COCTaBUTH U3 1udp 1,3,5,8,9 Tak, 4T00bI B Ka)KA0M
YHUCIie He ObUIO OJIMHAKOBBIX 1U(Dp?

2. U3 6 oTkpbITOK Ha/O BEIOpaTh 3. CKOJIBKUMH CIIOCOOAMH 3TO MOXKHO?

3. Ilpeanpusarue MOKET MPeAOCTaBUTh PadOTy MO OJTHOM CIIeNUaTbHOCTH 4 )KEHITUHAMH, 110
JpyTroii - 6 My»XK4rHaM, IO TPeTbel - 3 pabOTHUKAM HE3aBUCUMO OT Mosa. CKOTbKUMU
croco0aMu MOKHO 3aIlOJIHUTh BAKaHTHBIE MECTA, €CJIM UMEIOTCS 14 peTeHAeHTOB: 6
KEHILUH U 8 My>KUHH?

Bapmuanr 2

1. CxonbkuMH croco0aMu MOTYT pa3MECTHTBCS 5 UeIOBEK BOKPYT KPYrioro crona’?

2. CKOJBKUMH CITOCOOAMHU MOYKHO COCTAaBUTH (JIar, COCTOSIINHA U3 TPEX TOPH30HTAITBHBIX
MOJIOC PA3IUYHBIX I[BETOB, €CIIM UMEETCS MaTeprall CEMHU PA3TMIHBIX [IBETOB?

3. T'pynmy u3 20 cTyIeHTOB HYKHO pa3AeluTh Ha 3 OpUTajbl, MpUueM B IIEPBYIO OpUraay
JIOJKHBI BXOJUTH 3 4eJI0BEeKa, BO BTOPYIO — 5 U B TpeThio — 12. CkoiabKuMU ciocobaMu
9TO MOXHO CHCNATh.

Bapuanr 3
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1. U3 10 kanamaaToB HY>)KHO BBIOpaTh 3 yesnoBeka Ha KoHpepeH1nto. CKOIbKUMH
Pa3TUYHBIMU CIIOCO0AMU 3TO MOYKHO CJIENIATh?

2. CKOJBKO pa3NYHbIX MSATU3HAYHBIX YUCEI MOKHO COCTaBUTh u3 udp 0, 1, 3, 5, 7 Taxk,
YTOOBI B Ka)KJIOM YHCIIe HE OBLIIO OAMHAKOBBIX IU(P?

3. Jlusa ydgactusi B KOMaHJie TpeHep oToupaer 5 MayibuukoB u3 10. CKoJIBKUMHU crioco0aMu OH
MOKeT chOPMUPOBATH KOMAH/Y, €CITH 2 OMPECIIEHHBIX MAIbUYNKA JOJKHBI BOUTH B
KOMaHy?

KoHTpoJibHbIE BOIPOCHI:
1) HazoBuTe BHI6I KOMOUHALIHIA

2) HazoBuTe OCHOBHBIC TIpaBHIa KOMOWHATOPUKH

Cxema onpedenenus 6uoa KoMoOUHayuU

CocTaBuTL HECKOMLKO KoMOuHaInsi (Bb160poK)

v

[ToBTOpsIOTCS J1 3.NEMEHTHI B BhIf0opKe ?

Ja He

Mensaerca J¥ cocTaB 7 MensAeTca J31 cocTaB 7

Aa HeT HeT a
Cywec Tse Hex Jepecranosk ITepecranos CymecTBe HEX
Jot mopaAox? uc M JoH mopsimon?

T0BTOP €HMAM
Aa eT y‘ Aa
K
Pasmenyery ¢ Coueranua ¢ Coverarma Pasmenserya
TOBTOP eHMANY MIOBTOP EHHANE

IHPAKTHYECKAS PABOTA Ne 14

Ha3spanue npaktuyeckoii padornbl. Pewenue 3a0au na éviuucienue 6eposmuocment.
Iean padoTbi:HayunThcsi BBIYUCIATH BEPOSATHOCTH COOBITHH.

3HAHUA.
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OCHOBHBbIE TMOHSTHS W METOJAbl OCHOB JIMHEHHON anreOpbl, IUCKPETHOW MaTeMaTHKH,
MaTE€MaTU4YeCKOro aHajiu3a, TEOPUU BEPOSITHOCTEM M MAaTeMaTH4YeCKOM CTaTHCTHKH,
OCHOBHBIE YHCJICHHBIE METO/IbI PEIICHUS TPUKIIAAHBIX 33124

yMeHMSI:

IMPUMCEHATE MAaTEMAaTHYCCKHUEC METOAbI IJId PEIICHUA HpO(beCCI/IOHaJ'IBHBIX 3aJa4

TeopeTnueckasi 4acThb:
1. Cayuaiinoe coObIiTHE

Cny4aitHoe coObITHE — 3TO JII0OOOH (DAaKT, KOTOPBIM B PE3YJbTATe€ HCIBITAHUS MOXKET
MIPOU30UTH WK He mpon3oiTh. CaydaifHoe COOBITHE — 3TO PE3YNIbTAT UCTIHITAHUS.

HcnpiTaHue (ONBIT, 3KCIEPUMEHT) — B 3TOM OINPEICIICHUU IOHMMAETCS OIpEIeIICHUE
OTIPEACNICHHOTO0 KOMILJIEKCa YCJIOBUM, B KOTOPBIX HAOMIOJaeTcs TO WM HMHOE SBJICHUE,
¢bukcupyercss TOT WU UHOHM pe3ynbTaT. McnbpiTaHWe MOXKET MPOBOAMTHCA YETIOBEKOM, HO MOXKET
OCYILIECTBIIATBCS U HE3aBUCUMO OT ueloBeKa. YesloBek B 3TOM Cilydae BBICTYNAeT B POJU
HaOIrIOAaTeIS.

Co6biTue 0003HAYAIOTCSI HAYaIbHBIMU IMPOIMUCHBIMU (3ariaBHBIMU) OyKBaMH JIATUHCKOTO
andasuraA, B, C.

1. JlocToBepHOE COOBITHE — 3TO COOBITHE, KOTOpPOE B pE3YJIbTaTe HCIBITAHUSI
00513aTeIbHO TOJIKHO TPOU30UTH.

2. HeBo3moxHOE coObITHE — 3TO COOBITHE, KOTOPOE B PE3ysIbTaTe UCIBITAaHUS BOOOIE
HE MOKET POU3OUTH.

CoObITuSl Ha3bIBAIOTCS HECOBMECTUMBIMM, €CJIM HACTYIJIEHHME OJHOIO M3 HUX HMCKIIIOYaeT
MOSIBJICHUE JPYroro. B npoTuBHOM ciiy4yae cOOBITHS — COBMECTHBIE.

[IpOTHBOMONOKHEIE COOBITHS: [Ba COOBITHA A U A Ha3BIBAIOTCS IPOTHBOMOIOKHBIMHE, €CIIH
HE MOSBIEHHE OJHOTO W3 HMX B PE3YNIbTaTe JAHHOTO HCIIBITAHUS BIEYET MOSBIEHHE APYyroro. (A
guTaeTCs «HE A»).

2. BepoiITHOCTD CJIy4ailHOTO COOBITHSA

YucnenHass Mepa CTENEeHH OOBEKTUBHOCTH BO3MOXHOCTH HACTYIUICHHS COOBITHS

Ha3bIBAETCS 8EPOAMHOCIBIO CAYUAUHO20 COOLIMUAL.

Knaccuueckoe onpeoenenue BEepOATHOCTH COOBITHS A
m
P(A) =—
(A==
BepositTHOCTh COOBITHSI A paBHa OTHOIICHHWIO YHCIIA CIydaeB, OJaronpusTCTBYIOIINX

coOBITHIO A (M), K 001IIeMy YHCITy ciy4aes (n).

Ipumep 1
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JlaGopaTopHast Kpbica, TIOMEIICHHas B JIAOWPUHT, JODKHA H30paTh OAWMH W3 TISATH
BO3MOXHbIX HYTCﬁ. JIume OJWH U3 HUX BCACT K IMOOIIPCHUIO B BUJC ITUIIIC. B IpCAIOJI0XKCHUA, YTO
KpbICa C OJIMHAKOBOH BEPOSTHOCTHIO M30epeT JIF000i MyTh, KAKOBA BEPOSATHOCTh BRIOPAHHOTO MYTH,

BEAYLIETO K Muiiie?

1
PeweHue:E

IIpumep 2

[Ipu Gpocanum WrpabHOM KOCTH, BO3MOXHO, IIIECTh MCXOJOB: BhimazeHue 1, 2, 3, 4, 5, 6
oukoB. KakoBa BEpOSTHOCTh MOSIBJICHUSI YETHOTO YHCIIA OYKOB?

Pewenue: P(A) = Z = %

CoObiTHe A — «IIOSIBIEHHE YETHOTO YHCJa OYKOBY» ONaronpusTcTBYOT 3 ucxona (2, 4 u 6
OYKOB).
IIpumep 3

Bce Harypanbnble uncia ot 1 10 30 3anucaHbl Ha OIMHAKOBBIX KapTOYKaX W IMOMELIEHBI B
ypHy. Ilocne TmaTtenbHOTO MEepeMEenIMBaHUs KApTOYEK M3 YPHBI M3BIEKACTCS OJHA KapTOUKa.
KakoBa BeposITHOCTB TOT'0, YTO YKCJIO HA B3ATON KapTOUKE OKKETCSI KpaTHBIM 5?7

Pewenue:

O0603HayuM yepe3 A coOBITHE, COCTOAIIEE B TOM, YTO YHCJIO Ha B3ATON KapTOYKE KPAaTHO 5.
B nmanmnom wucneitanun umeercss 30 paBHOBO3MOXKHBIX MCXOJOB, M3 KOTOPBIX COOBITHIO A

OylaronmpusITCTBYIOT 6 ncxoaoB 5, 10, 15, 20, 25, 30).

CnenoBarenbho, P(A) = % =0,2

IIpumep 4

[TonOpaceiBatoT 2 MOHeTHI. KakoBa BEpOSITHOCTD, UTO 00€ ynaayT «repOom» KBepxy?
Pewenue:
4 ucxona o6pocanust monet: I'T, I'P, PT", PP.
[lyctp cobbiTHe A — «BBIMAIM 2 repbda» - ATOMY COOBITUIO OJIArONPUSATCTBYET OJIMH
UCXOJL.

m—

P(A) = 2=1 = 0,25

-

n

Ipumep S

[TonOpaceIBatoTCsl 1Ba UTpalbHBIX KyOHKa, IMOJICUUTHIBAETCS CyMMa OYKOB Ha BEPXHHX
rpassx. YTto BeposiTHEE — ITOYYUTh B CymMMme 7 uinu 87
Pewenue:

O003HaYMM COOBITHS: A — «BBINIATIO0 7 OYKOB», B —«BBINANIO 8 OUKOBY.
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CoObITHIO A GaronpUATCTBYIOT 6 3JeMeHTapHbIX Ucx010B: (1;6), (2;5), (3;4), (4;3),
(5:2), (6;1).
CoObiTust B OnmaronpusaTcTByeT 5 ucxomos: (2;6), (3;5), (4:4), (5;3), (6;2).

Bcex paBHOBO3MOXHBIX HCXOJI0B n=62 =36.

P(A) = 2 =1= 0,167, P(B) = — = 0,139

36

Urak, P(A) > P(B) moayuuTh B cymMMe 7 OYKOB 0oJjiee BEPOSITHOE COOBITHE, UeM B CyMME 8§
OYKOB.
3. CratucTnyeckoe onpeaejieHusi BepOITHOCTH

OTHOCHUTENBHASA YacTOTA COOBITUS — ATO J0JIS TeX (PAKTUYECKH MMPOBEICHHBIX UCTIBITAHUH, B

m
KOTOpBIX coObiTHE A mosiBuiock W = P*(A)= p DTO ONBITHAs SKCIEpUMEHTAIIbHAsS

XapaKTCpUCTHUKA, I'’I€ M — YHCJIO OIIBITOB, B KOTOPBLIX ITOABHUIIOCH COOBITHE A; N — YHUCI0 BCEX
IIOBCACHHBIX OIIBITOB.

BeposiTHOCTBIO COOBITHSL HA3BIBACTCS YHCIIO, OKOJIO KOTOPOTO TPYIIUPYIOTCS 3HAUYCHHS

o . m
9YaCTOTHI JAHHOTO COOBITHS B PA3NIMYHBIX CEPHsIX O0JbIIOro uncna ucnbitanuii P(A) = lim -
n—oo

IIpumep 6

N3 982 0601bHBIX, MOCTYNMBILUX B XUPYPTUYECKYIO OOJBHHUILY 3a Mecsl, 275 4enoBeK
uMenu TpaBMbl. KakoBa OTHOCHTENbHAas YacTOTa IOCTYIUIEHHS OOJNBbHBIX C ATHUM BUAOM

3abosieBanus?

Pewenue: P*(A) Z%E

Ipumep 7

ITpu crpens6e no mumenu yacrora w=0,75. Haiitu yncno nonaganuii npu 40 BeICTpenax.
Pewenue: W = %:>m =Wn; m=0,75-40 = 30.

Omeem: 6b110 oayueHo 30 monagaHuil.
4. 3aK0H cJ10:KeHUsI BepOATHOCTel

CymMa JBYX COOBITHI — 3TO Takoe cOObITHE, IPU KOTOPOM MOSBISAETCS XOTsA Obl OJHO M3
3TuX coObITHii (A unu B).

Eciu A u B coBmecTHbIe coObITHS, TO UX cymMMa A+B o00o3HavyaeT HacTyIieHHE COOBITUS
A wnimm coObiThs B, niam 060ux coOBITHI BMECTE.

Ecnu A u B HecoBmecTumBbIe COOBITHS, TO cyMMa A+B 03HayaeT HacTyNJIeHHE WA COOBITHS
A unu cobbiTus B.
IIpumep 8

[ToOenuTens COpeBHOBAaHUS Harpaxjaaercss Mpu3oM (coObiTHe A), NEHEeKHON mnpeMuein

(cobrrtre B), menaneio (coowsrtue C). Uto mpeacTaBisitoT codboi coobitus A+B?
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Pewenue:

CoObiTus A+B cOCTOUT B HarpakJeHUU MOOEIUTENS I IPU30M JCHEKHON peMUeH, 1itH
TEM U JIPYTUM.
IIpumep 9

Typuct uMeeT BO3MOKHOCTh TIoceTuTh 3 ropoaa: A, B u C. O6o3Hauaem cOOBITHSA: A -
TypUCT noceTws ropoa A; B- Typuct nocerun ropon B;

C-typuct nocetui ropog C. B uem 3axitouaercs coositue A+C?

Pewenue:

TypucT noceTus ToJIbKO OAUH U3 ropoaoB A niau C, WK OH MOCETUI UX 00a.

BeposiTHOCT CyMMBI JBYX HECOBMECTHMBIX COOBITMH paBHa CyMME BEPOSATHOCTEH ITHX
COOBITHII:

P(A+B)=P(A)+(B).

BeposTHOCT CyMMBI JIByX COBMECTHBIX COOBITUH paBHa CyMME BEpOATHOCTEH HX

COBMECTHOT'O TIOSIBJICHUS:
P(A+B)=P(A)+(B) — P(AB).

Cymma BeposATHOCTEH IMCKpETHBI COOBITHH, 00pa3yloluX IOJHYIO TIpyIIy, paBHA

€IMHULIE

P(A1)+ P(A 2)+...=P(An)=1

zn:P(Ai) =1

CyMmMma BeposiTHOCTEN IPOTUBOMNOJIOKHBIX COOBITUI paBHA €AMHUIIE:

P(A)+P(A)=1.

N

IIpumep 10

1
HYCTI) BEPOATHOCTH TOT'O, UTO 3a0er BBIUT'PBIBACT I[)KI/IM, paBHa =, a BEPpOATHOCTL TOT'O, YTO
3

1
3a0er Bbiurpaetr Tom, paBHa o KaxoBa BeposITHOCTB TOTO, UTO 3a0€T BBIMTPAET OJIUH U3 HUX?

Pemenue: P(A +B) = § +

ul| =

15
Ipumep 11

BeposiTHOCTH TOrO, YTO Yy B3pOCIOrO MalueHTa Bce 3yObl coxpaHwiuch paBHa 0,67.
BeposiTHOCTh TOTO, YTO HEKOTOpBIE 3yObl OTCYTCTBYIOT paBHa 0,24. BeposTHOCTH TOTO, YTO OH
6e33y0sr1it paBHO 0,09. BEIUUCIUTh BEPOSTHOCTH TOTO, YTO Y TAI[HEHTA HECKOIBKO 3yOOB.

Pewenue: P(A+B)=P(A)+P(B)=0,67+0,24=0,91.
Ipumep 12
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BeposiTHOCTh TIOaianus B OMyXOJIEBYIO KIETKY «MHIICHB)» MEPBOTO PAJAHMOHYKIINIA PaBHA
P =0,7, a Broporo —P =0,8. HaiiTu BeposATHOCTHh MOMAJaHUS B KIETKY - «MHUIICHBY», €CIU OBI
OJIHOBPEMEHHO UCIOJIb30BAIKCH 00a Ipemnapara.
Pemienue:
P(A+B)=P(A)+P(B) - P(A -B)=0,7+0,8 - 0,56=0,94.

JI71s1 HenpephIBHBIX CIIy4alHbINA BEJIMYUH YCI0BUE HOPMUPOBKU UMEET BUJL:

f_o:of(x)dx =1

Ipumep 13

B Gonpioit nomynsuuu miaogoBoid Mymku 25% MyX UMEIOT MyTaluio ria3, 50% - myTranuto
KpbLIbEB, a 40% Myx ¢ MyTanueil ria3 u kpbuibeB. KakoBa BEposSTHOCTh TOTO, YTO y MYXH, HayJauy
BBIOPAHHOM M3 ATOH MOMYJIALNH, OKAXKETCS XOTS OBl OJJHA U3 ITHX MYTaLUii?

Pewenue:

A — CoObITHe, cocTosiiee B TOM, YTO CIydyallHO BBIOpaHHas MXa MMeEeT MyTauuu ria3. B
€CTb COOBITHE, COCTOAIIEEC B TOM, YTO CIy4ailHO BBIOpaHHAss MyXa HWMEET MYTAaIlUI0 KPBUIbEB.
BeposiTHOCTB TOTO, YTO MyXa UMEET OJHY HJIM 00€ MyTalluu:

P(A+B)=P(A)+P(B) - P(AB).
Torma P(A+B)=0,25+0,5 - 0,4- 0,25=0,65.
4. Ycji0BHAsl BePOSITHOCTD

VYcnoBHas BepoOSITHOCTh coObITHS B — 3TO BeposiTHOCTH coObiTHA B, HalineHHas npu
yCIOBUH, 4yTO coObITHE A mpousonuio. O6o3Havaercs P(A/B).

IIpumep 14

B xopoOke conmepxkarcst 3 6enbix U 3 KenThix TadneTku. M3 KopoOKU ABa)Ibl BHIHUMAIOT
Hayraj 1o OJHOM TabiieTke, HE BO3Bpallas ux B KOpoOKy. HailTu BeposITHOCTh MOSBIICHUS OENbIX
TabJETOK MpH BTOPOM HCHBbITaHUM (coObITHE B), ecnu mpu mepBOM HCIBITAaHUM ObLIa M3BJIEYEHA
xenras TabneTka (coobiTue A).

Pewenue:

[Tocne mepBOroO UCIBITAHUS B KOPOOKE OCTAIOCH 5 TaOJIETOK, U3 HUX 3 OENbIX.

Hckomoe ycnosue BepositHocTH: P(B/A)= 3/5 =0,6.

Ipumep 15

B xopobke Haxonutcs 8 kpacHbIX U 6 Oenbix TabnmeTok. M3 kopoOku mocnenoBaTenbsHo 6e3
BO3BpallleHHs U3BIEKaIOT 3 TabseTku. HaiiTi BeposTHOCTB TOTO, YTO Bee 3 TabIeTKH Oelble.

Pewenue:

77



O6o3nauumMm; A1 - mepBas Tabnerka Oenas, A2 - BTopas Tabimerka Oemas, Az - TpeThs

Tabierka Oemnas.

P(A1A2 A3)=P(A1)P(A2 /A1) 'P(A3 /A1 A);

P(A1)= = P(Az/A1)= — P(As/A1A7)=—

12’
6 5 4 5

P(A) = P(A1A2A3) = — - — - — = = =0,055.

IIpumep 16
[Tpenmoioxum, 94T0 B HEKOTOPOU CEMbE HMEIOTCS 2 peOeHKa.
1. KakoBa BeposTHOCTB, 4TO 00a pebeHKa — MATBYUKHU?
2. Ecnu wu3BecTHO, UTO, MO KpailHEH Mepe, OAUH W3 JETed — MaJlbYMK, TO KaKOBa

BEPOATHOCTH TOTO, UTO 00 pebeHKa — MaIbYUKU?

3. Ecnu m3BecTHO, 4TO crapmmii peOEHOK — MaJIbYUK, TO BEPOSTHOCTH TOTO, 4TO 00a
pebeHKa — MaIbuYuKH?

Pewenue:

1. Yerblpe paBHOBEpOATHBIX coObITHsI MM, M/I, JIM JIJ1; P(MM)=1/4 .

2. Uckmrouaercst Bapuant J/I: P(MM)= 1/3.

3. Bapuantsl Tonpko: MM, MJI: P(MM)= 1/2.
5.3aK0H yMHOXKeHHS BepOATHOCTEH

[TpousBenenne ABYX COOBITUN — 3TO COOBITHE, COCTOSIIEE B COBMECTHOM MOSIBICHUU ITHX
coObITHii (A 1 B).
Ipumep 17

[TycTh MMEIOTCS Clieyrolue COOBITHS: A — «U3 KOJOIBI KapT BBIHYTA JaMay; B — «u3
KOJIOJBI KapT BBIHYTA KapTa MUKOBOW MacTuy. UTo mpeacraBiseT coboit coobiTue AB?

Pewenue: AB ecTh cOObITHE «BBIHYTA Jama IMHUK.

CoOriTie B Ha3pIBaIOTCS HE3aBUCHMBIMU OT COOBITHS A, €ClIM IOSBJIICHHUE COOBITHS A He
M3MEHSIET BEPOSATHOCTH TMOSBICHUS COOBITHS B.

BepoaTHOCTh TMOSBIEHUS HECKOIbKUX HE3aBUCHUMBIX COOBITUH paBHAa MPOU3BEICHUIO
BEPOSTHOCTEH 3TUX COOBITHI:

P(A-B)=P(A)- P(B).
J11s1 3aBHCHMBIX COOBITHI:
P(AB)=P(A) -P(B/A).

BeposiTHOCTE Tpon3BeieHUsT ABYX COOBITHI paBHA MPOU3BEACHUIO BEPOSTHOCTH OIHOTO W3

HUX Ha YCJIIOBHYIO BEPOSITHOCTH JIPYroro, HAaWJIEHHYIO B TPEIIOJIOKEHUU, YTO TIEPBOE COOBITHE

IIPOU3OIILIO.

IIpumep 18
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HaiiTi BeposTHOCT COBMECTHOTO MOSBIIEHUSI TepOa MpHu OAHOM OPOCAHUU JBYX MOHET.

_ 1

Pewenue: P(A/B)=P(A) -P(B) = % :

N |-

IIpumep 19

BeposiTHOCTB TOTO, YTO Y B3pOCIOro ManueHTa Bce 3yObl coxpanmimch pasHa 0,67. Kakosa
BEPOATHOCTH TOTO, UYTO y JIBYX HE MMEIOIIMX OTHOILIEHUS APYr K APYry OOJBHBIX, OKHJIAIOLINX
nprema B KabMHEeTe cToMaToJIora, ecTh Bce 3yObl?

Pewenue: P(A - B)=P(A) - P(B)=0,67 - 0,67=0,45.

IIpumep 20
HaiiTi BeposTHOCTB TOTO, YTO B CEMbE U3 JIBYX JETEH:
1) 00a pebeHKa — MaJIbUMKH; 2) 00a peOeHKa — JICBOUYKH; 3) CTapIIHii peOCHOK
MaJIburK, a MJIAJIIIANA — IeBOYKa. BeposTHOCTh poxxacHust manbunka — 0,515.

Pewenue:

P(MM)=P(M) -P(M)=0,515 -0,515=0,265;

P(1/1)=0,485- 0,485=0,235;

P(M/1)=0,515- 0,485=0,25
IIpumep 21

N3BecTHO, 4uTO B 3 ciydasx u3 250 Ha CBET MOSBISIOTCS ONM3HEIBI, IPUYEM B OJHOM
cllydae — 9TO UCTHHHBIE (MOHO3UTOTHBIE) Onm3Henbl. KakoBa BEpOSTHOCTh, UTO Y OMpPEIEICHHON
OepeMEeHHOW >KEHIUHBI POASATCS ONM3HEIBl MAlbYUK U JIEBOYKA. YUTHUTE, YTO OJHOSHIIOBBIC
OJIM3HELbl HUKOIZIa HEe OBIBAalOT Pa3HBIX IOJIOB — 3TO 00s3aTENbHO JUOO 2 MajbyuKa, Jubo 2
JICBOYKH.

Pewenue:

BepOHTHOCTB HUMCTH JU3HUTOTHBIX 6J'II/I3HeI_[OB paBHa:

P(A)== 1-P(B)=1-:=

wIlN

Hckomast BEpOATHOCTB:

3 2 1

P(A) P(B): 250 ' 3 125 2 250"

IIpumep 22

BeposaTHOCTh TOro, 4TO CTYAEHT B JIETHIOKO CECCHUIO CIAacT MEPBBIM 3k3ameH, paBHa 0,9;
BTOpoit — 0,9; Tperuit — 0,8. HaiiT BeposATHOCTH TOTO, YTO CTYAEHTOM OYAyT CAAaHBI 1)TOIBKO
BTOPOM K3aM€H; 2)BCE TPH IK3aMEHA.

Pewenue:

1) P(B)=P(A1 A2 A3 )=P(A1) - P(A2) - P(A3)=0,1 0,9 0,2=0,018
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2) P(A1A2 A3)=P(A1) - P(A2) - P(A3)=0,9 0,9 0,8=0,648.
Teopema. BeposiTHOCTh MOSBICHHSI XOTSI ObI OJTHOTO M3 COOBITHIT A1, A2 ,..., An , HS3aBUCHMBIX B
COBOKYIHOCTHM, paBHa pPa3HOCTH MEXJy €IUHULEH ¢ TMPOU3BEJICHUEM BEPOSTHOCTEU
IPOTHBOINONOXKHEIX coObITH A1, Az, ..., An.
IIpumep 23

BeposiTHOCTS TTOTIaiaHus B b MIPH CTpenbbde U3 Tpex opyauit takosa: P1 = 0,75; P, = 0,8;
Ps = 0,85. KakoBa BeposATHOCTH XOTSI ObI OJHOTO TomnajgaHus (COObITHE A) MPU OJHOM 3aiIe U3
BCEX 3TUX OPYAHI1?

Pewenue:

01=1-P1=1-0,75=0,25;

0=1-P2=1-0,8=0,2;

03=1-P3=1-0,85=0,15;

P(A) =1 - 01020s;

P(A=1-0,25-0,2 - 0,15=0,9925.

IIpumep 24
JIBa cTpenka CTpeNsloT IO MHUUIICHH. BeposTHOCTh monajaHus B MULIEHb IIPH OJHOM
BBICTpeJIe JUIsl iepBoro crpesnika pasHa 0,7, a 1as Broporo — 0,8. HaliTu BepoSITHOCTB TOTO, YTO IIPU
OJIHOM 3aJII1€ B MUIIEHb MTOMNAIET TOJIBKO OJUH CTPEIOK.
Pewenue:
BepoaTHOCTB TOTO, UTO B MUILIEHB MONAAET NEPBBIA CTPEJIOK U HE NOMAJET BTOPOM, paBHA:
P(A1 A2)=0,7- (1-0,8)=0,7- 0,2=0,14
BeposiTHOCTB TOT0, 4TO MOMAa aeT BTOPOU CTPEJIOK B MULIEHb U HE MOIAJIET IEPBBIN, paBHA:
P(A1 A2)=(1-0,7)- 0,8=0,3-0,8=0,24.
BepoATHOCTh TOTrO, YTO B MHILIEHb IONAJAET TOJBKO OJIUH CTPEJIOK, PaBHA CyMME 3THX
BEPOSITHOCTEM:
P(A1 A2 )+P(A1 Az )=0,14+0,24=0,38.
Ipumep 25
CKOJIBKO JTOJDKHA TUTAHUPOBATh Mapa UMETh JeTel, 4To Obl BEPOSTHOCTb XOTS Obl OJHOTO
MasiburKa Obl1a Beiiie 90% (BEpOSATHOCTh POXKICHUS MalburKa U 1eBodku — 0,5).
Pewenue:

HYCTB BCPOATHOCTH TOTO, UTO BCC NCBOYKMU:
1 1
P =2->..on=¢)"=09

BepOHTHOCTB TOT'0, YTO HE BCC JCBOYKU:
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P(xoTs1 OBI OJIMH MaIb4HK)= | - (%}” =0,9.

0,1= ¢33 ;= = 1/2" 2"=10 =n~ 4.
27 10
6.®@opmyaa baiieca

®opmyna baiieca npumensiercsi, koraa coObiTHe 4, KOTOPOE MOKET MOSIBUTHCS TOJIBKO C
onHo¥ w3 runores Hi, H ...H,, mpou3onuio U HEOOXOJUMO MPOU3BECTH KOJIUYCCTBEHHYIO IIe-
PCOLICHKY anpuopHulx BEpOsITHOCTeW stux runore3 P(Hi), P(H2), ..., P(H,), W3BECTHBIX [0

UCIIBITaHUsA, T.C. HaWUTH anocmepuopHbvle (nonyqaeMLIe IIOCJIC ITPOBEACHUA I/ICHHTaHI/IH) YCIIOBHBIC

BepositHocTH rurnote3 P(Hi/A), P(H2/A), ..., P(H,/A):

P(Hi)-P(A/Hi)

P(H/4) = T80

Unu Bmecto P(A) wucnoinp3yeM ee 3HAuyeHHEe, BBIUMCICHHOE 10 (Qopmyse MOIHOU

BEPOSITHOCTH:
P(Hi)-P(A/Hi
P(H/A) = — (')(/ )
P(Hi)-P(A/Hi)+..+P(Hn)-P(A/Hm)
Wrak, mycTe 110 omblTa MMEHOTCA runoressl i, Ha, ..., H,. Ilocie ombita CTaHOBUTCSA

M3BECTHOM MH(OpMAIUs O pe3ysibTaTax OIbITa, HO HE MOJIHAsI, a8 UMEHHO: Pe3yNbTaThl HAOIIOACHUI
MOKAa3bIBAIOT, YTO HACTYIIHIIO HEKOTOPOE COOBITHE A.

CunrtaeTcs, 4To J0 OIbITa OBUIH U3BECTHBI (anpuophsvie) BepositHoctu runores P(Hy),P(H>),
...,P(H,) wu ycnosuvie Bepositnoctu P(A/H1), P(A/H2),..., P(A/H,). HeobGxoaumo ompeaeanThb
anocmepuopHule BeposiTHocTy Tunote3 P(Hy/A), P(H2/A), ..., P(H/A).

3nauenue ¢popmynsl baiieca cOCTOUT B TOM, YTO MPU HACTYILJIEHUU COOBITHSIA, T.€. IO Mepe
MOJTy4eHUsT HOBOM HMHGOpPMAIIMU, MBI MOXEM IPOBEPATh M KOPPEKTUPOBATH BBIABUHYTHIC IO
WCIIBITAaHUS TUTIOTE3bI. TaKoW MOAX0/] Ha3bIBAETCSl OalleCOBCKUM.

IIpumep 26

JIBa OXOTHHMKA OJTHOBPEMEHHO CTPENISIIOT OJAMHAKOBBIMH NYJISIMU B MelBens. B pesynbrare
MeaBeab ObLT yOUT oHOM Tynelt (coObiTne A). Kak OXOTHHKHM JOMKHBI MOAETUTH MIKYpY YOUTOTO
MeJIBEIs1, €CITM U3BECTHO, YTO BEPOSITHOCTH MoMaianus y nepBoro oxoTHuka 0,3,a y sroporo 0,6?

Pewenue:

Bocnonszyemcst hopmynoit baiteca. Onpenenum npeaBapuTeIbHO TUIOTE3HI.

I'mnoresa A1 :nmonan nepBelii OXOTHUK, BTOPOM MPOMAXHYJICA.

I'unoresa H>: momnan BTOpOM, NEPBBIM MPOMaXHYJICS.

['unoresa H3: momanu o6a OXOTHHKA.

['unoresa Ha: 06a IpOMaxHYIHCh.
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CoOBITHEAMOXKET MPOU30NTH TOJIBKO TOTJa, KOrjaa mpousonuia jubo rumore3a Hi, audo

rumiore3a Ho, T. e.:

P(A/H1)=1, P(A/H3)=0
P(A/H2)=1, P(A/H3)=0

Hpez[nonaraeM, 4TO IIonajgaHus OXOTHHKOB B MCIABEAA HE 3aBUCAT APYr OT Apyra. n

HOJTy4aeM:

P)=0,3-(1-0,6) =0,12;

P(H2)=0,6(1-0,3) =0,42;

P(H3)=0,3-0,6 =0,18;

P(Hs) =(1-0,3)(1-0,6) =0,28.

[Ipumensiem popmyny baiteca:

P(H1)-P(A/H1)

P(HYA) = s 57D + P2 P(A/H2) + P(H3) PCA/HS) + PGHA) DA/
P(HY/A) = 0,12:1+0,42:1+0,18:0+0,28:0 9
P(H2/A) = P(H2)-P(A/H2)

P(H1)-P(A/H1) 4+ P(H2)-P(A/H2) + P(H3)-P(A/H3) + P(H4)-P(A/H4)

0,42-1 7
P(H/A) = =7
0,12:1+0,42-1+0,18:0+0,28-0 9

o 2
Takum o6pa30M, IIpH CIIpaBCAJIMBOM ACJICHUHN IICPBbIM OXOTHHUK IOJIZKCH HOJ'Iy‘lI/ITL; HIKYPHI,

T.€. MEHbIIE YETBEPTOM YacTH IIKYpbl, B TO BpeMs KakK, Ha IEPBBIM B3IJIAJ, Ka3aJIOCh, YTO €MY

HpI/I‘II/IT&GTCSIé mkypsI (0,3).

3aganus:
Bapmuanr 1

1. KaxkoBa BeposiITHOCTb TOTO, YTO HayJauy BelOpaHHOE 11es10e yucio ot 40 1o 70 sBisercs
KpaTHbBIM 67

2. KakoBa BepOsITHOCTb TOTO, UTO MPH MATH OPOCAHUAX MOHETHI OHA TPU pasa ynajaer repoom
KBEepxy?

3. KoHCynbTanmoHHBIN TYHKT YHUBEPCUTETA MOTYYaeT MaKeThl C KOHTPOJIBHBIMU paboTaMH U3
ropojoB A, B u C. BeposTHOCTh nonydeHus nakera u3 ropoaa A passa 0,6, a u3 ropoga B
—0,1. HaiiTi BepoATHOCTB TOTO, YTO OYEPEAHOM MakeT OyaeT nmoxyyeH u3 ropoja C.

4. BeposITHOCTH TOTO, YTO B JICTHIOI CECCHIO CTYIEHT CIAcCT TEpBbI »k3ameH, paBHa 0,8;
BTOopoit — 0,9; Tpetuit — 0,8. Haifti BeposITHOCTD TOTO, YTO CTYJAEHT CIACT XOTS ObI OJIMH
9K3aMEH.

5. Hmeercs nBa OJMHAKOBBIX SAIIMKA ¢ IIapamMu. B nepBom simuke 2 Oenbix U 1 yepHsIi map, a

BO BTOpoM — 1 Oenblii u 4 yepHbIX mapa. Haynady BeIOMpaOT OAMH SIIKMK U BBIHUMAIOT U3

Hero map. KakoBa BeposSITHOCTb TOT0, YTO OCTABILUICS IIap SIBJISIETCSA OeNbIM?
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Bapuanr 2

1.

KakoBa BeposITHOCTB TOTO, UTO HayJady BeIOpaHHOE 1enoe yuciio ot 1 go 30
(BKJIIOUMTENBHO) SABIISIETCS AeauTeneM uncia 307

B HUU paGotaet 120 uenoBek, u3 Hux 70 3HAIOT aHTJIMUCKUH s3bIK, 60-HEMenkHii, a 50-
3HalOT 06a. KakoBa BepOSITHOCTB TOTO, UTO BBIOPAHHBIN Hay/1ady COTPYIHUK HE 3HAET HU
OJIHOT'O UHOCTPAHHOTO sI3bIKa?

C nepsoro npennpusatas noctynwio 200 mpoOupok, u3 KoTopsix 190 cranmapTHBIX, a cO
Broporo — 300, u3 kotopbeix 280 crangapTHbIX. HaliTh BepOSTHOCTH TOro, YTO HayAady
B3sTas MpoOupKa OyAeT cTaHAapTHOM.

BeposiTHOCTh OJ1HOTO ToOMaaaHus B 1I€JIb MPU OJHOM 3ajlme u3 AByX opyauil paBha (,38.
Haiitu BepoSATHOCTh MOpa)KEHWsS LEIU IPU OJHOM BBICTPEIIE MEPBBIM U3 OPYIHM, €CIIH
M3BECTHO, UTO JJIsl BTOPOT'O OPYIUs 3Ta BEpOSTHOCTH paBHa 0,8.

JIBa aBTOMaTa MPOU3BOIAT OJUHAKOBBIC XUPYPTUUYECKUE 3aXKUMBL. [IpOM3BOAMTEIHLHOCTD
[IEpBOro aBTOMara BJIBOE€ Oouiblile, 4ueM BTOporo. [lepBblii aBTOMAT NPOU3BOJIUT B CPETHEM
60% 3a)KMMOB OTJIMYHOTO KadecTBa, a BTopoil — 84%. Haynauy B3sThIN 3a)KUM OKa3aics

OTIIMYHOIo KadecTBa. Halitu BCPOATHOCTDL TOI'O, YTO OH IIPOU3BECACH IICPBLIM aBTOMATOM.

Bapuant 3

1.

I'pynna Typuctos, cocrosiiias u3 12 roHouel u § 1eBylieK, BHIOMPAET M0 KpeOHto
XO35IIICTBEHHYIO KOMaHAy B cocTaBe 4 yenoBek. KakoBa BEpOSITHOCTB TOTO, UTO B UHCIIE
M30paHHBIX OKAKETCS JIBOE FOHOILEH U JIBE EBYIIKU?

Nmeercs Tpu ypHbl. B nepBoit Haxoaures 5 6enbIX mapoB U 3 YepHBIX, BO BTOPOi — 6
OenbIX U 2 YepHBIX, B TpeTheii—10 OenbIx mapoB. BeiHuMaroT Hayraa oauH map. YpHa
BbIOMpaeTcs Toxxe Hayraj. HaliTu BeposSTHOCTH TOr0, YTO ATOT IIap OembIi.

Ha tpuanatu wucropusx Oone3nu Hamucanbl 30 AByx3HayHbIX ymcen oT 1 mo 30 (ux
MOPSAKOBBIE HOMEpa). DTH MCTOPUM OOJIe3HEH JekaT Ha IOJIKE B CIy4ailHOM HOpsKe.
KaxoBa BeposITHOCTh BBIHYTh HCTOPUIO 00JIE3HH C HOMEPOM, KpaTHBIM 2 uiu 37

OTzen TEXHUYECKOr0 KOHTPOJIS MPOBEPSET MEAUIIMHCKOE U3/I€INE Ha CTaHIaPTHOCTD.
BeposTHOCTB TOTO, UTO M3/€IUE CTaHAapTHO, paBHa 0,9. HaliTu BEpOATHOCTBH TOTO, YTO U3
JBYX IPOBEPEHHBIX U3/I€THUH TOJIBKO OJHO CTaHJAPTHOE.

B nsaTH anTeukax HaXOAATCs OJMHAKOBBIE IO Macce U pa3Mepam TabieTku. B 1Byx — mo 6
3eNIeHBIX U 4 )KeNThIX TabneTok. (JTo anTeuka coctaBa Hi). B AByx npyrux anredkax
(coctaBa H2) — 1o 8 3eneHbIx u 2 )KeNnThIX TabseToK. B oqHOM anteuke (coctaBa Hz) — 2
3eNIeHbIX U 8 JKenThIX TabneTok. Haynauy BeiOupaercs anrTedka v U3 Hee U3BJIEKAETCS
TabJeTka, KOTopas oka3ayach 3efeHoi. KakoBa BeposTHOCTB TOro, UTO 3eneHas TabiaeTka
M3BJIEYEHA U3 allITeYKH EPBOT0 COCTaBa
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INPAKTUYECKAAPABOTA Ne 15
Ha3panune npaktuyeckoii padornl. Peuienue 3a0au na gpluucienue 6epoamHocmeil ¢
UCNOIb306AHUEM ITIEMEHINO0E MAMEMAMUYECKOU CHAMUCIUKU.
Henap padorel:HayunThcs pemaTs 3aa4u ¢ UCIOIb30BAaHUEM 2JIEMEHTOB MAaTEMATHYECKON
CTaTHCTUKH.
3HAHUSA:

OCHOBHBIC TOHATUS W METOJbl OCHOB JIMHEHHOHN anreOpbl, AMCKPETHOH MaTeMaTHKH,

MaTEMaTHYECKOTO aHaJln3a, TEOPUM BEPOSTHOCTEM M MAaTeMaTH4YEeCKOHM CTaTUCTUKH,

OCHOBHBIE YHCIIEHHBIE METO/IbI PELICHMS IPUKIIAHBIX 33124
YMEHMS:

NPUMEHSITh MaTEMAaTHIECKHAE METOJIBI [T PEUICHHUs IPOPECCHOHATBHBIX 3a1a4

TeopeTnueckuii MaTepuaJ:
1. CaryuaiiHble BeJTHYMHBI

Cnyuaiinas éenuyuna — 3TO BEIMUYMHA, KOTOpas B pPe3yJbTaTe UCHBITAHUS B 3aBUCUMOCTHU
OT ciydasi NMPUHUMAET OJHO W3 BO3MOYKHOIO MHOXKECTBA CBOMX 3HAU€HUN (Kakoe MMEHHO —
3apaHee HEU3BECTHO).

Huckpemnas cayuaunas eeiuduna — OTO ClydailHas BEIWYMHA, KOTJA IPUHUMAET
OTJIEIbHOE U30JIMPOBAHHOE, CYETHOE MHOXECTBO 3HAUEHUH.

Henpepuvignas cnyuaiinas eéenuyuna — 3TO CiaydaiHas BEJIMYMHA, MPUHUMAOMIAS JTIOOBIE
3HAUEHUS U3 HEKOTOpOro MHTepBasia. [loHATHE HEMpepbIBHOM CIy4allHOM BEIWYMHBI BO3HUKAET
IIPU U3MEPEHUSX.

CrnyualiHple BelIMYMHBI O0O3HAYAIOTCS KOHEYHBIMHM 3arjaBHbIMM OyKBaMH JIATUHCKOIO
andasura X, V, Z , a uX 3Hau€HUS — COOTBETCTBYIOLIUMHU CTPOUHBIMH OYKBaMH X, y, Z.
2.3aKk0H pacnpejiesieHUs1 CJIy4aiiHOW BeJMYHHbI

OTO BCSKOE COOTHOUIEHME, YCTAHABIMBAIOUIEE CBS3b MEXAY BO3MOKHBIMHM 3HA4YEHUSMHU
CIIy4aiiHOH BEJIMYMHBI U COOTBETCTBYIOIIUMHU UM BEPOSITHOCTSAMHU.

st ouckpemmnoti ciny4aifHON BEIMYMHBI 3aKOH paclpeielieHHs] MOXKET ObITh 3aJjaH B BUJE
mabauybl, aHATUTHYECKU (B BUAC (hopmynvl) u epaghuyecku.

Tabruya — 370 pocTeiimas Gpopma 3ajjaHus 3aKOHa pacrpesienenus. B Hell mepednciens! B
MOPSAJIKE BO3pACTaHMsI BCE BO3MOXKHBbIE 3HAYEHUS CIIydallHON BelWYUHBI X U COOTBETCTBYIOIIME

BEPOSITHOCTH. DTa TabJINIIa HA3BIBACTCS PLOOM PACNPEOEIeHUSL.

X1 X2 ... Xn

p1 P2 Pn
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n
pi=1

i=1

Psn pacnpenencHust MOKET ObITh M300paXkeH rpadUUYecKH, €Cd MO OCH aOCIUCC OTKJIaIbIBATh

3Ha4YCHUA CJIy‘-IElfIHOfI BCJIMYMHBI, @ IO OCH OpAWHAT — COOTBCTCTBYIOHIUC HX BCPOATHOCTH.

CoenuHenne o0pa3zyeT JIOMaHYIO JUHHIO. JTO MHOTOYTOJbHUK WM TIOJIMTOH paclpeneieHus

BEPOATHOCTEH.

Pi A

X1 X2 X3 Xn X

v

Ilonueon pacnpeoenenus 6eposimHocmell

Ipumep 1
3a7a10T JIM 3aKOHBI PaCIpeIeICHUs TUCKPETHON CIIy4aiiHONBEIHYMHBI CIeIYIOIINE Ta0IUIIbI?
A) b)

xi| 1l 2 3 4
Pil0,1]02]03|0,5

xi| 1 2 3 4
Pil0,1/04]03|0,2

Pewenue

A) Ta, TaKk KaK BBITIOJHAETCS yCoBHe Y, pi = 1: 0,1+0,4+0,3+0,2=1

b) Her: 0,1+0,2+0,3+0,5 # 1.
Ipumep 2
B nenexnoii norepeu BoimymieHo 100 Ouneros. PaspirpeiBaercs oauH BeIUrpsiil B 50 py6uieit u 10
BbIMTpHIIEH o 1 pybOmto. HaliTu 3akoH pacnpeneneHusi ciiydailHOM BeTUYMHBI X — CTOMMOCTH
BO3MO>KHOT'O BBIMTPBILIA JUIS BJIaJIEIblIa OJIHOTO JIOTEpEHHOro Ouiera.

Pewenue: 603M0OKHBIE 3HAYESHUS X

P Xi 50 1 0
1= pi 0,01 0,1 0,89
ml
—_— 10 . —_
Pz—m,Ps— 1-(P2+Py)
Kountposns: 0,01 +0,1 +0,89 =1
IIpumep 3
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BeposiTHOCTE TOTO, YTO CTYACHT CIOACT CEMECTPOBBIN dK3aMeH 1o Omodusmke paBHa 0,7, a 1o

ouoxumun — 0,9. CocraBbTe 3aKOH pacIpelesieHUs] YHcia CEeMECTPOBBIX IK3aMEHOB, KOTOpHIC

caact cTyaeHT. [locTpouTh MHOTOYTOJIBHUK pacipe/iesIeHNs BEPOSITHOCTEM.

Pewenue

Bo3moskHbIe 3HaUeHHs X — YHCIIO CAaHHBIX dK3aMeHoB: 0,1,2.

Cuutaem BEpOSITHOCTH:

P(X=0) = P(A1) P(A2) = (1 - 0,7)-(1 — 0,9) = 0,3-0,1 = 0,03

P(X=1) =P(A1A2+ A1A7) = P(A1)-P(A2) + P(A1)-P(A2)=0,7-0,1 +0,3:0,9 = 0,34

P(X=0) = P(A1A2) = P(A1)"P(A2) = (1 - 0,7)(1 — 0,9) = 0,7-0,9 = 0,63.

Psan pacnpenenenus uMmeer BUA:

Xi 0

P 0,03

0,34

0,63

Kontposs: 0,03 + 0,34+ 0,63 =1.

pif
0,6 T
04 1
0,2 T,

v

0 1 2 3

MHozoy20n1bHUK pacnpedesneHus

3.DyHKIHSA pacnipeaeeHus CIyYaiiHbIX BeJIMYUH

Xi

Oyukuus F(x), Belpaxkaromas i KaXxa0ro X BEpOsSTHOCTh TOrO, UTO Cily4aiiHasi BeTUYHMHA

XOpruMeT 3HAY€HUE MEHbIIE HEKOTOPOro (PUKCHPOBAHHOIO X, Ha3vlgaemcs (yHKyueu pacnpe-

Oenenus ciydaitHol BenuuuHbl X: P(x) = P( X< x). Ee Takxe Ha3bIBaIOT uHmezpaivHol Qyukyue

pacnpeoenenusi TACKPETHBIX U HEMPEPHIBHBIX CIIyYailHbIX BETUYHH.

Ilpumep 4

Xi 1 4

pi 0,4 0,1

0,3

0,2

JlaH psin pactipeneneHus CliydalHbIX BEJTUYHHbI:
Haiitu u n300pa3uth rpaduk ee GyHKIINU pacTpeeICHHS.

Pewenue

Ey,Z[CM 3a1aBaTh pa3JIMYHLIC 3HAYCHUA Xid HAXOAUTH JJISA F(X)I
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1. Ecmu x<1,F(X)=0

2. [ycth 1< x <4, (manpumep, X = 2), F(x) =P(x =1) = 0,4.

3. [Tyctp 4< x < 5, (Hanpumep, X = 4,25),

F(x) =P(X<x)=P(x=1) +P(x=4)=0,5+0,4=0,5

4. [Tycts 5< x <7, F(x) =(P(x=1)) + P(x=4) + P(x=5) =0,5+0,3=0,8.
5. [Tyctes x>7

A
10 4 —
o8 | ."—i
0,6 B e : !
o i i
O‘—I ———— i >
1 2 34%56 7

®yHKyus pacnpedeneHus OUcKkpemHol cay4yaliHocmu eeauyuH

F(x) = (P(x=1) + P(x=4) + P(x=5) + P(x=7) = 0,8 + 0,2 =1
CDYHKI_II/IH pacipeaciiCHus Jr000it ﬂHCerTHOﬁ CHy‘IﬂfIHOﬁ BCJIMYHHBI €CTh pa3pbIBHAA CTYIICHYAaTasA
(bYHKIII/IFI, CKa4YKu KOTOpOI\/JI MMPOUCXOJAAT B TOYKaX, COOTBCTCTBYIOIIMX BO3MOKHBIM 3HAUYCHUAM

CIIy4alHOM BEJIMYMHBI U PABHBI BEPOSTHOCTSAM ITUX 3HAYCHUI.

4. YucjoBble XapaKTePUCTHKH TUCKPETHOMH CJIy4aiiHOMi BeJMYHNHBI
1. Mamemamuueckum oxcudanuem M(X); TUCKPETHOW CIIy4allHON BETWYUHBI HA3BIBACTCS
CyMMa MPOU3BEICHHI BCEX €€ 3HAUSHHI HE COOTBETCTBYIOIINE M BEPOSTHOCTH:
M(X) = L, xipi
IIpumep 5
V3BecTHBI 3HaUEHMs pacHpeieNeHus ClydyailHbIX BeMUYMH X U Y — YHCIO OYKOB BBIOMBAEMbIX

IIEPBBIM U BTOPBIM CTPCIIKAMU.

Xi 0 1 2 3 4 5 6 7 8 9 10

pi 0,15 | 0,11 | 0,04 | 005 | 0,04 | 0,20 | 0,10 | 0,04 | 0,05 | 0,22 | 0,20

Xi 0 1 2 3 4 5 6 7 8 9 10

Pi 0,01 | 0,03 | 005 | 0,09 | 0,11 | 0,24 | 0,21 | 0,20 | 0,10 | 0,04 | 0,02

HeoOxonuMo BBISIBUTB, KaKOM W3 JBYX CTPENIKOB cTpenseT jyunie. [locTpoutb MHOTOYroiabHUKU

pacrpeeseHusl.
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Pewenue:
OdeBHIHO, YTO M3 JBYX CTPEIKOB JydIlle CTPENsSeT TOT, KTO B CpPEIHEM BBIOMBaeT Oouibliee
KOJIMYECTBO OYKOB.

M(X)=0-0,15+ 10,10 + 2:0,04 + ... + 90,12 + 10-0,2 = 5,36

M(Y) = 0-0,01 + 1-0,03-0,05 + ... +9:0,04 + 10-0,02 = 5,36

To ecTb cpeaHee 4KCI0 BHIOMBAEMBIX OYKOB Y ABYX CTPEIKOB OJUHAKOBO.

IIpumep 6

CnyuaitHas BennurHa X 33JjaHa 3aKOHOM PaCIpeIeIICHHUS:
Xi 1 2 )
Pi 0,3 0,5 0,2

Pewenue: M(X) =1:0,3 +2:0,5 + 5-0,2=2,3

2. Hucnepcus TMCKPETHONCITYy9allHOCTH BeTUYHHBI. CIIOBO «IHCIIEPCHS) 03HAYACT «PACCETHULH:
D(X) = M(X — M(X))2.

Jucnepcueii D(x)cmyyailHOH BETUYMHBI HA3bIBACTCS MAaTEMAaTHUYECKOE OXKUJIAHUE KBajpara ee

OTKJIOHEHUS OT MaTEMAaTUIECKOTO OXKHJIAHHSI.

Cpeonee keadpamuueckoe omiloHeHue G (CTaHIAPTHOE OTKJIOHEHHWE WM CTaHIAPT) CIy4alHOU

BEITMYHUHBI X — 3TO apu(PMeTHISCKOE 3HAUCHUE KOPHS KBAIPATHOTO U3 €€ IUCIICPCHH:

o= /D)
Ipumep 7.
B 3amage 1 o cTpenkax BBIYMCIUTH AUCIIEPCHIO YKCIIA BBIOUTHIX OYKOB TS KQXKI0TO CTPEKa.
Pewenue:

O4eBUIHO, UTO JYUIIIE CTPEJISUT TOT CTPEJIOK, Y KOTOPOTO MPU PAaBEHCTBE CPEIHUX 3HAYCHHI YHClia
BBHIOMTHIX OYKOB MEHBIIIE OTKJIOHEHHWE JTOT0 YHCIa OTHOCUTEIBHO CpPEAHEr0 3HAYeHUS
(mucnepcus).

D(X) = (0-5,36)% -0,15 + (1 — 5,36)2-0,11 + ... + (10 — 5,36)>-0,2 = 13,6

D(X) = (0 - 5,36)? -0,01 + (1 — 5,36)%-0,03 + ... + (10 — 5,36)2-0,02 = 4,17
Omeem: Jlucniepcus MEHbIIIE Y BTOPOTO CTPEJIKA.
IIpumep 8
B 3amaue 2 BBIYMCIUTH IUCTIEPCHIO.

Pewenue:

D(x) =(1-2,3)%-0,3+(2—-2,3)2-0,5 + (5—2,3)>0,2=2,01

88




5. I1.I0THOCTH BEPOSITHOCTH HEeNPEPbIBHBIX CAYYAHHBIX BeJIUYHH
IInomnocmuio  6eposmuocmu, uiu niomuocmvlo pacnpedenenus f(x) wnenpepwisno
cyyariHoll BEIMYUHBI X, Ha3bIBACTCS IPOM3BOIHAS €€ (DYHKIIUU PACTIPEICTICHHS:
f(x) = F'(x)

Ee maxorce nasvisarom ougppepenyuanvroii GyHkiueit pacrnpeaeineHus.

flix) %

o

v

0
a b X
Csoticmeo niomHocmu 6epOSIMHOCU.
1. HeorpunarensHast pynkuus f(x) >0 .
2. Ilnomans ¢uUrypel, OrpaHUYCHHON KPUBOM pacupedeNeHuss W OChblO0 abCLUCC, paBHA
eIMHUIIE.
3. BeposiTHOCTh TOMafaHus HEMPEPHIBHOW CITy4yallHON BEJMYMHBI B MHTEpBal [a, h]paBHa

OIIPECACIICHHOMY UHTETPpAly OT €€ IJIIOTHOCTHU BEPOATHOCTU B IIpCJciiax OT a 10 b.

b
P(anSb)=J f(x)d

I'eomeTprueckas HHTEpPIIpETALINS:

[TonydyeHHass BepOSATHOCTh paBHA IUIOLWAAM (UTYpbl, OrpaHUYEHHOW CBEpPXy KpHUBOM
pacrpe/eseHusl U OMUPAIOIIEeHCs] HAOTPEe3oK [a, b].

HempeppiBHast ~ ciydaifHass ~ BelIMYMHA  ONUCHIBAE€TCS  CIEAYIOIIMMH  YUCIOBBIMH

XapaKTePUCTUKAMU:

1. Maremaruueckoe oxuaanne: M(X) = f_oooox - f(x)dx
2. Jucnepcus D(X) = fjooo(x — M(x))?-f(x)dx
W D(X) = [ x2-f(x)dx — (M(x))?

6.HopMaJsibHbIii 3aK0H pacnpeejeHus

DTOT 3aKOH HauboJIee YacTo BCTpeyaeTcst Ha MpakTuke. OH SIBISETCS MPEAeIbHBIM 3aKOHOM,
K KOTOpPOMY TNPHUOJIKAIOTCS JApYrHe 3aKOHbI pacmpeneneHus. HopmanbHoe pacnpeaeneHue
SABJICTCA OJHHUM M3 CaMBbIX Ba>XHBIX pacnpeneneHI/H‘fI B cratucTtuke. OOBIYHO BCE CpaBHHUBAKOT C

HOPpMAaJIbHBIM 3aKOHOM PACIpPCaACIICHHA.
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HemnpeprpiBHasi cinydaiiHas BeTWYMHA XHMEET HOPMAJIBHBIA 3aKOH pacmupeneicHus: (3aKoH

[aycca) ¢ mapaMeTpaMHu L U G2, €CIIH €€ TIOTHOCTh BEPOSTHOCTH UMEET BHI:

_G=1?
e 202

f(96)=0\/zZ

Cesoticmsa niomnocmu pacnpeoeieHust 6eposimHOCmel.:
> Omna komokoo0pa3Has («kosokol ['ayccay), nHa4e YHUMOJAIbHAS.
> [TnoTHOCTH OmpenenseTcst AByMsl lTapaMeTpaMu: MaTeMaTHYECKUM OKUIaHHEeM (L) U

CPEHUM KBaJPaTUIECKUM OTKJIOHECHHEM (G).

> CuMMeTpHuyuHas OTHOCUTEIBHO CPEIHETO.
> Cpennee u Me1MaHa HOPMAJIBHOTO pPaclpeeICHUs PaBHBI.
> KpuBas cnaBuraercsi BIpaBO, €CIHU CpedHEE YBEIUYUBACTCS MPH MOCTOSHHOM

KBa/IpaTU4ECKOM OTKJIOHEHUH (pHC. 0), U CIIBUTAETCSI BIIEBO, €CJIU CPEHEE YMEHBIIIAETCS.

> KpuBas pacuupsiercs, ecinu cpeiHee KBaJIpaTUYECKOCOTKIOHEHUE a YBEINUUBAETCS
(ecnu cpeiHEE MMOCTOSHHO).

> KpuBast craHoButTcs 0ojiee OCTPOKOHEYHOM C MEHbIIEH IIMPUHON OCHOBaHUS
KOJIOKOJIa, €CJIM @ YMEHBIIAETCSI IPU CPEHEM MTOCTOSHHOM (IIOIIAb 10 rpa)uKOM BCEr/la paBHA

1)(puc. B).
a) 6)

o) fx) |
1

oV2r

M2

(07}

J

v

X

LI Ll S
M1 M
I{pueaﬂ HOPMAlbHO20 3AKOHA pacnpeéeﬂeyu;z U ee UsMereHusl npu

U3SMEHEHUU napamempos
ﬂonOﬂHumerbele ceoucmsa.

BepOHTHOCTB TOro, 4TO HOpMaJIbHO pacHpCaCICHHAA cnyqaﬁHaﬂ BCJIMYHWHA X CO CPpCAHUM L

" CPCAHUM KBAAPATUUICCKHUM OTKIIOHCHUCM G (CTaH,Z[apTHOC OTKJ'IOHCHI/IC) Haxo4quTcCsa MCKIY (M - G)
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u (1L + o), paBHa 0,68, T.e. 68% cimyyaiiHON BEIMYUHBI X OTIMYAETCS OT CPEAHEro He Oosee ueM Ha
OJTHO CTaHJAPTHOE OTKJIOHEHHE =+ G.

BeposiTHOCTh TOTO, YTO HOPMAJbHO paclpelelieHHas CllydailHas BEJTUYMHA X HaXOIUTCS
Mexay (| - 26) u (1 + 20), paBHa 0,95, T.e. mpumepHo 95% ciay4aifHON BETHYUHBI X OTIMYACTCS OT
CpEIHEero Ha JiBa CTaHJapPTHBIX OTKJIOHEHHS +2G.

BeposiTHOCTh TOTO, YTO HOPMAJBHO paclpelesieHHasi ClydaiiHas BEJMYMHA X HaXOIUTCS
Mexay (U - 30) u (ut+ 30), paBHa 0,99, T.e. 99% (IPaKTUYECKH JTOCTOBEPHO). ITO CBOWCTBO HOCHT

Ha3BaHUC IMPABUJIO TPEX CUI'M.

f(x) 1

N

95% |>:

32---

o U+

99%

Mpasuno mpex cuzm

Xoxa pa0doThI:

1. JluckpeTHas ciy4aiinas BenmnuuHa XUMEET 3aKOH pacIpeIeICHHS.

Xi 0,2 0,4 0,6 0,8 1

pi 011 012 014 P4 0,1

Uemy paBHa BepoaTHOCTb P4(X = 0,8)? IlocTpouTh MHOTOYTrOJIBHUK pacnpezenenus. Haitu
MaTeMaTHYECKOE 0KUIAHUE U TUCTIEPCHIO.

2. I[I/ICerTHaH cnyqaﬁHaﬂ BelIMUMHA XUMEET 3aKOH pacnpeaciiCHus.

Xi 3 4 5 6 7

pi P 0,15 P3 0,25 0,35

Haiitu BepositHocTh Pi(x = 3) m P3(x = 5), ecnu u3zBecTHO, uTo P3B 4 paza Gosbimie Pi.
[TocTpouTh MHOTOYTONBHUK pacmpesenenus. HailTu MareMaTH4eckoe 0KUIaHUE U TUCTIEPCHIO.
OTBeThTE HA KOHTPOJIbHbIE BONPOCHI:

3. Kakas BemuunHa Ha3bIBACTCS CIIydaliHOM?
4. 3aKkoH pacnpeaeneHus CIyIaiHbIX BETUINH

5. UYrto Ha3bIBAE€TCS MJIOTHOCTHIO BCPOATHOCTHU
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Kpurepun oneHuBaHUs NPAKTHYECKUX PadoT

- OLICHKA  «OTJIMYHO»  BBICTABISCTCS  OOydaromemycss 3a  paboTy, BBINOJHEHHYIO
6e301100YHO, B MTOJIHOM 00BEME C YUETOM PALlMOHAIBLHOCTH BHIOPAHHBIX PEIICHU;
- OLICHKA «XOpOIIO» BBICTABISACTCS OOydaromeMycst 3a padoTy, BBIIOJIHEHHYIO B IOJHOM
o0beMe ¢ He0UeTaMu;
- OLIEHKA «YIOBJICTBOPHUTEIBHO» BBHICTABISIETCS O0yJaromemMycsi 3a paboTy, BHIIIOJIHEHHYIO B
He monHOM oOveme (He MeHee 50% NpPaBUIBHO BBIOJHEHHBIX 3aJaHUN OT 00IIero odobema
paboThl);

- OLICHKA «HEYJIOBJIETBOPUTEIHHOY BBICTABIACTCS 00ydaroneMycs 3a padoTy, BBIIIOJIHCHHYIO B HE

moJiHoM o0beme (MeHee 50% MpaBUIIBHO BHIMOJIHEHHBIX 3a/IaHUH OT 00IIero 0o0beMa padoThI).

JIMTEPATYPA

1. Hexneuxnii N.JI. Maremaruka [Tekct] : yue6.mocobue ajis cTy. YupesxaeHuii cpes. mpod.
obpazoBanus /M.J1. [lexneukui. - 12-e u3z., crep. — M.: M3narenbckuii meHTp «Akagemus», 2017
.- 320c.

2. TI'puropses B.I1. MaremaTuka: yueOHUK Jis cTy/. YupeskaeHuit cpea.npod. odpazosanus /
B.II. I'puropre, T.H. CabGypoBa. — 2-e u3n., crep. — M: M3narenbckuii neHTp «Axagemus», 2018.
—368 c.
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[Tpunoxenue A
HexoTopsble cBeieHUs U3 3JIEMEHTAPHOM MAaTeMaTHUKH
Anareopa
3aKoHbDI AeliCTBHII HAX YHCIAMH

[lepemecTuTenbHBIN 3aKOH CIOXKeHUs: a4 + b =Db + a.

CoueTaTeNnbHbIN 3aKOH CIIOXKEHUs: (@ + b) + ¢ =a + (b + ¢).

[lepemecTuTenbHBIN 3aKOH YMHOKeHHs: ab = ba.

CoueTaTenbHBIN 3aKOH YMHOXEHUS: (ab)c = a(bc).

PacnpenenutenbHbIi 3aKOH YMHOKEHHSI OTHOCUTEIIBHO CIIOKEHHUS: (@ + b)c = ac + bc.
PacnipenenutenbHblil 3aKOH YMHOKEHHS OTHOCHTENIBHO BhiuMTanus: (a - b)c = ac - be.

JpoOHble BbIpasKeHU sl

ac
—=—. b0, ¢20
OcHOBHOE CBOICTBO podu: b

HeticTtBus ¢ 1poOsiMu (TIpeArosiaracTcs, 4YTo 3HaMEHATEN APOOCH OTIMYHBI OT HYJIA):
a b a+b a ¢ ad+bc

= £ T bg bd

CreneHu U KOpHU
Cmenenw ¢ yenvim nokazamenem

sl
(n aS’neN, =l

a'=a, a =1 (a=0), a™=1/a" (a=0)
CBoilicTBa:
aman = am+n’ am/an o am-n’ (am)‘ vo amn’

(@) = a™”, (afp] =a"fb".
Kopenwv n-ii cmenenu

. g a0 Maz20, neN, n>1.
Va - apudMeTHdeckuii KopeHs N-if cTenenu u3 yucna e

CsoiicTBa:
Jafb =Nafib  (b>0), Yo =4
Vaf=a, Vo=

B wacTHOCTH, Va - apudMeTHUeCKnii KBaIPaTHBI KOPEHS:

Cmenenb ¢ OpoOHbIM (PAYUOHATLHBIM) NOKA3AMeENeM
» b ]
a™® =g , mezZ, reN, nz2, a>0.
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Ceoticmea cmenenu ¢ OelicmeumenbHblM noKa3amesnem

(>0, >0, xeR, yeR)
R A (a")v=a"y, (ab)”=a”b”,
(/b = a?fb*, o =boee,
a* =e"™ = exp(xha), a' =10""

IIporpeccuu
Apugmemuueckasn npozpeccus

(a, )
XD
Apudmernyaeckast mporpeccHs - YUCIOBast MOCIEI0BATEILHOCTh ornpexaensemMas

=z o\ Gy =8 v d; H=E1.2,.
yeousimu: 1) &1 = &, 2) Tasl T Tx 3 R
MIPOTPECCHUN ).

CBoiicTBa apu(phMETHUECKON POTPECCUUL:
aml 7 ak = an+2 _ an+l: ax+1

=a+d(n-1)

" (d - pasnocTh apupMeTHICCKOMN

o ax i ax+2

&
®opmyna N-To YaeHa:

@opMyIIbl CyMMBI N IIEPBBIX YICHOB:
g =(al+an)n g =2al+d(n—l)n'

n ? n
2

2

T'eomempuueckas npoepeccusi

(&)

FGOMeTpI/I"ICCKaH MMporpecCusd - YucCjaoBasd 1ocjIcJ0BaTCIIbHOCTb 272 onpeacirsicMasn

by=b [b=0) Di = 0
yenoBusivu: 1) ! ( ) 2) g (g=0) n=1,2,...(q - 3HaMeHaTeIh
reOMETPHUYECKOM MPOTPECCHH).

CBoiicTBa TeOMETPUYECKOMN MPOTPECCUH:

bx-{»l fbx = bx+2 /bml ) bx2+1 = bu bn+2'
b?! = blq ”-1'

(g=1)
cDOpMyHBI CyMMBI n HepBbIX qJICHOB .

S, = bkq_bl’ S bl(qx _1)
g-1

Cymma 0ecKOHEYHOH TeOMETPUIECKOM MPOTrPEeCCHu:

b+bg+bg’ +. . =bfll-g), |1

dopmyna N-To YieHa:

DopmyJibl COKPANIEHHOT0 YMHOKEHUS

a®-b* ={a-b)a+b),
a®-b® = (a-B)la* +ab+b?),
a®+b° = [a+b)la® —ab+b*),
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at-b* = ( 2b+ab2+b3)=(a—b)(a+b)(a +b2)
a —b5 = (a b)(a“ +a’b+a’h? +ab3+b")
a’+b’ = (a+b )(a‘—a3b+a2b2—ab3+b"),
a* -b* =(a-bla™ +a" b+ ...+ @b B,
a®™ 4t = (a+b)(a2" e L R R s ]
(a+b) =a*+2ab+b*, [a-b) =a®-2ab+b?,

(a+b) =a® +3a’b+3ab® +5°,
(a-bf = a®-3a’b+3ab® - b,

(@+b+cf =a® +b° +c* + 2ab+ 2ac + 2bc,

(a+b—c)3 =a* +b* + ¢ +2ab- 2ac - 2be,
(@+b+c+d) =a® +b +c* +d* +2ab+2ac+2ad+ 2bc+2bd + 2cd,
(a+b-c-df =a® +b* +* +d* +2ab- 2ac- 2ad - 2bc— 2bd + 2cd,,

alx-x)0x-x) = a +bx+c,

IJie X1, X2 - KOPHU KBaJpaTHOTO TpexuyieHa ax> + bx + C.
CBolicTBa YHCJIOBBIX HEPABEHCTB

1) Ecim a < b, To npu mobom C: a + ¢ < b + c.
2)Ecima<bwuc>0, 0 ac<bc.

3) Ecrma<bwuc<O0,T0 ac>bc.

4) Ecnu a < b, a u b ognoro 3naka, To 1/a > 1/b.

5 Ecoma<buc<d toa+c<b+d,a-d<b-c.

6) Ecoma<b,c<d,a>0,b>0,¢c>0,d>0, Toac <bd.
a®<b, a"<b (neN)
7)Ecrma<b,a>0,b>0, 10

8) Bcnm la| < |B] o a’ < b

Jlorapugmsi

log,b (@>0 a=1, b>0)
- norapudm ygucia b mo ocHoBaHwMIO a.

alogab — b
OcHoBHOE Orapu(MUUECKOE TOKAECTBO:
led y 10%° =5,
- IeCATUYHBIN Jorapudm (orapudm mo ocHoranuto 10): .
e =b.
- HaTypaJbHbIH Jorapudm (JTorapum Mo OCHOBAHUIO €):
Ilepexoa OT 0AHOTO OCHOBaHMS K JPYTrOMY:
log, b
log ,b=—"—
log, @
1 b hb
log b = - £0. 00 np-Bb kb
B wactHOCTH, g, @ lga & e M (

M=lge= — 04343
In10 - MOJYJIb NI€PeX0/ia OT HaTypalIbHBIX JIOTapU(PMOB K
JECSATUYHBIM).
CaoiictBa norapugmos (U, v >0):
log,a=1 log,1=0, log,{sv)=log,u+log,v
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log,l=—logcv, log, —=log,u—-log, v,
v

b R Al

log ,u* = alg,u, log,Mu==log,u, nelN, n=l
Tpuronomerpuyeckue (popmy.abl
Tpuronomerpuyeckue pyHKIUH
Sm &, COS &,
tga =sin @fcos @, a#naf2+m, nrelZ,
ctga=cos&fsin @, @#m, nEL,
seca=lfcosa, a=zxnf2+m, nel,
coseca=1fsin@, a#m, nel.
3HAKHM TPUTOHOMETPUYECKHX (PYHKIU
YeteepTs Bennuuna yrua sin & COS Y fga ciga
I 0<ea<mf2 + + + +
I aAf2<a<nw + . - _
I T a<3nf - - + +
v 3nf2<a<2n - + - -
®opmyJibl NPUBEIEHHS

8 sin 8 cos 8 tgB ctg8

?T,u‘(2+0.’ cos &y — i, & —cigd& —ig&

T+& —sin & -cos& tga cigd

37!'[2+a' —COos & st & —cigd& —ig&

2+ & sin & cos & g ciga

-a - sin & cos & —iga —cigd

nf2-a Cos & sin & cigl tga

n-& sin & —Ccos & —iga —cigd

nfe-a —cos & —sin. & cigdl g

27— —sin & cos & —iga —cigl

OcHoBHbBIE TPUTOHOMETPHUIECCKHUE TOXKIECTBA

sin ‘@+cosia=1
tge -ctga =1, a=anfl, ne i,
l+tg*a=1/cos* @, a=znf2+m, nel,
l+ctg*a=1fsn*a, azm, nelZ

BoipakeHue TPUrOHOMETPHYECKUX (PYHKIMI Yepe3 OJHY M3 HUX TOIO0 Ke apryMeHTa

(BBI60p 3HaKa nepea KOpHEM 3aBUCUT OT TOTO, B Kakou YCTBCPTHU HAXOOUTCA YTOJI & )

Yepes St &

cos @=+1-sn? e,
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COS &

UYepes :
s @ = ++/1-cos? @,

tge= t+f1-cos” @ ctga= coseY
cose +1-cost
g
UYepes &
cigt=——;
tge
st @ = ga COSE = !
Tfl+ig7a@ i-ﬁf1+fg2a
cigld
UYepes :
g = ¢
citg&
1 ctg&

DopMyJibl CJI0KEHUS

sin (@ + &)= sin @ cos S+ cosasin 8,
sin (@ — &)= sin @cos 8~ cos asin 8,
cos{@ + 8)= cosa@cos 8—sin asin 8,
cos(@ — 8) = cos @cos 8 +sin a@sin G,

tga+igh tg—tgh
tglat )= l1-tge tg8’ gla- )=1+zga:-zg,8

(B moc/eHAX ABYX opmymax & # Af2+ 7,  S# A2+ y
cootBercTBenno &+ 8 # Af2+m, a- G#af2+m, nely

ctg-ctgB-1 ctg&-ctgS+1
ctgla+g)= . ctgla-g)=
ctg8+ciga ctgB —ctge
(B mocenHuX 1BYX opmymax & # 7,  G# My
cootBercTBenHo & + 8 # M, @- f#xm, nel),
IIpeoOpa3zoBanne cyMMbI TPHTOHOMETPHYECCKUX PyHKIMIA
; . . &+ & -
sin @ +sin 8= 2sin 2’8003 2ﬁ,
¥ ol a+ 8
co

sin @—sin 8 =2sin $

2 2
&+ a—
cos@+cos 8 =2cos - ﬁcos 2'8,
cos&—cos S=—2sn a;‘gsin a/; '8,
sin (@ + &)
cos @cos 8

sin | & — T
zgcz—zg,B=M, & B+—+m, nez,
coscos 8
sin (& +
ctga’+czgﬁ=M, & Bzm, nelz,
sin &sin 8
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tga+itgh= a,,8¢5+m, nez,



sin (8-

ctg —cigh=
sin @sin 8
Asin x+ Beosx=~/A* + B sin(x+ @, ),

IIpeoOpa3oBanue npousBeaeHNsi TPUTOHOMETPUYECKHUX (PyHKIMI B CyMMY

&, B+ m, nez,

sina'sin,B=l[cos(a—,3) os(a + 8],
cosa cos 8= E[cos(cr— ,3) (Of"' ;8)]
sin @cos 8 = %[sin(cr— ,3)+ Siﬂ(af"‘«g)]-

Tpuronomerpuyeckue pyHKIUH IBOMHOI0 M TPOMHOI0 aprymMeHTa

s 2a = 250 & COS&,
cos2a=cos’ @—-sin*@=1-2sn*a=2cos* -1
sin 3 = 3sn - 4sin’ @, cos3a=4cos’ &—-3cosea,
2tz dga—-tg'a
tg2a= & ; rg3cr=u.

2

1-ig’a 1—3fg2a

Tpuronomerpuyeckue GyHKIUUH MOJOBUHHOIO APIryMEeHTa

af2

(BBIOOp 3HAKA 3aBUCHUT OT TOT'O, B KAKOH YETBEPTH HaXOJAUTCS YTOJI )
1 1-cosa & 1+ cosa
sm—:iw/—, cos—=-_h’—,
2 2 2 2
& 1-cose & st & 1-cosa
tg—=%, {—, tg —= =— _
2 1+cose 2 l+4cosa sm &

Bblpa)l(eﬂl/le TpI/IFOHOMeTpI/I‘-ICCKOﬁ (l)yHKIII/[l/I qyepe3 TAHI€HC IMOJJOBUHHOI'O apryMmeHnTa

e
sn @ = —_%g(gcr/Z) , cos& = 1-ig \@/2) rgg(a/Z),
1+tg* (af2) 1+t (af2)
s glaf2) . _1-ig’le/2)
- tg*(a/2) 22g a2
YucioBble PyHKIUH
OcHOBHbIC IOHATHSA
O0uacTpb onpeeneHus (MHOXECTBO 3a1aHus) QyHKImH f: ~ : X=D ().

E(f) =) e x}= r(x)

MHosecTBo 3HaueHu# GyHkIuH f:
T, =[(x, y)eR2|xeX, y=f[x)]

I'padux GpyHKIUY:
VxeX =>-xeX . Fl=x) = f(x)

YerHast QyHKIMS:

VreX =>-zxeX fl-x)=-7(x)
Heuernas dhynkmms: "
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[lepuonuueckas ¢pyHkuus (mepuoaa 4 ):

fvo)= 1)

MoHoToHHBbIEe PyHKIUMN

®ynkius f crporo Bo3pacraer (Bo3pacTaeT) Ha MHOXKECTBE X
V€ X, X <x ::’f(xJ‘: f(xz)
®ynkuus f BozpacTaer (He yObIBacT) Ha MHOKECTBE X
Ve X, X <x =:’f(xl)S f(xz)
®ynkuus f crporo yosiBaer (yObIBaeT) Ha MHOXKECTBE X:
Voo 00 €X, wp<ioty = f(x1)> (xz)
Oyukius f yobiBaer (He Bo3pacTaer) Ha MHOXKECTBE X
Vxx, e X, xp<x, = flx)z flx)

p=%", ¥ER
menenHas hyHKyus

R N
1.af n,neE

y=x", D(f)=R, E(f)=[0, +w [.

VxeX=2x+aelX, x—@we X

—00; 0] [O; +00 [
OyHKIHS YeTHAsI, CTPOTO yObIBACT Ha U CTPOTO BO3pACTaeT Ha (puc.
2.1).
) a=2n-1, ne N
y=x"7, D{f)=R, E(f)=R

@OyHKUMS HEYETHAsI, CTPOro Bo3pacTtaer (puc. 2.2).

a=-2n nReEN:

1
y= e, D7)=r\p) E()=]0, o]
]— 0, 0[ ]0; +oo[
@DyHKIUS YeTHAsA, CTPOro BO3pacTaeT Ha U CTPOro yOBIBAeT Ha
A ] YA yex? J A
¥R yaXx

1 1, y=a? U= 1x%

\

\ / f—

S
N0 1 X =T = i/x?
- ' . -] = -
-1 4] 7 X / X

4 a=-2r+1, neN:

y=—r. D(1)=R\0), £(7)= R\[0)

Fasol ool
DyHKIKSA HEYETHAsI, CTPOTO YOBIBAET Ha u
5 ae’z:

(puc. 2.4).

y=x*, D(f)=]0 +o[ E(f)=]0 +o |

pu mexotopeix & D(f) u E(f) MoryT 6bITh mupe.
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Y YA YA
iy 1/X3 y::ex y=10x
\
\
-1 &
[ 0 1 X
\'7 1 1
\\ / .__/ iz )
0 X 0 x

Dxcnonenma

y=e =eplx), D(f)=R, E(f)=]0, +u]

@yHKIHA CTPOro BO3pPACTAET.

Toxkazamenvnasn ¢pynkyus (puc. 2.6)

X e :
y=a =e¢ ,a>0,a=l

D(f)= R, E(f)=]0; +a]
ITpu 0 < a < 1 ¢yskus cTporo yobIBaeT, npu a > 1 cTporo Bo3pacraert.
Jlocapugpmuueckas hynxyus

Jlorapu¢gm HatypanbHbIi

y=lnx D(f)=]0; +of, E(f)=R

CDYHKI_II/ISI CTpOIro BO3pacTacTt.

yA YA

y=lax \/ )f.l.q-x—
1 =

Jlorapu¢gm ¢ ocHoBaHMeM a

y=lo?ax, a>0 a=l,

D(f)=]0 +of, 2(f)=R

ITIpu 0 <a <1 ¢. cTporo yosIBaer, npu a > 1 cTporo Bo3pacraer.

Tpuconomempuyecxkue QynKyuu

=smx
1. 4 (puc. 2.9):

o(f)=r, E(f)=]-1 1]
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Y
f y=CosX  y=sinx

e, TR
“J’/{/ZM@ A0 I/ZWE/Z/ r X

Puc 29

@ =27
OyuHkiusa HeuetHas. [lepuon Ha xaxxnom u3

[-rj2+ 27k, nfe+27k | ke Z,
MIPOMEKYTKOB ¢. cTporo Bo3pacraer,

[m/2+ 27k, 3nf2+2nk |, keZ,
Ha

o Y =CO5X

CTPOro yOBIBaeT.
(puc. 2.9):
D(f)=R, B(f)=]-1 1]
@ = 27. [27;, w+27] kez,
Oyukius yetHas. [lepuon Ha xaxxnom u3 npoMexxyTKoB

[7r+ 2k, 27r+278’c], ke Z,
o. CTporo yObIBaeT, Ha CTpPOTO BO3PACTACT.
3. BENER (puc. 2.10):
D(f)=rR\{nf2+nk|kez), E(f)=R
YA

S
L.__S:
Y
>.::

=)

\W

tal

__N

&

. )

=
| S o

g

& =
@yukuusa HeueTHas. [lepuon @yHKIHA CTPOro BO3pPACTAECT HA KAXJAOM U3

Frfe+n, nfo+nk], keZ

IMPOMECIKYTKOB
4.7 = CEBY hue. 2.11):
D(f)= R\{ﬂfclkez =

101



@ =7
OyHkiusa HeuetHas. [lepuon DYHKIUS CTPOTO YOBIBAET HA KAXKIOM M3

[ﬂ‘k; 7r+m’c], ke Z.

IIPOMEXYTKOB

Obpamuvie mpueconomempuyecKkue yHKyuu
y = arcsmx
1. (puc. 2.12):

D(f)=[-1, 1], &(f)=[-=/2; n/2]

@DyHKIUS HEUETHAs!, CTPOrO BO3PACTAET.

: .1 7 N2
arcsin 0 =0, arcsm —=—, arcsm —=—,
2 6 2 4
Bow . b
amsm7=§, arcsm 1= —
g, V= AICCOSX (e 2.13):

o(f)=1-1 1} 2(f)=[o =]
@OyHKIHUS CTPOTrO YOBIBAET

arccos(-1)= , arccos[— g] = S_N, arccos[— ﬁEJ 20

( 1] 2 T 1
arccos| == |==—, arccosb=—; aArccog—=—,
2 3 2 2 3
27 Box
arccos — = —, arccos— = —, arccosl= 0.
2 4 2 6
YT YA
b b/
- /2
-7 g 1 X
—]l’/z S
=1 @ f X

peneanst

CaoiicTBa npenenos

1. Ecou IIOCICa0BATCIIBHOCTHU )41 CXOAATCA, TO
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im (e +& )=lim ¢ +lm &,

Im ¢ b =lm g lm & ,

n—« n— «© n—w n—w n— n—©
lim (@, — 4, )=1lm @, —lim &, lm ca, =clm a,,
n—« n—w n— n—w n—w©
Im a
(oA n
I e= n‘—>00 (Lln’] bn e 0)
) m & e
n wiea n
ima, =a, a,=<b, Vn, a<bh.
2.Ecim 7% u TO
a,<c,<b, Vn, lmea,=lmd, =a Imc, =a
3. Eciu u e = TO "%
m ¢, =a, lmja, =|a|
4. Ecimm 7% 0 7
HeKOTOPI)Ie npeaejabl
3 1/ 2 b3
m{+x)" =e, limQ+1/x) =e,
x>0 K30
. Inll+x . log 1+ x 1
lim —( ) =1, lim g"( )= ;
»=0 x =0 x In
. et - .at -
lim =1, lim =lna,
=0 x =0 X
.8 chx—-1 1 . thx
lim—=1, lim —=—,u lim —=1,
=0 x=0 X 2 =0
1+x)% =1 .
1 (L+%) =¢, limx*Inx=0 (x>0}
=0 X >+
. In®x R & :
lim ——=0 (a>0)} lim —=0, lim x*=1.
b =40 o x=>+0
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lm g" =0 (<1} lmng"=0 (g]<1}
i1 +1/n =6, lmpa)=0 (Bf>1)
l?;lgnw(a”/n!r =10, l?;lgnm(ln nin)=0,
l?;linw(lnqn/n“)=0 (a>0), l@wﬂg:l (@ >0),

T R L L D

k k-1
amn +an  +..+a,

=a_0 (bn¢0)>

lim
mo bt b 4L+ b, by
1P 4+27 +...+n? 1
lim = - ;
n> n? p+1
lim —1—+ . +...+—1— =1n2,
mo\n+l B+ 2 21
2

2:3---2n 1 i3
lim =43 opmyng  Banmica),
n—>°°[1-3---(2n—1)} Swe] § )
i S0E gy ITOSE L B
x=0 o x=0 x 2 x>0 X

IIpousBoaubie u auddepeHunaIbI

Onpenesienne NPON3BOAHOM

Florg +Ax)= flxy)

f'(xo)=iig]0 At >
71(x,) = lim f(x)—f(xo),

on x—xD

71(x) =lim Slx+ h)—f(x)-

h=0 h

OnHoCTOpOHHHME NPOU3BOIHBIC

f(xo +é.x)— f(xo)

f;(xo)= ﬁlxignw At ’
f:(x0)=£§-of(x0+ég-f[x )

Dyukuusa, 1updepeHuupyemMas B TOUKe Xo
Tz + Ax) = flx, )+ AAx+ o(Ax)  Ax >0
pu
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A=)
JAnddepenuuan

dy = e, =2,

JMuddepenunpoBanne apupmMeTndecKUX KOMOUHAIUH

a’
(u, v, w - mudpdepentmpyembie GyHKIUH, - IOCTOSIHHBIE
f

(au+,8\1) =an'+ B, a’(au+ ,8\2)=aa'u+ Bav,

(uv)‘ =uv+iy, a’(uv)= udv +vdu,
f
(1vw) =uyw+ ' + 10w,
d(1vw)= vwdu+uwdv + vidw,

t

[E] _ ufv—gm;'(v " 0), d(g]= Vdu_gudv i
v

v v v
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IIpou3BoaHbIEe OCHOBHBIX 3JIeMEHTAPHBIX QyHKIUIA

/(x) /) /() )
c 0 a’ a'lna
X 1 In x 1/x
x% o Inx| 1/x
% 2x log, x .
xlna
Vx %> x>0 sin x cOSX
1/x o COSX —sinx
1
g’ g tgx -
cos”x
1 1
1 - th
w8 sin® x * chx
1 1
: . x| <1 -
arcsin x e || cthx =
) 1
—-—, |1 ( [ 2 )
arccosx \/1_7 M Inlx+vx*+1 -
1 1
arctg x — 1n’x+ Nx? —1| ﬁ, | >1
arcctg x ] 1-lnl+—JC :
3 1 2 [1-x 1—x°
shx chx 1(x) 5(x)
chx shx

IIpon3BoaHasi cTeNeHHO-NOKA3ATEJIbHON (PYHKIUN

f f

(u’) = (e“’“‘) =y tu' +utlnu v,

IIpou3BoaHbIe BBICIIUX MOPAIKOB HEKOTOPBIX (hyHKIMI
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f(x) )

c 0
x“ ala-1)--(@-n+1)x*™
Inx (~1 7 (r-1)x(0=1)
g" g"
a’ a' In"a
sin x sin (x+ m/2)
COSX cos(x + m/2)
shx npu n=2k,
shx
chx npu n=2%k-1
chx npu n=2k,
chx

shx npu n=2k-1
y =arctgx y®) = (n-1)rcos” ysinn(y +7/2)

JlokanbHbI 3kcTpeMyM AuddepeHuupyemMoi GyHKIMH

Heobxooumoe yciaosue 10OKAIbHO20 IKempemyma

J (%, )=0.

Ecau Xo - Touka 10KaJIbHOTO 9KCTpEMyMa (bYHKI_II/II/I f, TO

ﬂocmamquble YCHo8UA TOKATIbHO2O IKCmMpemyma

fr(xo >= 0.

I IIpaBuJo. ITycts

Ecnu f' mpu mepexoe depe3 TOUKy Xo MeHseT 3Hak ¢ "+" Ha "-", To Xo - TOYKa JIOKaIbHOTO
MakcHUMyMa.

Ecnu f' mpu ne €X0J€ Y€pe3 TOUYKY Xo MECHSCT 3HAK C "-"ga"+", TO Xo - TOYKA JIOKAJIBbHOTO
2
MHWHUMYMa.

Ecnu f' ipu mepexojie uepe3 TOUKY Xo HE MEHSIET 3HaKa, TO TOYKA Xo HE SIBJIIETCS TOUKOM

JIOKaJIbHOT'O JKCTPEMyMa.
f 't
f(x0)=0, & (x0)¢0.

II MpaBuao. ITycts f qBaxkabr uddepenmpyema B Touke Xo,

f ”(xﬂ ) = O>
Ecmmn TO X0 - TOYKA JIOKAJIbHOI'O MaKCUMYyMa.

1'% ) >0,
Ecmn TO X0 - TOYKa JIOKAJIBHOIO MUHUMYMa.
111 Mpasuao. [Tycts f N pa3 HenpepwiBHO nuddepeHupyema B

Fle B s f(”'l)(xo =0, f(”)(xo);& 0

TOYKE Xo U
f (=) (xo )< 0,
Ecau n - uetHOE M TO Xo - TOUKA JJOKAJIBHOI'O MakCUMyMa.
f (n)(xo ) = O>
ECJ'H/I N - 4eTHOE U TO Xo - TOYKA JIOKAJIBHOI'O MI/IHI/IMYMa.
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Ecnu n - HedeTHoE, TO Xo HE ABJSAETCSA TOYKON JIOKAIBHOTO SKCTPEMYyMa.
Toukn nepernda

[Tycts yukiust f onpenencHa B HEKOTOPOH OKPECTHOCTH TOYKH Xo, HETPEPHIBHA B
TOYKE X0 U IMEET B 3TOM TOYKE KOHEUHYIO WIIM OECKOHEUHYIO MPOU3BOIHYI0. Ecin npu
nepexojie yepes TouKy Xo GyHKIwms f MCHsIET HalIpaBICHUE BBITYKIOCTH, TO X0 HA3bIBAIOT
TouKO# reperuda ¢pyukuuu f, a Touxy (Xo; f(Xo)) - Toukoit mepernda rpaduxa Gy f.
['pacduk GyHKIMH TIEPEXOUT C OJTHOM CTOPOHBI KacaTeIbHOM, IpoBeeHHOM B Touke (Xo; f(X0)),
Ha Jpyryio cropony. Touku neperuba f - Touku sxcTpemyma as f'.

Heobxooumvle ycnosus nanuuus nepecuba

f"(x0)=0 f"(xO)

h117 (0] HE CYIIECTBYET.

ﬂOCmeOllele ycaosusl Hajauvus nepeeu6a

£(x)
1. Ecnm MEHSIET 3HaK P Mepexo/ie Yepe3 TOUKY Xo, TO Xo - TOUKA Ieperuoa.
f"(xu )= fm(xo )= L f(n_l)(xn ): 0, f(n](xn ) #0,
2. Ecnu TO MPU N YETHOM Xo -
TOYKa Nepernoda, mpu N HEYSTHOM Xo HE SBJISIETCSI TOYKOU Teperud
HeonpenesienHblii HMHTErpas

IlepBoobGpa3nasn

[TepBooOpasnoii ¢pynkuuu f Ha mpomexytke | HazpiBaeTcs GpyHkims F, Takasi,
Filx)= f(x) ¥xel
4To

HeonpenejeHHblil HHTErpaJ
[#(x)dx = F(x)+C,

rae F - mepBooOpasnas pynkuuu f (Ha npomekyTtke); C - MPOU3BOJIbHAS TIOCTOSIHHASL.

Ocnosnble ceoticmaa

Uf (x)dx)r=f (=) d[f(x)ax= 7 (x)dx.

1.
[Fi(x)ax= F(x)+C, [aF(x)= F(x)+C.
2.

[#(x)ax = F(x)+c,
3. Ecim TO

j Flax+bd)dx =
J(et (x)+ Be(x)ax = e[ #(x)ax+ 8

Flax+b)+C, a=0,

| =

U oaa s

x)dx, a? +;_’32 =0
4,

3amena NMEPEMECHHBIX B HEOINPEACJTCHHOM MHTErpaJie

1 Jf(u(x))u'(x)dx = Jf(u)du = Flu)+C=Flu(zx)+C.

x=glt), @()=0, F (g,
2. Ecmu - IepBOOOpazHast IS TO
108



[ elx)dx = [ glole) ()t = Fe)+C = Flo™ (x))+C.

(I)OpMy.Tla HHTEIrpUPOBAHUSA IO YaCTHAM

judv =uy —Jvdu,
(u, v - mudpdeperumpyembie GyHKINN).

IIpocreiime HHTErpasbI

jom:c, jl.dx=jdx=x+c,

Jxa’x=—+C’, jxgdx——+C
[Z-up+e, [Z--lic
d }Fl x a+1x
x o |
) ?=1— xgl-l-C', Jx dx—a+1a-:-C', o#—1
% x
;3_:_5_*_1?1—4-0’ B#1, Jm—f:angx+c,
x 1 x
Jg 2=—a;rc‘»fg +C, a#0,
? +xd Tz
[ -2 b [R5
1=x - x|
. 2=l1n"‘“+c, a0,
a’—x 2¢ |a—x

j xcix = l1n|;'r2 +a|+C
x

I ,_.—arcsm x+C,

Jﬁ—mcsm :+C
—ln(x+v‘x +1)+C,
x+~q‘x2—l‘+C,

_ln’x+«.|‘x +a)+C,

J—
I

\Jx + o

J\,dj = —=ctgx+C, J

sin * x cos? x
JJieMeHTbl KOMOMHATOPUKH, popmyJia HbloToHa

=1n

=igx+C,

IlepecranoBku. Pazmemenusi. Coueranusi.

Yucio nepecTaHOBOK U3 N DJIEMEHTOB:
P =123 n=nl.

m(n 2 m)
Yucno pazmenieHnii u3 N mo :




. m(rz 2 m)
Yucao coueTaHuii u3 N mo :

|
C:=—L.,
m!%ﬁ—m)!

Cm_n(n—l)...(n—m+1 H(H—])...(n_m+l)
" il T Sdeam

CBoiicTBa COUCTAHMIA:
Cr=CI™, 0sm<n, C,=C}=]
Cl+Chtoct CY = 2",
PexypenTnas ¢hopmyna i 4uciaa COUeTaHUM:
cr+cM=cM, 0<m<n

n+l 2

®opmyaa ounoma Herotona

(a+b) =a+b,
(a+b) =a® +2ab+ b,
(a+b) = a® +3a°b+3ab’ +5°,
(a+b) =a* +4a°b+6a° 0" + 4ab® + b
(a+b)’ = a® +5a*b+10a’h® +10a°b® + 5ab* +b°
(a+b) =Cla" +Cla" b+ C2a™ b +...+
+Cla B 4.+ CIBY, ne N
T
Ecmu k-it unen ((K+1)-e cnmaraemoe) pasjioxeHHus CTereH:n OMHOMa 0003HAYaTh Yepes3 ¢ , TO
T, = Cra**b".
Tpeyroasuuk Ilackans

0 1

1 1 1

2 1 2 1

% 3 3 3 1

4 1 4 6 4 1

5 1 5 10 10 5 1

6 1 6 15 20 15 6 1

71 5 21 35 35 21 7

8 1 8 213 56 70 56 28 8

9 1 9 35 84 126 12¢ 84 36 9 1

10 1 10 45 120 210 252 210 120 45 10 1
s W 6 B O

(n-s1 cTpoKa COCTOUT U3 YHCEN ).

Bo3Benenune MHOro4JieHa B CTENEHb

(at+£:u+e:)2 =a® +b* +¢* + 2ab+ 2ac+ 2bc,

(a+b-c)'=a® +b* +* +2ab-2ac - 2be,

(a~b—c)2 =a’+b* +c* - 2ab- 2ac+ 2bc,
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(a+b+cf =a® +b0° +c° + 3(a2b+agc +bla+bic+
+cza+cgb)+ 6abe,
(a+b+c) =a* +b* +c* +4(a3b+a3c+b3a+
+Bc+larc’b)+6(a’b +ai? + b )+

+1 Z(azbc +blac+c? ab),
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