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AKT COI'JTIACOBAHUA
MeTtoanueckux peKOMEHIAIH 10 BBIMOJIHEHUIO TPAKTHYECKUX PadoT
0 TUCHUIUTMHE «MaTtemaThuka» JJis ClIeHnaJIbHOCTH
22.02.03 JIuTeriHOE TPOU3BOICTBO YEPHBIX U [IBETHBIX METAJUIOB
(6a3oBast MOATrOTOBKA),
aKTyaJM3UPOBHHBIX IpenojaBarenaeM FOxHo-Y panbcKkoro
rocyJapCTBEHHOT0 TeXHUYeCKoro kouiemxka Tperyo N.K.

VYyebnas guciuiuinHa «MaremaTtuka» — SBISETCS 4YacThi0  MPOTPaMMBI
MOJATOTOBKHU CIIEUATUCTOB cpenHero 3BeHa coryiacHo OI'OC mo cnenuaibHOCTH
CITIO 22.02.03 JlurteitHoe TPOU3BOJACTBO YEPHBIX M IIBETHBIX METAIOB (Oa3oBas
MOJATOTOBKA). Y4eOHast quciuruinHa «MaTeMaTuka» OTHOCUTCS K MAaTEMAaTHUYECKOMY
1 O0IEeMy €CTeCTBEHHOHAyYHOMY ITMKIIYy M OIpejeseT oOmuii o0beM 3HAHHHU H
YMEHUH, COCTABIAIOMIKX 0a3y MpodhecCHOHaTbHBIX KOMITETEHITUN.

[IpakTryeckass HampaBIECHHOCTh YYCOHOW AWCIMIUIMHBI PEaTU3yeTCs 4Yepes
BBITIOJTHEHUE MPAKTUYECKUX PadO0T, HA MPOBEACHUE KOTOPHIX MPOTPAMMOM OTBOJIUTCS
32 yaca.

Meroauyeckne pPEKOMEHIAIMU 10 BBINOJHEHUIO MPAKTHYECKUX PadoT
pa3paboTaHbl ¢ ydyeToM TpeOOoBaHMI paboTojaresiss K MOATOTOBKE CIEIHAIMCTOB
CPEIHEro 3BEHa M0 JIAHHOW CIEeNHATIbHOCTH U BKJIIOYAIOT B ceOsi 16 MpakTUYECKUX
paboT, HampaBJICHHBIX HA Pa3BUTHUE YMEHHUI aHAJIU3UPOBATH CIOXKHbIE (YHKIUU U
CTPOUTh UX TpapuKH; BBINOIHATh JACUCTBUS HaJ KOMIUIEKCHBIMM YHUCJIaMU;
BBIUKCIIATh 3HAYEHUS TEOMETPUYECKUX BEIMYMH, MPOU3BOAUTH OMNEpaIuy HaJ
MaTpyllaMU U OMNPEACIUTENSIMU; pEeliaTh 3aJayd Ha BBIYHCICHUE BEPOATHOCTU C
WCIIOJIb30BAaHUEM DJIEMEHTOB KOMOWHATOPHKHW; pEIIaTh MPUKIATHBIE 3a7adqd C
WCIIOJIb30BAaHUEM D3JIEMEHTOB NU(PPEPEHITNAIBPHOTO U WHTETPATBHOTO MCYHUCIICHUN;
peniaTh CUCTEMbI IMHEUHBIX YPABHEHUM Pa3IMYHBIMU METOIAMM.

[IpakTnueckue padbOThl OOECHEeYMBaAIOT YCJIOBHS s (DOPMHUPOBAHHUS
KOMIIETEHTHOCTH CHEIUAIUCTOB B OCYIICCTBICHUM TIOMCKA U HCMOJb30BAHUS
uH(popmalu, HeoOXoauMON Mg 3(PPEKTUBHOIO BBHIMOIHEHUS MPO(ECCHOHATBHBIX
3a1a4, MTPOPECCHUOHATBHOTO U JMYHOCTHOTO Ppa3BUTHs, B  HCIOJB30BAHUU
WH(POPMAIIMOHHO-KOMMYHHUKAIMOHHBIX ~ TEXHOJOTHH B NPpOodeCCHOHAIBHOM
NEeSTENBbHOCTH, B pab0Te C KOJUIEKTUBOM, PYKOBOJICTBOM, MTOTPEOUTEISIMHU.

MeTonuueckre peKOMEHIAIMHN M0 BBIMOJTHEHUIO MPAKTUYECKUX PaboT MOryT
OBITh MCIOJIB30BaHBI JUIsI PA0OTHI B YUPEKICHHUAX CPEIHEro Mpo(ecCHOHATBLHOTO
oOpa3zoBaHUsI.

Benymmi cienuanuct
KY3HEUHO-JINTEMHOTO IMBU3UOHA




MNOACHUTEJIBHASA 3AIIMCKA

MeTtoanyeckie pEeKOMEHJAIMN 110 BBINOJIHEHUIO TPAKTHUYECKUX paboT 1o yueOHOM
quciumimHe «MaremaTuka» TpeJHa3HaueHbl Uis CTYJEHTOB 2 Kypca, OOydarouxcs 110
cneuuanbHoctd  22.02.03JIuteiiHoe MPOM3BOACTBO UEPHBIX M LBETHBIX MeTauloB (0Oa3oBas
MOATOTOBKA)

[TpakTHyeckue 3aHATUS SBISIOTCS BaXKHBIM 3JIEMEHTOM y4eOHOM auciumiuHbel. B nporecce
BBITIOJTHEHHSI TPAKTHUECKUX paboOT 0OydaroIuecs CUCTEMaTU3UPYIOT U 3aKPEIUISIOT MOJTy4YeHHbIE
TEOPETUYECKHE 3HaHUs, pa3BUBAIOT MHTEIJICKTyaJlbHble W TPO(ECCHOHANbHBIE yMEHUS,
(GOpMUPYIOT IE€MEHTHI KOMITETEHIMH OyAyIIMX CHEeIMaTUCTOB.

Meronuyeckue  pEeKOMEHJAIMM  NpPEJHA3HA4YeHbl JUIsl  OpPraHM3allMM  BBINOJIHEHUS
MPAKTHYECKUX paboT 1o yueOHoM nuciumuinae «MaremaTHKa.

[Tporpammoii yueOHOM aucuUIIMHBL «MaremaTHka» TNpeayCMOTPEHO BbINOTHEHHE 16
MPAKTHUYECKUX  paboT, HaNpaBlIE€HHBIX HAa (OPMHPOBAHUE  IJIEMEHMOE  CEOYIOUUX
KomnemeHuyuii:

OK 1. [lonumarp CyIIHOCTP W COLHMAIBHYIO 3HAYUMOCTh CBoed Oyaymied mnpodeccu,
IIPOSIBIIAITh K HEH YCTOWYMBBINA MHTEPEC.

OK 2. Opranu3oBbIBaTh COOCTBEHHYIO JI€STEIBHOCTb, OIPECNATh METOJbl U CIIOCOOBI
BBITIOJTHEHUSI MPOPECCUOHANIBHBIX 3a/1a4, OLIEHUBATh UX 3PPEKTUBHOCTh U KAYECTBO.

OK 3. Pemiatey mnpoOiembl, OLIEHMBAThb PUCKM U MPUHUMATh PEHICHUS B HECTAHAAPTHBIX
CUTYalUsX.

OK 4. OcymiecTBisTh MOKUCK, aHAIN3 U OIIEHKY MH(POPMAILUH, HEOOXOAMMOM ISl IIOCTAHOBKH
U pelIieHus MpoQecCUOHANBHBIX 3a/1a4, MPO(ecCHOHATBHOTO ¥ TUYHOCTHOTO Pa3BUTHSL.

OK 6. PaGoTtath B KOJUIEKTMBE W KOMaHJe, oOecneuuMBaTh ee CIuloueHue, 3(h(ekTHBHO
o01IaThesl ¢ KoJUIeraMH, pyKOBOJCTBOM, IOTPEOUTEIISIMH.

OK 7. CtaBuTh 1eNH, MOTHUBUPOBATH JEATEIbHOCTh IOJAYMHEHHBIX, OPraHU30BHIBATH H
KOHTPOJHMPOBATh MX PabOTy C MPHUHATHEM Ha ceOsi OTBETCTBEHHOCTH 3a PE3yJbTAT BBIMOJHEHHS
3aJaHuH.

OK 8. CamocTosTensHO OIpenessaTh 3aaun Mpo(ecCuOHaTbHOr0 U JIMYHOCTHOTO Pa3BUTHA,
3aHUMAThCA CaM000pa30BaHUEM, OCO3HAHHO TJIAHMPOBATH TOBBIIICHHE KBATU(PHUKAIINH.

[IK 1.3. BeimoaHsATs  pacdeTbl, HEOOXOAWMBIE TpH  pa3padOTKE TEXHOJIOTHYECCKUX
IIPOLIECCOB U3TOTOBJIEHUS OTIUBOK.

[1IK 3.3. PaccuuthiBaTh 10 ONPUHATOM METOJOJIOTMM OCHOBHBIE TEXHHKO-3KOHOMHYECKHUE
nokaszareiau paboThl KOJICKTHBA.

JIP 2. [IlposiBisitolMiA  aKTUBHYIO TPXIAHCKYIO TO3UIMI0, JIEMOHCTPUPYIOIIMI
IIPUBEPKEHHOCTh MPUHLMIIAM YECTHOCTH, MOPSAJOYHOCTH, OTKPBITOCTH, SKOHOMUYECKU aKTUBHBIN
Y YYaCTBYIOIIUHN B CTYJIEHUECKOM U TEPPUTOPUATILHOM CaMOYIIPABJICHUH, B TOM YHCJIE HA YCIOBUAX
JNOOpOBOJILUECTBA, TMPOJYKTHUBHO B3aMMOJCHCTBYIOIMIMA M YYacTBYIOIIMH B JAEATEIBHOCTH
OOLIECTBEHHBIX OpraHU3aIuii;

JIP 4. IlposiBasiomuii U JEMOHCTPUPYIOIIUM YBaXKCHHE K JIIOASM TpPyJa, OCO3HAIOLIUMN
LEHHOCTh cOOCTBEHHOTO Tpyaa. Crpemsimuiics K (OpMUPOBAHHIO B CETEBOM cpelie IMYHOCTHO U
po¢eCCHOHATBHOTO KOHCTPYKTUBHOTO «LU(POBOTO CIIEaay;

JIP 7. Oco3Haromuii MNPUOPUTETHYIO LEHHOCTh JIMYHOCTH YEJIOBEKA; YBa)KarOIIUH
COOCTBEHHYIO W YYXXYI0 YHUKaJIbHOCTb B Pa3IMYHBIX CHTyalMsX, BO BceX (GopMax U BHIAX
JESITeNIbHOCTH;

JIP 9. Cobmronaromuii ¥ IponaraHAupyONIHiA IpaBuiia 3I0pOBOT0 U Oe30MacHOro odpasa
JKU3HU, CIOPTA; Mperynpexaaomuil Tu00 MpeoJoaeBaoLINil 3aBUCUMOCTH OT aJIKOroJid, Tabaka,
IICUXOAKTUBHBIX BELECTB, a3apPTHHIX Urp U T.A. COXpaHAIOIUN [ICUXO0IOTMUYECKYI0 YCTOWYMBOCTD B
CUTYaTHUBHO CIJIO’KHBIX WJIM CTPEMUTEIHLHO MEHSIOIIUXCS CUTYaIUIX

JIP 10. 3aboTsmmiics 0 3alIUTe OKPYXKAIOIICH Cpe/ibl, COOCTBEHHOH M UyK0i 0€30MacHOCTH,
B TOM 4Hclie IUPPOBOI;



JIP 13. JIeMOHCTpHpPYIOMIHiA TOTOBHOCTh U CIIOCOOHOCTH BECTH JMUAJIOT C IPYTHUMH JIFOJbMH,
JIOCTUTATh B HEM B3aWMOITIOHUMAHUs, HAXOIUTh OOIIHE 1EJIN U COTPYAHHYATD IS UX JOCTHKECHUS
B IIPO(heCCHOHATBLHOM NI TEIILHOCTH;

JIP 14. TlposBisitonuii CO3HATEILHOE OTHOIICHHWE K HEMPEPHIBHOMY OOpPa30BaHHUIO Kak
YCIIOBUIO yCTEITHON MpodecCroHaNTBbHON 1 00IECTBEHHON AeSITENFHOCTH.

B pesynbpTaTe n3ydeHus AUCIUIUIMHBI 00YYarONTUACS JOJKEH

ymemp:

- AHanu3upoBaTh CIOXKHBIC (PYHKIUH U CTPOUTH UX TPa(UKH;

- BobimonHATh AeiicTBUS HAJl KOMIUIEKCHBIMU YHCIAMU;

- BbluncnATe 3HaUEHUS T€OMETPUUECKUX BEITUUNH;

- IIpousBoauTk onepanuu HaJl MaTpULIAMHU U ONIPEICITUTEISIMY;

- PemaTh 3a1aun Ha BBIYMCIIEHUE BEPOSATHOCTHU C UCIOIB30BAaHUEM DJIEMEHTOB
KOMOHHATOPUKH;

- Pemare npukiagHble 331a4K ¢ UCTIOJIB30BaHUEM JIEMEHTOB AU hepeHInalIbHOTO U
MHTETPaJIbHOTO UCUUCIICHUN;

- Pemath cucTeMbl IMHENHBIX YPaBHEHUN pa3IMUYHBIMH METOIAMHU.

3HATb:

- OcHOBHBIE MaTEMaTHYECKNE METOBI PEIICHNSI IIPUKIIAIHBIX 3a7a4;

- OCHOBHBIE OHATHUS U METOBI MATEMaTUYECKOTO aHaJIN3a, TMHEHHON areOphl, TEOPHH
KOMIIJIEKCHBIX YHCEJI, TCOPUU BEPOSTHOCTEN U MATEMaTUYECKON CTATUCTHKY;

- OCHOBBI HHTETPAIbHOTO U AU PepeHInaIbHOTO HCUHUCIICHUS;

- Ponb u MecTo MaTeMaTHKU B COBPEMEHHOM MHUPE MPU OCBOEHUH NMPOPECCUOHAIBHBIX
JUCLUIUIMH U B chepe mpodecCHOHATBHOMN 1A TebHOCTH.



HEPEYEHDB ITIPAKTUYECKHUX PABOT

Nen\n Hazpanue npaxkruyeckoit paboTsl Yacsl
1 Brruncnenue onpenenurenei. 2
2 Pemenne cuctem n TMHEHHBIX ypPaBHEHUH C N HEU3BECTHBIMU METOJOM 2
Kpamepa.

3 Yucnossle MHOXeECTBA. UncoBbIe TPOMEXYTKUA. OKPECTHOCTH TOUKH. 2

4 Brruncnenne npenenos. PackpbiTie HeonpenenéHHOCTH. Beruncinenue 2
OJTHOCTOPOHHUX IIPENIEIIOB.

5 Brruncnenue nponu3BOAHBIX IEMEHTAPHBIX M CIOKHBIX (YHKIUH. 2

6 AHanu3 cloxHOW (PYHKLIMHU U TOCTPOCHUE IPahUKOB. 2

7 Brruncnenue Heonpenen€HHbIX HHTErpanoB. Tabnuia 0CHOBHBIX 2
MHTETPaJIoB

8 Brluncnenue HeonpeneneéHHOro HHTerpaia 3aMeHo! IIEpEMEHHOM, 110 2
YacTsM.

9 Pemenue npukiaaHpIX 3aa4d ¢ UCIOJIb30BAHUEM UHTETPAIBHOTO 2
MCUHCIICHHUS.

10 Pemenne cucreM TMHENHBIX OHOPOAHBIX YPABHEHUM MEPBOIO MOPSIIKA. 2

11 Pemenune muddepeHnanbHpIX ypaBHEHH BTOPOTO MOPSAKA. 2

12 Pemenune npodeccnonaabHbBIX 337a4 ¢ UCTIOIB30BAHUEM 2
muddepeHIaNbHBIX YPaBHEHUH.

13 JInneliHple onepanuy HaJ BEKTOPAMU, CKAJSIPHOE ITPOU3BEICHUE 2
BEKTOPOB B IIPOCTPAHCTBE.

14 HaxoxneHne paccTossHUS MEXy ABYMs TOUKamu. Pemenne 2
TPEYTOJIBHUKOB.

15 Pemienue mpukiiagHbIx 3a7a4 ¢ UCMOIB30BAaHUEM KOMOMHATOPUKHU 2

16 Pemenune npodeccnoHanbHBIX 3a71a4 HAa BEIYUCICHHE BEPOSTHOCTEHN C
MCIIOJIb30BAaHUEM JIEMEHTOB MATEMAaTUYECKONW CTaTUCTUKH

Hroro: 32




IHNPAKTUYECKAS PABOTA Nel

Ha3zpanue npakTuueckoilt padborel: Boiuucnenue onpedenumeneii
e padoThI: HAYYUTHCS BHIYUCIATH ONPENEIUTENN PA3HBIMU CIIOCOOAMH.
3HAHUS:

OCHOBHBIC TOHATHS W METOJbl OCHOB JIMHEWHOW aireOpbl, AMCKPETHOM MaTeMaTHKH,
MaTeMaTHYeCKOro aHaJln3a, TEOPUU BEPOATHOCTEH W MaTeMaTHYECKOW CTAaTUCTHKH; POJIb U MECTO
MaTeMaTHKHd B COBPEMEHHOM MHpE IPH OCBOCHHMU NPO(eCcCHOHANBHBIX TUCHMIUIMH U B cdepe
po(heCcCHOHATTLHOM e TEIIbHOCTH
YMEHHS:

IPOM3BOJIUTH ONEpalMy Ha/l MATPULIAMU M ONPEAETUTEISIMUA

Teoperuyeckunii maTepua:

1. OnpeneanTesb2-ro NOpsiaAKa
OnpenennTesieM .BTOPOTO MOPSIIKA HA3BIBACTCS BBIPAKCHHIE BHJIA!
|a a

11 12|

a a — .
21 22 =aj1ax-azaiz,

UYucna a1, a2, a21, a2 HA3bIBAIOT AJIEMEHTAMU ONPEICTUTENS.

Juaronanb, 00pa3oBaHHAs JIEMEHTAMH 4,1, a2, HA3BIBAETCA TJ1aBHOM, a IMAaroHalb,
00pa3oBaHHAs JIEMEHTAMH a1,3;| - TOOOYHOA.

Taxum 00pa3om, ONpeACIUTETs BTOPOTO MOPSAAKA PAaBEH PA3HOCTH MPOU3BEACHHUI
2JIEMEHTOB TJIABHOH M TOOOYHOH AUaroHaei.

3aMemuM, umo 6 omeenie noayvaenics 4ucio.

Hpumep 1
"
34 —1432-0.
2. Onpenenurenb3-ro nopsiaka

OHpeIleJII/ITeJIeM TPETHET'O IMMOPAAKA HA3bIBACTCS BbIPAXKCHUEC BU/JIA:

a, d, aj

|aZl 0y, 023‘

a a a

31 32

B =ajanastaziana;ztanarsas;-as;anaiz-anazsa-a2dnadss.
DJIEMEHTHI a11; ax; a33 — 00Pa3yIOT MNIABHYIO AuaroHanb.Yucna as; ax; as; — o0pasyior

HO60‘IHYIO JuaroHajisb.

I/I306pa3I/IM, CXEMAaTU4YCCKH, KaK 06pa3y10Tc;[ cjJlara€MblI€ € IJIFOCOM U C MUHYCOM!



C m1rocoM BXOJIAT: MIPOU3BE/ICHUE 3JIEMEHTOB Ha TJIAaBHOM TMaroHanu, ocTajibHble ABa
cJaraeMbIX SIBJISIFOTCS IPOU3BEICHUEM 3JIEMEHTOB, PACOI0KEHHBIX B BEPIIMHAX TPEYTOJIHLHUKOB C
OCHOBaHUSIMU, NapaJJIeIbHBIMU TJIaBHOM AHArOHAH.

CnaraeMble ¢ MUHYCOM 00pa3yroTCs 10 TOM K€ CXeMe OTHOCUTEIBHO TOO0YHOM TuaroHalu.

DTO0 MpaBUIIO BBIUKCICHUS ONPEISIUTENS TPETHET0 MOPsAKa Ha3bIBAIOTHPABUIIOM

TpeyroJabHHUKa uiu npasuiaom Capproca:

Hpumep 2.
-1 32

12 8 1
Dol 2 80401043 1-1-1:82- 1 1-(-1)-2:3:2=-16+4+3-16+1-12=-36

3. BoluucjieHue onpeaeauTesis:

@] d1p a3

_ A3y 4m| 23 413 @31 413
@3] dyy Gy —d) - @3- tdyge

@37 473 a3 d13 d3] 33
3] @33 13

Brraucnenue OIMPEACIIUTEIIA TPETHEI'0 MOPAAKA CBOAUTCA K BBIYUCIICHHUIO TPEX OHpeHeHHTeHeﬁ
BTOPOT'O IMOpsAIKA.

IIpumep 3.
-3
-1 1 1 -1
-1 1(=1- - 8. +({-3)- =38.
-6 -1 -1 -8
-6 -1

33)]3]11/16: BoinosiHuTe 3aaHus 11O BapuaHTaM:

Bapuant 1
13 2 4 6
1. Haiigute npousBenenue matpull A u B, ecniu A=|5 7|, B= ;
8 10 0
9 11
2 1 -1
2. Haiinure obparayro marpuny A™': A=5 2 4
7 3 4

3. Halingure onpeaenuTenn MaTpulL:



1 -1 2 5 2 5
A=1 2 1 A=-2 -1 -8
2 0 3 2 -3 -2
3 1 1 1 4 1
A=l1 2 3|. A=-1 1 3
-2 5 -2 1 2 -1
1 -1 -1 2 5 -6
A=l0 6 2 A=l4 3 -1
-6 -3 -2 -1 2 =2
Bapuanr 2
-1 3 3 2
1. Haiinute npoussenenue Mmarpun A u B, ecin A=‘ ,B=|1 0
-2 4 7
-4 1
1 2 -1
2. Haiigute obparnyto matpumy A™': A=0 -3 1
0 0 1
3. HaiiguTe onpenenureny MaTpuLl:
-1 1 -1 3 2 -1
A=l4 4 2| A=2 4 1
1 2 3 -1 0 -2
6 3 8 1 2 3
A=3 2 3]|. A=|7 -1 5
-1 0 —4 2 3 -3
1 1 -4 3 1 1
A=3 -3 2 A=2 -1 3
-5 1 4 4 1 1

KoHnTpoJibHBIE BONIPOCHI:
1) Yro Ha3bIBaeTCs ONpeAeauTeneM 2-ro nopsaka’?

2) HazoBuTe aBa cioco0a BEIYHCICHUS 3-TO MOPSIIKa.

IMPAKTUYECKAS PABOTA Ne 2

Ha3Banue mnpakTuyeckol padorbl: Pewienue cucmem n JAUHEUHBIX YPAGHEHUI C N
HeuzgecmHuvimu memooom Kpamepa
Ieap padoThI: HAYUNTHCS pelIaTh CUCTEMBI TMHEUHBIX ypaBHEeHU MeTogoM Kpamepa

3HAHUA:



OCHOBHBIE IOHATHS U METOJbl MAaTEMaTHUECKOTO aHallu3a, JUHEHHOW anreOpel, TeopHU
KOMILIEKCHBIX YUCEIl, TEOPUU BEPOSTHOCTEN U MAaTEMAaTHYECKOM CTATUCTUKU; OCHOBHBIC IIOHATHS U
METO/ABl MaTEeMaTU4ECKOTO0 aHalln3a, JMHEHHOW anreOpbl, TEOPUU KOMIUIEKCHBIX YHCEN, TEOpUHU
BEPOSITHOCTEN 1 MATEMaTU4YECKOH CTaTHCTHUKH;

YMEHH:

pelaTh CUCTEMBI JMHEWHBIX YPABHEHUH Pa3IMYHBIMU METOJAMHU; IPOU3BOIUTh

OIlEepalluy HaJl MATPULIAMH U ONPEAETUTENIIMU

TeopeTnyeckuii MaTepuas:

1.®opmyast Kpamepa niist cucteMbl U3 IBYX YpaBHEHUi

Cucrembl U3 IBYX ypaBHEHHIA
a,, x+a;, y=>b,
ay X+a,, y=b,

2

Omnpenenenne. Onpenenureb, COCTABICHHBIN U3 KOAPGUIIMEHTOB MTPH HEU3BECTHBIX, HA3BIBACTCS
OTIPENIETTUTENIEM CUCTEMBI U 0003HavaeTcs A (Z1enpTa):

|a11 ‘112|
A= o Gy
Onpenenurenu Ax, Ay MoyrydaroTcs myTéM 3aMeHbl K03()(OUIIMSHTOB MPH COOTBETCTBYIOIINX
HCU3BCCTHBIX CBO60[[HI)IMI/I HYJICHAMMU:
|b
b

1 a12| |a11 b1|

a a

Ax= "2

2 =bjap-apby;Ay= "2 "2 =a;bsy-biay.

Haiitu SHAYCHUAXHUYBO3MOXKXHO TOJIBKO IIPpHU YCJIOBHU, GCJ'II/I& # [:]

OTOT BBIBOJ CJEAYET U3 CIAEAYIOLIEH TEOPEMBI.

2. Teopema Kpamepa: Eciu onpedenumens cucmemvl Omiuyer Om HyJis, mo CUcCmema JUHetHbIX
VpasHeHuil umeem 0OHO eOUHCMBEHHOe peuleHue, NPUYEM Heu38eCmHoe paeHO OMHOULEHUIO
onpeodenumerneti. B 3namenamene — onpedenumenvb Cucmemsl, a 8 yuciumesne — onpeoeiumeins,
NOIYYEHHbLU U3 ONpedenumes CUCIeMbl NYMEM 3amMeHbl KOIPDUYUEeHMO8 Npu IMOM HeUu38eCmHOM
CB0O0OHBIMU UNeHAMU. DMa meopema umeem Mecmo OJisi CUCeMbl TUHEUHbIX YPAGHEeHUL 1100020

nopsioKa.

Ax Ay

Taxum o6pasom, popmynst Kpamepa ona cucmembvl us 08yx ypasnenuii: x= 4 | y= 4

Hpumep 1. Pemnth cucTeMy JUHEUHBIX YPaBHEHUI:
ixt+ix, =1
10



Cornacho opmynam mnosrydaem:

12
3 4 _1ed-2e03)_ 446 _10_

n = = = = —=],
" o2 Zed—182 12-2 10
1 4
21

L -3 _3e(3-1e1_-9-1_-10_

Xy = = =
5 2 Zed-—2e] 12-2 10
1 4

Wrak, penienue crcteMbrtl = 1? Ay = -1

2. YacTHbIe caydan
Tpu ciryyasi IpH pelIeHUH CUCTEM JIUHEHHBIX YPABHEHUI1:

1) cucreMa JiMHeliHBIX YPABHEHHUH MMeeT eJMHCTBEHHOE pellleHne(CrucTeMa COBMECTHA U
onpeieEHHa)
a &
1 “n
VYcnosus: "Ill'l ¥ I:]: 9n  G:

2) cucTteMa JJUHEHHBIX YpaBHeHHI UMeeT OecuuCIeHHOe MHOKECTBO pelleHuii(cucrema
COBMECTHA U HEOIIpEIEIEHHA)

Gn_du _h

Ycnoust: 1"11 = D, dy Hg ‘52 , T.€. K03 (HUIIMEHTHI TPH HEM3BECTHBIX M CBOOOHBIC YWICHBI
MPONOPLUHUOHATILHEL.

3) cucTemMa JUHEHBIX YpaBHEeHH pellleHUI He MMeeT(CricTeMa HECOBMECTHA)

i @ b

E

VYenoBust: b= [:I:ﬂﬂl ty by
Wtak, cucreMa m JTMHENHBIX YPAaBHEHUH C 71 IEPEMEHHBIMU HA3bIBAETCS HECO8MECTHOU,
€CJIN y HEe€ HET HU OJIHOTO PELICHUS, U COBMECMHO, €CIIN OHA UMEET XOTs Obl OJTHO pEIICHUE.
CoBMecTHas cucTeMa ypaBHEHUH, UMEIOIas TOJIbKO OJIHO pelIeHNe, Ha3bIBaeTCI0NnpedeléHHol, a
0oJ1ee OJTHOTO —HeonpeOenNéHHOll.
3.®opmyasl Kpamepa st cuctembl U3 TpexX ypaBHeHHil

ay X+ay, y+a;3z=b,,
a, X+a,,y+a,,=b,,
A3 X+A3y+0a5,2=b,.

Ax Ay Az

x= 4 ;y= A ;= A

I'ne A (nenpra) cocTaBieH U3 KOAPQPHUIUEHTOB IPU HEM3BECTHBIX:
11



a a a

i 4 4y
“121 y ‘123’

a a a ..
A= 731 732 "3 A ompenenutenu Ax, Ay, Az noiaydaroTcs myTEM 3aMeHbl KOAPPHUIMEHTOB IPU

COOTBCTCTBYIOIIUX HCU3BCCTHBIX CBO6OI[HBIMI/I YJICHAMU:

b, a, ag ay, by ag a,; a4, b
‘b2 ay, az3l “121 b, 023‘ |az1 ) bz‘
Axe D3 0y 0y Ay= T by ay, Az= T3 O b,

Haiitu SHAUYCHUAX, Y U ZBO3MOKHO TOJIBKO ITPpH YCIIOBUU, GCHH& # [:]

Hpumep 2. Pemiuth CUCTEMY JTUHEUHBIX YPaBHEHUI:

2X,—X,—3X3=3
3x,+4x,—5x,=—8

2x,+7 X3=17
2 -1 -3
3 4 -5

A= 0 2 T g
3 -1 -3
-8 4 -5

a= 10207 305,
2 3 -3
3 -8 -5

ay= 01T T g,
2 -1 3
3 4 -g

n= 002 17T g
Ax g g

x= 4 =5 y= 4 =222 4 =3
OtBer: (5; -2; 3)

3ananue:Pemnre cucTeMbl ypaBHEHU

Bapmnanr 1

3x+y+z=-2

x—y=3 3x—4y=5
8) 13y 5uy=10) |gy_gu c){5x—y—z=10
3x—2y=1 6x—8y=10 X—y+52=—12

12



x+3y—z=0 X—2y+z=3

n) i 2x—y+3z=1 €)2x—4y+2z=5
7x+7 y+3z=2 3x—6y+3z=9
Bapuanr 2
X+2y—z=-3
x+2y=8 2x+3y=5
a) e ) _ C){2x+3y+z=-1
3x—y=3 4x+6y=7 X—y—z=3
x+3y—4z=5 x—4y+3z=5
n) i 2x—3y+6z=11 e)| 2x—8y+6z=10
8x—3y+10z=21 3x—12y+9z=15

KonTpoabHbIe BONPOCHI:

1) YTo Ha3bIBaeTCS CUCTEMOM JTMHEWHBIX YPaBHEHUI?

2) Kakas cucrema Ha3bIBa€TCs COBMECTHOM, KaKasi HECOBMECTHOM?

3) Kakas cucrema Ha3bIBaeTCs ONMPECIICHHON U HEOIPEACICHHOM ?

4) Ilpu kakoM YCJIOBUM MOXHO HCIONb30BaTh (GopMynbl Kpamepa ansi perieHus CHCTEMBbI

ypaBHEHHUI?

IHPAKTUYECKAS PABOTA Ne 3

HaszBanue mnpakrtuyeckoii palorei: Onpedenenue UUCNO6bIX MHOMCECHE, HYUCTO6bIX
NPOMEICYMKOE8, OKPECIHOCIU MOYKU

He.ﬂb paﬁoTbl:Hay‘II/ITCSI BBITTOJIHATH HeﬁCTBHH C YUCJIOBBIMH MHOXXECTBaAMH.

3HAHMA:

OCHOBHBIC TOHATHS M METOJbl MaTEeMaTHYECKOro aHalIM3a, JMHEHHON anreOpbl, Teopuu
KOMIIJICKCHBIX YHCECJI, TCOPUU BepOSITHOCTef/'I 1 MaTeMaTHYeCKOH CTaTUCTHUKU, OCHOBHBIC ITIOHATHUA U
METOJABI MAaTE€MaTU4YCCKOI'0 aHalin3a, JIMHEHHON anre6p51, TECOpPHUU KOMILICKCHBIX YHUCCII, TCOPUH
BEPOSTHOCTEH U MaTEMAaTUYECKON CTaTUCTUKU
YMeHHus:

BBITTIOJIHATH HeﬁCTBHH HaJ KOMIIJICKCHBIMHA YU CJIaMU

Teoperuyeckunii Mmarepuas:

MHO0ecTBOMHA3bIBACTCS COBOKYIHOCTb HEKOTOPBIX 3JIEMEHTOB, OOBEIMHEHHBIX

KaKUM-JINOO OOLIMM NPU3HAKOM. DJIEMEHTaMH MHOXECTBa MOTYT OBbITh 4ucia, (QUTYpBHI,

NpeaAMCThI, IIOHATHA U T.II.

13



MHoxecTBa 0003HAYAIOTCS MMPOIMKUCHBIMU 6yKBaMI/I, a OJICMCHTbI MHOXCCTBO

CTPOYHBIMHU OyKBaMH. DJIEMEHTHI MHOXKECTB 3aKITIOYAOTCS B PUTYPHBIE CKOOKH.

Ecnu 5sneMeHT X NpPHUHAMIEKUT MHOXKECTBY X,

MIPUHAJICIKUT).

TO 3amuchiBalOT XEX(E—

Ecnun MHOXECTBO A sBiISIETCSl 4acThi0 MHOXKecTBa B, To 3amuceiBaior ACB(C—

COJICPXKUTCS).

MHOXECTBO MOXET OBITh 3aaHO OJHUM U3 IBYX CIIOCOOOB: OepCUUCIICHUCM U C

MMOMOIIBIO OIMPECACIATOIICTO CBOICTBA.

Hanpumep, nepeuncieHreM 3aJjaHbl CIEAyOINE MHOXKECTBA:

. A={1,2,3,5,7} — MHOXECTBO YHCeIl

. X={X1,X2,...,Xn} — MHOKECTBO HEKOTOPBIX JIEMEHTOB X{,X2,...,Xn
. N={1,2,...,n} — MHOX€ECTBO HaTypaJIbHbIX YHCEI

. 7={0,£1,42,....An} — MHOXECTBO IEJIBIX YHCEI

MHOXECTBO (-00;+00) Ha3bIBACTCAUUCAOBOU NPSAMOLL, A THOO0E YUCIO — TOYKOM ITOU

IIPSIMOM.

[TycTh a — mpou3BOJSIbHAS TOYKA YMCIOBOW MPSMOU M O — MOJOKHUTEIHHOE YHCIIO.

WuTepsan (a-0; a+0) Ha3bIBAETCS 0-OKPECMHOCHbIO MOYKU .

Ecan MHOXECTBO He COACPIKHUT HU OAHOI'O 2JIECMCHTA, TO OHO HA3bIBACTCA nYyCmbim

MHOICECmBoM 1 3alChIBacTCI O.

YmncaoBbie NPOMEKYTKH

Yucnoswie Ompe3KU, urmepedaibl, Nojlyunmepealbl U J1y4u HA3bI6ANON YUCIO6bIMU

NPOMENCYMKAMU.
HepagBencrtBo, Oob6o3HaueHnue
Ha3BanueuncaioBoro Yuraercs
32/1a10111€€YHCTI0BO YHCJI0BOT0
9 MPOMEKYTKA TaK:
W MPOMEKYTOK NMPOMEeKYTKA
as<x<b [a;b] UncioBor 0Tpe30K OTpe3ok oT a 10 b
a<x<b (a,b) WuTtepBan WNurepBan ot a 1o b
[TonyunTepsai ot a
a<x<b [a;b) [MomyunTepBan Y P
1o b, BKIIO4as a.
[TonyunTepsai ot a
a<x<b (a,b] [TomynHTEpBan y P
1o b, Bkirouas b.
HucnoBo# ayd OT
X>a [a; + ) YucnoBoil gyu anOILII0C
OECKOHEYHOCTHU
OTKpBITHIH
OTKpBITBIA YUCIOBOU YUCJIOBOM JIy4 OT
xX>a (a; + ) p y
nyd aIloTLIIOC
OECKOHEYHOCTH
x<a (- o, a] YucnoBoil tyu YucnoBon y4y
OTMHHYC
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OECKOHEUHOCTHU J0a

OTKpBITHIH
. . YHUCJIOBOU J1y4
OTKpBITHIIA YUCITIOBOM
x<a (-0, a) v OTMHUHYC
y OECKOHEUYHOCTH 10
a

IIpumep 1. Onpenenenre 4McI0BOro HEPABEHCTBA

OTmMeTM Ha KOOpJIMHATHOW NpsAMOM TOYKM ¢ KoopauHatamu -3 u2. Ecim TOuka
pacroiokeHa MeXAy HIMH, TO €l COOTBETCTBYET YHMCJIO, KOTOpOe OoJbIie -3 1 MeHbIe 2. BepHo n
o0OpaTHOE: €clIM YHMCIO X YAOBJIETBOPSET YCIOBHIO -3<Xx<2 , TO OHO M300pa)kaeTcsi TOYKOM,
JeKalel MeXy TOUKaMH ¢ KOOpAUHaTaMu -3 u 2.

Mnoowcecmeo  6cex  uucen,  yoosnemeopswowux — ycaoguio  -3<x<2,  Ha3zvieaemcs

YUCTIOBLIMNPOMENCYMKOMUNU NPOCIO npomedcymKom om -3 00 2 u oboznavaemces max: (-3,2).

e

|
e -

4 ¥

"Ir" 4

¥

e

Ha PUCYHKax I/I306pa)KCHLI MHOXECTBO YUCCII X, AJII KOTOPBIX BBINIOJHACTCA HEPABCHCTBO

x<10 m x=10. DTH MHOXKECTBa NPEACTABISAIOT COOOW NPOMEKYTKH, 0003HAYAEMBIE
cootrBeTcTBeHHO (-~ ; 10) m (-~ ; 10]. Unuraercss Tak: YUCIO X MPUHAIICKHUT MPOMEKYTKY
orMunyc GeckoneunocTd (-=°) 10 10 (x<10) ¥ YMCIO X MPUHANEKUT TPOMEKYTKY OTMHHYC

6eckoneunoctd (- ) no 10, Bxmouas umcno 10 (x=10). 3HaK paBeHCTBA B HEPABEHCTBE

0003HaYaeTCAKBAIPATHON CKOOKOMB YKa3aHUU MPOMEXKYTKA.

LLLLLLEET]
= -

&

[

T

b

=1 88

Ipumep 2. [lepecedyeHre YUCIOBBIX MPOMEKYTKOB

MHnooicecmso, cocmasnsiowee 06wy Yacmvs HeKOmopwvix MHoxcecme A u B,
HA3b18AIOMNEPECEYCHUCMIMUX MHOIICeCM8 U 0003HAUAOm AnB.HpOMe)KYTOK [3;5] sBusercs
nepecedeHrneM npoMexyTKoB [1;5] u [3;7]. DTo MoxHO 3anucaTh Tak: [1;5] M [3;7]=([3;5].
.- |

e

T 5T [
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[MpomexyTtku [0;4] u [6;10] HEe uMeroT oOmMX 3JIeMEHTOB. Eciam MHOXECTBO HE HMeEeT

OOLIMX 3JEMEHTOB, TO FOBOPST, YTO UX NEPECEUEHHE IyCTO. 3HAUUT, IIEPECEUCHUE NMPOMEKYTKOB

[0;4]1Y[6;10]=0.
-LI [ I_I'_ -L !__Ir_l | L
P o rr 1

{ b
g

Ipumep 3. O6beTMHEHUE YUCTOBBIX TPOMEKYTKOB

Kaxnoe uucno u3 npomexytka [1;7] npuHaIekKuT X0Ts ObI OTHOMY U3 IPOMEXYTKOB [ 1;5]
u [3;7], To ecth, MO0 pomMexyTKy [1;5], mubo mpomexyTky [3;7], mub0o UM 06ouM.

MHnoowcecmso, cocmosauee uz s1emMeHmos, NPUHAOLEHCAUWUX XOMsL Obl OOHOMY U3 MHOIHCECME
A u B, nazviearomobvedunenuemdmux mnoscecms obosuauaiom 345

[TpomexxyTok [1;7] sBisiercst oObenuHeHHEM mnpomexyTkoB [1;5] u [3;7]. D10 MOXHO
3amucath Tak: [1;5]“[3;7]=[1;7].
| L L L L]
——— >

SIS T

3ameTuM, 4TO OOBEAMHEHUE MPOMEKYTKOB HE BCEI/a MPEACTABISAET CO00M MPOMEKYTOK,

Harpumep MHokecTBO [0;4][6;10] HE SABIAETCS TPOMEKYTKOM.

3ananne: BoinoJiHUuTE AeliCTBUSA M0 X041y Pa0OTHI.

1. BeiOepute npaBuiibHOE H300pakKeHUE TIPOMEKYTKA [-2;4] HA KOOPAMHATHOU MPSIMOU

1!EJF.I--I-JF-L_J . ____!J uTu_% L
1) | 2) s
e T
— e _ i______'r
3) = - 4)

2. BoibepuTe npomMexyTOK, H300paKeHHbI Ha KOOPAUHATHOU MPSIMOMA:

I

-

b

-t

a) = 8,0) x<8; B) x>8;r) X 8.

3. IIpuHaIeKUT JIM IPOMEXKYTKY [-8;-5] uunco...

16



a) -9; 6) -8; B) -5,5; 1)-5; n)-4; e)-7,5?7

4. Vcnionb3yto KOOPAMHATHYIO NMPSAMYI0, HAWIUTE MEpECeUeHUE IPOMEKYTKOB:

a) (1;8) u (5;10); 6) [-4;8] u [-6;6]; B) (-5;1] w1 (-4;2]; 1) (- %3] m [0+ 7],

5. Ilokakute MTPUXOBKON HAa KOOPAWHATHOU MPsIMON 00BEAMHEHNE TPOMEKYTKOB:
a) (- 225 4) u (10;+7°); 6) [3;+ ) u (8;+7°); B) [-4;8] 1 [-6;6]; 1) (-5;1] 1 (-4;6].
6. BriOepute npaBuIIbHBIA OTBET

6.1.YncIoBBIM MPOMEKYTKOM HA3BIBAETCH. ..

@) MHOJCECmeo gcex uucell, yOosi1emeopsaouux HepaseHCcmsy,

0) MHOXXECTBO BCEX UHCEI;

B) IIEPEMEHHBIX.

6.2. Kakue u3 4ucel He yA0BIETBOPSIOT HEPABEHCTBY -2<X =8:
a)2us;06)-1u8;68) -2u9r)0us.

6.3. YKaxuTe MHOKECTBO pEIICHUH HepaBeHCTBA X>20:

2) (- 9% 20); 6) (20; +°°);8) [20; + % ); 1)[-20;+ 7).

6.4. YKaXuTe MHOXKECTBO, IPEICTABIIAIOIIEE COOOM OOIIY 0 YacTh MHOYKECTB:
XxZ=3u -5<x<3,2:

a) (- 5;3);0) (-5; 3,2); B) (-5; 3]; 1) [3; 3,2).

KonTpoabHbIe BONPOCHI:
1) HazoBuTE OCHOBHBIE YHCIIOBBIE MHOKECTBA;
2) Yro Ha3bIBaeTcss 00bEAMHEHUEM MHOKECTB?

3) Uto Ha3bIBaeTCs NepecedeHueM MHOXKECTB?

ITPAKTUYECKAS PABOTA Ne 4

Ha3Banue npakTudeckoii padorsl: Boiuucinenue npedenos, packpsimue HeonpeoeaéHHocmu.
Buvluucnenue oonocmoponnux npeoenos

Heab padoThI:HAYYUTHCS BHIYUCIIATH IPEIETIBL.

3HAHMSA:

OCHOBHBIE€ TOHATHUS M METOJBI MAaTEMaTHYECKOrO aHalin3a, JIMHEWHOW anreOphl, TEOpHH
KOMILJIEKCHBIX YHUCEJI, TEOPUU BEPOSTHOCTEN U MAaTEMAaTUYECKON CTATUCTUKHU; OCHOBHBIE TIOHATHS U
METOJIbI MAaTEeMATHYECKOTO aHaluu3a, JTUHEHHOW anreOphl, TEOpUHM KOMIUICKCHBIX YHCEN, TEOPUHU
BEPOATHOCTEN U MATEMaTUYECKOW CTaTUCTUKHU

ymenus:

17



aHAJM3UPOBATh CI0KHbIE (PYHKIIMU U CTPOUTH UX rpaduKu
Teoperuyeckunii marepuas:
Onpenesienue (HaxoXxIeHUe npezaena PyHKIMH Ha OECKOHEYHOCTH ).
Yucio A uassiBaetcs npegeniom GyHkmnu f{x) mpu L —* % ecnu qyist m060ii 6eCKOHEYHO OOJBIION
MOCJIEIOBATEILHOCTH apTyMEHTOB (PYyHKIIMU (OECKOHEYHO OOJIBIIION MOMOKHUTEIBHON HUITH

OTPHUIIATEIILHOM ), OCIEA0BATEILHOCTh 3HAUCHUM ATON (QYHKIIUN CXOJIUTCS K A.

lim (x]ZA.

X —» ©

O0Oo3Havaercs

3ameuanue.
Ipenen ¢pyukmun f(x) npu L+ — %= GeckOHEUEH, €CIU JIst JTF000H OECKOHEUHO OOIIBIIONM
TIOCJIEIOBATEILHOCTH apryMeHTOB (PyHKIHH (0€CKOHEUHO GOJIBIIION TTOIOKHUTEIBHON HITH

OTPHILIATENIBHOM), TOCIEI0BATEIbHOCTh 3HAUYCHUN ATON (PYHKIIUH SBIISETCS OECKOHEUHO OOJIBIION

lim f(x)=®

MTOJIOKUTEIIPHOU MITH OECKOHEYHO OOJIBIION oTpuIiaTenbHoi. O003HaUaeTCs *—*=

OcHOBHbIE HeOTIPeIeJIEHHOCTH MPeIesIOB U X PACKPbITHE.

nE OECKOHEUHOCTD JEIUTD

OCHOBHbIC¢ BU/bI HeonpeueneﬂnocTeifl: HOJIb JCJINTH HA HOJIb

0

Ha OCCKOHEYHOCTh , HOJIb YMHOXHTh Ha OECKOHEYHOCTH |0 - 00|, GeCKOHEUHOCTh MHHYC

0

OCCKOHEUHOCTh (:00— 00|, eIMHMIA B CTEIEHH OECKOHEYHOCTH 1*, HOJb B CTEIEHH HOJb 0°,
GECKOHEYHOCTh B CTETEHU HOJIb 00’
PackpbiBaTh HeoNpeaeJeHHOCTH ITO3BOJISICT:
ympoieHue Bua GyHKIuH (mpeodpa3oBaHUe BBIPAKEHUS C UCTIONB30BaHUEM (POpMYIT
COKpAIIEHHOTO YMHOXEHHSI, TPUTOHOMETPUIECKUX (POPMYJI, JOMHOKEHUEM Ha CONIPSDKEHHBIC
BBIPKEHUS C MOCJICAYIOINUM COKPAIIEHHEM H T.11.);
WCIIOJTb30BaHUE 3aMeYaTeIbHBIX MPECIIOB;

MMPUMCHCHHUEC MMPpaBUJia Jlonmrans 5

HCIIOJIL30BaHHUE 3aMEHBI OECKOHEYHO MAJ0I'0 BEIPAKEHUS EMY SKBI/IBaJ'IeHTHLIM(I/ICHOHB3OB8.HI/IC

TaOJIMIIBI SKBUBAJICHTHBIX O€CKOHEYHO MAJIbIX).
CrpynmupyeM  HEONpeAeNICHHOCTH B TAOJMIly  HeompeaedeHHocTeii. Kaxmaomy  Buay
HEOIPEICIICHHOCTH TTOCTaBUM B COOTBETCTBUE METOJI €€ PACKPBITHS (METO HaX0XJICHHUS IIpejiena).

Tabnuma 1 - MeTobl HAXOXKICHHS Ipeaena

Bungsl MerTo/1bl Hax0XKACHUS Mpeesa
HEONpPeCIEHHOCTEN
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( 0) Heo6xonumo mpeobpa3oBathk ¥ yIpOCTUTH BeIpakeHue. Ecim ecTb

0 sin (kx| kx 5
BBIPAXKCHHC BUJIA — — WL k) TO IPUMEHSETCS IIEPBBIN
3aMevaTeNIbHbIN Npeaed.

00 Heo6xonumo mpeodpa3oBath M yIpOCTUTH BeIpakeHHne. Ecin He

(;) IIOMOTraeT, TO UCIOJIb30BaTh MpaBwiIo Jlonurass.
10+ 00],[00—oo] ) 0 00
Heo6xonnumo nmpeobpa3oBats HEONPEAECIEHHOCTD K BUY o) w2

3a TCM IIPUMCHUTD ITPAaBHUJIO Jlormrans

1%, IIpuMeHsieM BTOpOI 3aMevaTeNIbHbIN MIPEeCIT
Ilpumepl:
2
x°+2x-3

2.1 = .~
-1 _
Brruncnure npeaen x=13x" —5x+2

Pewenue.

2 2
. X +2x-3 _ 1"+2-1-3 _|[0
[Moncrasisiem 3HaYeHue: lim —— =— ==
x-13x—5x+2 3-1°-5-1+2 \0
[Mpunuy K HeonpeaeneHHocTH. CMOTPUM B TaOJIMILy HEOIIPEAEIEHHOCTEN I BEIOOpA METOIA
pellenus ¥ IpoOyeM yIpOCTUTh BhIpaxkeHne. Tak Kak M YMCIUTEND U 3HAMEHATENL 0OPAIaloTCs B
HOJIb TIPY X=1, TO €CJIM PA3IOKKUTh HA MHOKUTENU DTH BHIPAKEHHUS, MOXKHO OyIET COKpATUTh (X-

1) u HeoIpe1EIEHHOCTh UCUE3HET.

Pa3noxkuM 4UCIUTENh Ha MHOKHUTEIIN:
2
x +2x—-3=0

D=2"-4.1(-3)=16=

X -3
2
_‘_(:2 = _2+—;ﬁ = 1 p—

X' 4+2x-3=(x+3)x-1)

PaznoxxuMm 3HaMeHaTe b Ha MHOXKHUTECIIH:

3x* —5x+2=0
D=(-5f-4-3-2=1=
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Ham npeacii npuMeT BUA:

i X+2x=3 [0\ .. Ix+3J[x=1] .. x+3 _ 143 _
M eea 0] m =lim 2\~ A
x -1 X — X = X -
3[x—=|lx—1] 3[x—=| 3|1-=
xogfxmt (X 3) ( 3)

[Mocie npeoOpa3oBaHms HEOPEIECICHHOCTh PACKPHLIACK.
3
x"+2x-3
ey |

Omeem: *=1 3x" = 5x+1

PaccmoTpum npenensl Ha 6ECKOHEUHOCTH OT CTENICHHBIX BhIpaskeHH. Eciu mokazaTenu
CTETIEHHOI'O BBIPa)KEHUS MOJIOKUTEIBHBI, TO Mpeiel Ha 0eCKOHEYHOCTH OeckoHeueH. [Ipuuem
OCHOBHOE 3HaUCHHE UMEET HAaHOOJIbIIasl CTETIEHb, OCTAJIbHBIE MOKHO OTOPACHIBATb.

Ipumep?2:.
L ox +2x" -4

- 7 7
Brraucnuts npeaen 3x +12

Pewenue.

T &
. X +2x -4  fe

= 3x 412 o0
CreneHb YMCINTENS PaBHA CEMU, TO €CTh m=/. CTeneHb 3HaMEHATEs TAK)KE PaBHA CEMH n=/.
Pasnenum u YMCIUTENh U 3HAMEHATE)b Ha -*

x +2x°—4 2 4 2 4
7.5 — +=-—= I+—=-—
. X +2x -4 .. . X x _ oo o0 _1+0-0_1
lim ~ =lim 2 =lim o o - 340 3
xoo 33X +12 x-0 33X +12 X -0 34+-= 3+—=
7 7 7
X X o

X

. X +2x -4

1
Omegem:*== 3x" +12 3

. . . sinx _
IlepBblii 3aMeuaTebHbII Mpeaes umeeT By lim . =1
x -0

Ha IIPAKTHUKE Yallle BCTPEYAOTCA MO[[I/I(l)I/IKaIII/II/I NMEepPBOro 3amMmevaTeJbHOro nmpeaeja B BUaC

. sin(kx|
lim 2o —q
0 kx

rae, k — KodpUIueHT.
CrencTBus MepPBOro 3aMevYaTeIbHOIO Mpejea:
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lim —X— =lim —+ =11
1. x_osinx x_.o sinx 1

X
1 1
I =1 =1-1
2. XIT) sin kx leré sin 1
kx
Ilpumep 3:
fim si.n(Bx}
Haiitu npegen: “~° 2
Penrtenue:

IloxcraBisieM 3HaUEHHE:

tim 3511[3:.{:] _/0

=0 Dy 0

[Tpunutu kK HEONPEACICHHOCTH HOJIb JICJIUTh HAa HOJIb. CMOTPUM B TaOIUILY

HEONPEIeACHHOCTEH TS OnpeiesieHus: MeToa penieHust. KoMOnHanuys cuHyca u ero apryMeHTa
MOJICKa3bIBACT HAM O MPUMEHEHHUH TIEPBOTO 3aMEYaTeIbHOTO MPeJieia, HO JJIs 3TOT0 CHavaa
HY>KHO HEMHOTO Ipeo0pazoBath BeIpaxkeHue. JJOMHOKUM Ha 3X U YUCIUTENh U 3HAMEHATEIb
IpoOH.

. sin[3x)_(0|_3xsin[3x] .. [sin(3x] 3x| .. [3 sin(3x
lim ————=|<|= =lim 2= )im [ 2. 2222
x-0 2X 0/ 3x:2x «x-ol 3x 2x) x.0\2 3x
. (‘sin(3x]
Lim —lf ']\-i=1
B cuily CIIEACTBHSA M3 IIEPBOTO 3aMEYaTEILHOrO Mpe/ena =0l 3x ) , TIOOTOMY HPHXOHUM K
pe3yJbTaTy:
. (3 sin{3x)} 3 . 3
(3 i3 3 3
=002 3x ) 2 2

X

N . . 1
Bropoii 3ameuarebHbIi npegesn umeer Bu: lim [ 1+—| =e
X

X — 00

1/x__

WJIY B IPYyTOU 3alUCHU lim [1+x] e
X

B ciydae BToporo 3aMedaTesbHOTO Ipeziesia IMeeM JIEI0 ¢ HEOIPENeIeHHOCTIO BH/a ANHHUIA B
cTerenn 6eckOHeuHOCTh|1%)

Ilpumep 4:

==l x?+1)
Braucnute mnpeaeia

IToxacraBasiem OECKOHEUYHOCTb:
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00’41

+ =(1-0["=(1"]

x’¥1
4 —

2

1—
0o’ +1

lim

X > 00

x +1

HpI/IH_UII/I K HCOIIPCACICHHOCTU CIUHHNIIA B CTCIICHU OCCKOHEYHOCTb. CMOTpI/IM B Ta6n1/1gy
HGOH[!GQ!@J’I@HHOCTGI\/'I IJIA OIIPEACTICHUA METOAA PCIICHUS U OCTaHABJIMBACMCA HAa IPUMCHCHHU U
BTOPOI'O 3aMC€UATCIIbHOI'O IIpC/ciia.

—x*+1 x*+1 -t
= =

4 2

CnenaeMm 3ameHy nepeMeHHbIX. [lycTet =

Eciu X —90 1o I > —F

Hcxonublil mpeaen nociie 3aMeHbl PUMET BUI:

¥+l 1 !

—_— -t Y 1
inf1- 2" () otmfo ] (121
X—p® _‘{_"'—|-]_ L= i o ] i

Hpumep S:

1 X
. X—
Brrunciuts npenen ==l X+
Pewenue:

HOI[CT&BJ'IHCM OECKOHEUYHOCTb:
X

-1
im(157) e | -(55) -0
e x4+ e ] 1+_ +
X

HpI/IHIJ'II/I K HCONIPCACJICHHOCTHU €ANMHNIA B CTCIICHU 66CKOH€‘~IHOCTB, KOTOpast yKa3bIBaCT Ha
INpUMEHEHHE BTOPOTO 3aMeyaTesIbHOTO Tpesiena. Beinenum nemyro 4acTb B OCHOBaHHH
MOKA3aTeIbHO CTENICHHON (PyHKITHH:

x—1_x+1-2 x+1 2 1 2

x+1 B x+1 _x+1 x+1 B x+1
Torz(a Hpez[en 3alIMICTCS B BUAC.
].i.‘ln[x_l) ={1°°}=]im[l——2 )

r—=ml y 4] x—m x+1

Cnenaem 3ameny nepeMeHHbIX. [ycTh

t=—%z¢=2t=—x—l:‘=x=—2t—l

Eciu & — % 1o I —>=C

Hcxonublil mpeaen nociie 3aMeHbl IPUMET BUI:
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—2t—1
=lim

t - oo

—2t

I—L) =lim . 1+l
X+

X — 00

1+=
t

1+l
t

|

=lim

t »o00

1+l

B npeo6pa30BaHI/I${x OBLIN MCIOJIH30BAaHbI CBOMCTBA CTEIICHU U CBOMCTBA IMpeaciioB

3ananne:Beruncants npeaes GyHkumii:

Bapuanr 1.
2
limzxi_g
a) x»3 X —8x+15
lim X+5
b) x+23X—6
limsin17x
C) x»08in12x
X
lim[1+—3
d) Ao\ X
Bapmuanr 2
lim X*+x—20
a) x=4 X2—16
lim 3x+6
b) x»22x—4
sin7 x
c) x+0Sin13x
X
lim 1+2 4
d) X0 X

KonTposabHbIe BONPOCHI:

1) Uto Ha3bIBaeTcs npeaenoM QyHKIuu?

-2t

2) Kaxkas cBsI3b CyIIECTBYET MEXIY OECKOHEUHO MO U 6ECKOHEYHO OOIbIION (yHKINEH?

3) HazoBuTe BUIbI HEONIPEIETICHHOCTEH.

ITPAKTUYECKAS PABOTA Ne §

-lim

t —» o0

1+l

Ha3zeanue l'lpaKTI/I'leCKOi/i paﬁDTbI: Botuucnenue np0u36001-lblx I1EMEHMAPHBIX U CIIOHCHbBIX

dyukyuii.
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Llesb padoThI:HAYYUTHCS HAXOAUTh IPOU3BOIHBIC GYHKIUH 10 popmynam nuddepeHIpoBaHuUS.
3HAHUSL:

OCHOBHBIE TOHSTHS M METOAbl MaTEeMaTMYECKOTO aHalln3a, JUHEWHON anreOpbl, TEOpUU
KOMILJICKCHBIX UUCEJl, TEOPUU BEPOSTHOCTENH U MAaTEMaTHUECKOM CTaTUCTUKU; OCHOBHBIC IOHATHS U
METO/bl MaTEeMaTHYECKOTO aHalu3a, JUHEHHON anreOpbl, TEOPUH KOMIUICKCHBIX YHCEN, TEOPUH
BEPOATHOCTEN U MAaTEMATUYECKOM CTAaTUCTUKH;  pellaTh NPUKJIAJHbIE 337a4l C UCIOJIb30BaHUEM
3JIeMEHTOB U pepeHIINaTbHOTO U MHTErPaIbHOTO HCYUCTICHUI
YMeEHHUS:

aHAJM3UPOBATh CI0KHbIE (PYHKIMU U CTPOUTH UX rpaduKu

Teoperuyeckunii MmaTepuaJ

IIyTh x — apryMeHT GpyHKUuH f{x) 1 24X - Manoe 4ncio, OTINYHOE OT HYJIA.

AX (ynuraercs «uenbTa MKCY») HA3BIBAIOT MPHpAIEHHeM apryMenTa dynknun. Ha pucynke mo

ocu abCcIuce NOKa3aHo U3MEHEHUE apTyMEHTa OT 3HAYEHHS X 10 3HAYCHHS +Ax (oTcrona BuaHa
CYTh Ha3BaHMs IIPUPAIIECHUE» apTyMEHTA).

X, . Xp+ Ax
[Ipu nepexone oT 3HaueHuUs1 aprymenrta “ & K

f (xﬂ] f [Iﬂ +ﬂ'|._‘{.":|

COOTBETCTBEHHO OT © 1o  MIpU yCIOBUY MOHOTOHHOCTH (DYHKIIMU HA OTPE3KE

3HA4YCHUA (I)YHKI_II/II/I HU3MCHAIOTCA

%05 Xo+ A X . Pasuoctsf X+ A X|— (x| = Af x| naseisaror npupamennem dynxmmn f(x),
COOTBETCTBYIOIIEM JAHHOMY MPUPAIICHUIO apryMenTa. Ha prcyHke mpupaiienne QyHKIHN
TI0Ka3aHo 0 OCH Op/IMHAT.

I v ] v L] v ¥
www.cleverstudents.ru 0

X+ Ax

|
X

OnpenesieHue Npou3BOAHOM (PYHKIMHU B TOUKE.
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[Tycte pyHKIUs f(X) onpeeneHa Ha IPOMEKYTKe (a, b), Xo %o +Ax

- TOYKH ATOTO
npomexxyTka. [IpousBoanoi pyHkuuu f(x) B TOUKe X0 HasbiBaeTCs Ipenesn OTHOIIEHUS
npupamieHus GyHKINU K MPUPALICHUIO apryMeHTanpu &x =0 Ogosnauaercs

. X
/[x,]= lim Aflx]

AXx-0 AX

IIpaBuna nupdepenuuposanusa. IipousBoanbie djIeMeHTAPHBIX QYHKU UM

1. (C)‘.’:O 11. (ax)(J:aXlna
x'=1 (sinx)ézcosx
2. X 12.
3. (U+V)6:ué+vb 3. (cosx)L:—sinx
( )C_ b b .
4 UV =uv+vu tgx| = >
14, Cos“ x
ul'_u'v+vu (__—
gy_uvrviu ctgx [ =—
s |V V2 15. sin”x
6. (CU)L:UCL (arcsinx)"’:#
' 16. Vi—x’
T _ 1
7. (Xn =nx" larccos x|’ = ——
17. Vi-x°
. 1 h
Inx/‘'== arctgx |’ =
8.(\ x== N aretgx|'=——
log x)(’:§log e \arctgx|' = 1:-x2
9. 19.
0 (ex)[’:ex

HaiiTn npou3BoaHble cieayromux GyHKmii:

IIpumep 1

y=x*-4x+3.

Pemenne:

y /= (x*-4x+3) '= (x?) - (4x) + 3.

Mo popmymam 1,2, 3,6 u 7 tabauusr 2.1, moxyunm y = 2x-4.

Ipumep 2
[P U

Yx x* 3x°
Pemenne:
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BBogs 1poOHbIe U OTpUIIATENBHBIC [TOKA3aTENH, IPeodpasyeM JaHHYIO (DYHKIIUIO:
1 -1

2

y=x2+5x P —x~ +%x‘3

[Tpumensist popmyiisl (6 u 7), MOTYUHM:

1 1 4
y :%x§_1+5 —%)X_g_l—( 2)x_2_1+(_33)x_3_1=%x_2—§x_§+2x_3—x_4
o _ 1 5 +£_i
Y ToVX 3 X X
Ipumep 3
§%ﬂ:_i%_ il
1+vx . Berunciuts Sﬁ .
Pemenne:
[To popmynam (5 u 7) momydum:
1 Vx 1 1 1
—u i —11 - S
@L(X):(\/X) (1+\/;)_(1+\/;) \/;: 2\/X( +\/;) 2\/X — 2\/;4-2 2 )
[14+x)? 1+vx)° 1+Vxf
§lx]= ——;
2¢xh+¢x)
1 1 1

¢ [X):zﬁ(1+ﬁ)2:2-22:8

Ipumep 4

(1+¢;V

y:

Pewenue:

PackppiBaeM CKOOKH ¥ TIPOU3BOIHMM JICTICHHUE:

1+Vx)? 142Vxex 1 2
= =—+—+1

X X \/;

Hcnone3yeM ApoOHbIE M OTpHULIATEIbHBIE MOKA3aTeNH, MPUBOJS JAaHHOE BbIpakeHUe K BUILY (7)

Tabuue! 2.1:;
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1
y:x_1+2x 241

HaxomuM mpousBoJHYIO y

i ) T 1 1
=—X “+2|= =
d 2 x? \/x3
Hpumep S

HaifTy IpoM3BOHYIO 2-T0 MopsiaKa oT GpyHkiuu Y = X*Sin X
Pemenue:
Hcnonb3ys popmynst 4,2 u 12 tabmuns! 2.1, HoxyduM:
[ b . . 18 .
yGZ(X) SInX+Xx (Sll’lX) =SIn X+ XCosS X
JuppepeHumpys NPOU3BOIHYIO Y |, UMEEM:
I . 1 18 18 .
y =[sin x|*+(x|° cos x+x[cos x|’ =cos x +cos x — xsin x=

=2cosx—Xxsinx

IIpumep 6

I[BI/I)KCHI/IG JICTYHKA IIPU KaTallyJIbTHUPOBAHUN U3 PCAKTUBHOI'O CaMOJICTAa

3
MOXHO TPHOJU3UTEIILHO OmnucaTh (OpMYJIOn S= 3’7 t"+Int—19¢ (m). Omnpenenutsb
CKOPOCTh M YCKOPEHHE JIETYMKA Yepe3 2 ¢ Mocle KaTamyIbTHPOBAHUS.
Pemenue:

[To popmynam 3, 6,7 u 8 Tabnuuel 2.1:

v=%,v=(3,73+lnt—l9t)' ,
1 dv 1
--19=25,9 a=—";a=11,1t'+--19;
Torna v=3,7+3t> + t m/c; dt t
_ Lim) =~ _ _1_ M
a=22,2t t2(02 ;a,_>=22,2-2 4—44,15%2
4. IIpou3BoaHAsA CJI0KHOH (PYHKIHH
Ecm Y :é (u) , TIe u=¢|(x| , T.€. €CJIM y 3aBHCUT OT X 4epe3 MPOMEXYTOUHBIN

apryMeHT U, TO Y Ha3bIBaeTcs CIOKHOM (pyHKIIMEH OT X.
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[TpousBogHast CIOXKHOM (YHKIMM paBHa MPOU3BEIACHUIO €€ IPOU3BOJHOM IO

IIPOMEKYTOUHOMY apryMEHTy Ha IIPOU3BOJHYIO 3TOTO apryMEHTa II0 HE3aBHUCUMOW IEPEMEHHOM:

y=¢ lulu'lx]
Hexkotopsie hopmysibl TaOIUITEI MPOU3BOIHBIX TEMIEPh OYIyT UMETH BUT :
(un )L=nu”_1-u‘.’
'sinul =cosu-u’
‘cosul =—sinu-u’
U T.J.

5. HaiiTH nNpou3BOAHBIE CIeTYIOIHX (PYHKIHNM:
IIpumep 1.

y=[145x]
Pemenwue:

[Monaras 1+5x = u u y = u’, npumenss npaBuio qudPpepeHIUpOBaHNS CI0KHON (QyHKIIUH, UMEEM:

y=3u(145x =3[ 145X PS5 =15( 145 x/6d2 4 i

Ipumep 2

y=sin3x
Pentenue:

[Tonarast 3x= u, Haii1eM, UCTIONB3YsI COOTBETCTBYIOIINE OPMYIIBI:

b

y'=lsin | =[sinul' =cosu-u'=cos3x*3
b
y =3C083X.

Ipumep 3

.3
y=Ssmx
Pewienue:

[Monaras x*= u, HaligeM:

)’Z’Z(Sin x3)é=(sin u)dzcosx-u"’:?;xzcos x>
Ipumep 4
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o _ 2
B KaKoii MOMEHT BPEMEHH CKOPOCTb TeNa, ABMKYIIErocs 1o 3akony S=3t"—15t+2  papna
0? Haittu yckopeHue Tena.

Pewuenue:

X
. > a8
S Y=

CKOpOCTb TCJIa V - 3TO ICpBad MpPOU3BOAHAA OT INCPEMCIICHUA Mo BpCMCHMU: )

v=32-15c+2/'=16¢—15.

3aKOHY
15
t==—=25(c|
Ecmu v=0, To 0=16t-15 = 6
9
- - > d v
a % ==
YckopeHue — 5TO mepBas NPOM3BOAHAS OT CKOPOCTH 0 BPEMEHHU: t
a:(6t—15)":6("/2)
C
Hpumep S

Touka coBepinaeT KosneOaTelbHble JBMKEHHS MO ocH adciuce mo 3akony X—COS®L  Hajitu
MOMEHT BpEMEHH, KOI/1a CKOPOCTh paBHA HYJII0. YeMy B 3TO BpeMs paBHO X?

Penrtenue:

dx X
V=—=—@sin ot

dt . 0=wsinot
KT WKTT
KT=t=>t— xX=cos—==1
W . o)

3ananue:BpinosiHUTE 32JaHUATIO BAPHAHTAM

Bapmuanrt 1
(v =2y +1)°
1. Haiinure npousBoanyro GyHKIMA VX L2x + 1 .
a) vlx) =320+ 1) 6). v lxl=3l2ve1)
B) viel =002 +1) . I‘) Vil =ol2r+1]

X~ -
f{x) =—+cosdx
. : 3
2. Haiigure npousBoaHy0 QyHKIMHU =
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£(x) =2- Ssin5x g)/ (¥) =x-3sin3y
a). 4

B). /(x) =x+5sin5x r)_f"{ x) =x-sinSx

R
3. Hai y y=4x" - 6x+3
. Haiigure aGcumccy TOYKH, B KOTOpPOH KacarelbHas K rpaduky (YHKIUU -

. v =2x+3
HapanneﬂLHa Hp}IMOI/I . .

a). -2 0) 1 B). 2 r). 3
4. Haiinutre yrmoBoil Kod(pHUIMEHT KacaTeNbHOW, TNpPOBeACHHON K Tpaduky (yHKIUK
- R, —
Fix) =" 77 - 4x —-

X
B TOYKE ¢ abciuccoii L

a) e~ - 4 0) -8 B) -3 r) -4

Bapuanr 2

y vix) =(4x+9)""
1. Haiigure mpon3BoaHyIO QYyHKINAN - .

a) vix)=-12(4x+9) " 6) vix)=3(4x+9) "
B) vix)=12(4x+9) " roovlx) =3(4x+9)77
i 1 . [ 4 )
flx) z{;.x' Lt cosax
2. Haiinute npou3BoaAHYI0 QYHKIUU 2 4
a) flx) Zé.l'j - x7 - 3cosdx

i a 2 5 5
6) [ lx)=x"-x"-3sin3x

oy 365 4 ..
B) [ lxl==—/x"-x"-sinix
]
i 3{’ 5 3 5 ' ]
r) [ lxl==—x"-x" -3sin3x
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| '1.':'2+'+ oy =
3. K rpaduxy PynKImm Jix ' v+l B TOouke ¢ aOcuuccoi x =l IpoBeJeHa

KacarteabHas. Halimure a6cunccy TOYKH IIEPECCUCHUA KacaTeJIbHOH ¢ ochio OX.

a) 0 0) -% B) -

Lad | —
-
N

e | —

4. YkaxuTe yrol  HakJIOHa  KacaTeNbHOW, TPOBENEHHOH K  Tpapuky  (yHKIUH

fx)y=v3-¢""° Y, =0

B TOYKE ¢ a0cCIucCcoi

a) 60 6) 45 B) I3

I.‘,_j
L
=
N
P ]
=

KonTpoabHbIe BONPOCHI:
1) 3anumuTe onpeaereHue MPOU3BOTHOM.
2) Yem ominyaeTcs IPOU3BOJHAS CIOKHOM (DYHKIMH OT IMPOU3BOJHOM 3JIEMEHTapHOMN

byHKIUN?

INPAKTUYECKAS PABOTA Ne6

Ha3Banue npakTuueckoilt padboTbl: AHAIU3 C1OHCHOU YyHKUUU U nocmpoeHue eé zpadhuka
Hean padoTbi:HayuuTbcst HAXOAUTH C TOMOIIBIO MIEPBOM TPOU3BOIHOM TOUKH IKCTPEMYyMA

Y MHTEpBaJbl BO3pacTaHus U yObIBaHUs (PYHKIIMU; C TOMOIIBIO BTOPOM MMPOU3BOTHOM TOUKH
nepernda U UHTEPBAJIBI BBITYKIOCTH U BOTHYTOCTH (D)YHKLMH; C TOMOIIBIO TIPEEIIOB
BBIUUCIISATH ACUMIITOTHI Tpaduka QyHKIUHU; CTPOUTH IPa(UK MO MOJTHOMY HUCCIIEOBAHUIO
byHKIMHA

3HAHUSL:

OCHOBHBIC TIOHSTHS M METOJbl MAaTEeMaTHYECKOTO aHaIM3a, JIMHEHHON anreOpbl, TeopHu
KOMILIEKCHBIX YUCEIl, TECOPUU BEPOSTHOCTEH W MATEMaTHUECKOW CTATHCTUKU; OCHOBHBIC TIOHATHS U
METOJIbl MaTEeMaTHUYECKOTO aHajiu3a, JMHEHHON anreOpbl, TEOPUHM KOMIUIEKCHBIX YHCEJ, TEOpUU
BEPOATHOCTEH U MATEMATUYECKON CTATUCTUKHU;  pelIaTh MPHUKJIAJHbIEC 337a4d C UCIIOIb30BAHUEM
2JIeMeHTOB U PepeHITNATEHOTO M HHTETPATTBHOTO UCYHCIICHHH
yMEeHMusl:

aHAJIM3UPOBATH CIOKHBIE PYHKIIUU U CTPOUTH UX TpaduKu

Teopernyeckuii marepua:
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1.

rpaduk

IMonHoe ucciaenoBanue (PyHKIUU U IOCTPOeHHe rpaduka.

Crowut 3a1aya: MPOBECTH MOJHOE HCCeA0BaHNE (PYHKIIUU U IOCTPOUTH €€

ﬂTJ:Y—

4y =1

AJ'IFOpI/ITM HUCCICJO0BaHUA (I)yHKI_II/II/I COCTOMUT U3 CIICAYIOIINX MIAaroB.

Haxoxnenne odsacTi onpeaesieHus1 PyHKIMH.

DTO0 O4YEeHb BAXKHBIN LIAr UCCIIEJOBaHUS (PYHKIIMHU, TaK KaK BCE JaJbHENIINE 1eHCTBUS OyayT
MIPOBOAMUTHCS HA 00JaCTH OMPE/ICIICHUSI.

B Hamem npumepe Hy’KHO HAWTH HYJIM 3HaMEHATeNsl U UCKIFOUUTh UX U3 00JIacTH
JIENCTBUTEIBHBIX YHCE.

4x - —-1=0
1
Y=o — =
2
) 1"‘| Fq 1.1 ,1 \
XE| —oli—m— || ——i— u|—'.—:¢
2 272)7\2°

(B mpyrux npumepax MOryT ObITH KOPHH, JOrapu@Mmbl U T.I.HamoMHUM, YTO B 3THX ClTydasx
00J1aCTh OTpeIeIICHUS UIETCS CIICTYIONUM 00pa3oM:

.
ISl KOPHSL YE€THOM CTENEHHM, HAIIPUMED, ¥ < - 00J1aCTh ONpPEICIICHNS HAXOAUTCS U3
glfx =0
HepaBeHCTBa < ;
log , g(x) (x)=0

£
i Jorapudma - 00J1aCTh OTpeIeTICHUS] HAXOIUTCS 3 HEpaBeHCTBA < ).

I/ICCJ'[e]_IOBaHI/Ie (l)yHKI[I/IH HA YeTHOCTH UJIM HECYETHOCTD.
5 yi—x)= y{x)
DyHKIWS ABISETCS YETHOM, ecm * * /. YetHOCTh (QDYHKIMU YKa3bIBAET HA
CHMMETPHIO rpadka OTHOCHTEILHO OCH OPANHAT.

§ —x)=—plx)
DYHKINSA ABIACTCS HEYETHOM, ecitit ~ © " . HeueTHOCTH (DYHKIIMHU yKa3bIBACT Ha
CI/IMMeTpI/IIO rpa(bI/IKa OTHOCHUTCIIBHO HAadaJia KOOp,Z[I/IHaT.

ECJII/I JK€ HU OOJHO U3 paBeHCTB HC BLIHOJIHSICTCSI, TO Hepeﬂ HaAaMHU d)yHKHI/Iﬂ 06HIGFO BH]IA.

y(=x)=yx)
B Hamem npumepe BBIOJIHAETCS pABEHCTBO * * ° -/, cleoBaTeNbHO, Halla (PYHKIUSA

yeTHas. bByJeM yduThIBaTh 3TO PU OCTPOCHUH TpaduKa - OH OyIeT CHMMETPUYEH
OTHOCHUTEJILHO OCH 0.

Haxoxnenne nmpoMesKyTKOB BO3pacTaHus M YObIBaHUsA (GYHKIMH, TOUEK IKCTpeMyMa.

¥

ITpoMexyTku Bo3pacTaHusl U yObIBaHUS SBJISIOTCS PELICHUSIMU HEPABEHCTB f lf‘{] =0
¥

u f h )=0 COOTBETCTBEHHO.
Touku, B KOTOPBIX IPOU3BO/IHAS 0OpaIaeTCs B HOJIb, HA3bIBAIOT CTALIMOHAPHBIMHU.
Kputnyeckumu Toukamu pyHKIMH Ha3bIBalOT BHYTPEHHUE TOYKU 00JIacTH ONpE/ENICHus, B
KOTOPBIX IPOM3BOIHAS (PYHKIIMH paBHA HYJIIO MM HE CYLIECTBYET.
3AMEYAHMUE (BKirouaTh U KPUTHUECKUE TOUKH B IPOMEKYTKH BO3PACTAHUS U YOBIBAHMUS).
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3.

4.

Ilonar aroT, YTO MPOMCIKKYTKHU BO3PACTAHUA U Y6BIB8.HI/I$I SABJIAHOTCA PCIICHUAMUA

¥ ¥
HEPABEHCTB f H] >0 u f Ifr] - G. B 5TOM Ccityyae KpuTHYECKHE TOUYKU HE BKIIIOYAIOTCS B
IIPOMEXKYTKH.
[TonaratoT, 4TO TOUKH, B KOTOPBIX (DYHKIIMS OTIpeieieHa, a KOHEYHON POU3BOJHOM HE
UMeEeT, Hy’KHO BKJIIOUaTh B IPOMEXYTKH BO3pacTaHus U yObIBaHUS (Hapumep,

=3

¢byHKUuA ~ * B Touke x=0 olpeziesieHa, a IPOU3BOHAs B 3TON TOUKE
R S o
A
OeckoHEeuHa 3-x° , X=0 cielyeT BKJIIOUYNUTb B IPOMEKYTOK
BO3pacTaHus (PyHKINN).
Mpl OyieM BKIIIOYATh KPUTHUECKUE TOUYKH B IPOMEKYTKH BO3pacTaHUs U yObIBaHUS, €CIIU OHU
MIPUHAJIEKAT 00JIaCTH OnpeAeTeHUs] QYHKITUH.
Taxum 06pa3oM, 4TOObI ONIPeieIMTh MPOMEKYTKH BO3PACTaAHUS U YObIBAHUS (PYHKIINU
®  BO-NEPBbIX, HAXOJAUM MIPOU3BOIHYIO;
® BO-BTOPBIX, HAXOJUM KPUTUUYECKUE TOUYKH;
® B-TPEThUX, pa30MBaeM 00JIaCTh ONpeAeNeHUs] KPUTUYECKUMU TOYKaMU Ha HHTEPBAJIbI;
® B-4YETBEPTHIX, ONPEIEISIEM 3HAK IPOM3BOAHON Ha Ka)KJIOM U3 IPOMEKYTKOB. 3HAK
«ILTFOC» OyET COOTBETCTBOBATH MPOMEXKYTKY BO3pACTaHUsI, 3HAK «MHHYC) -
MIPOMEXYTKY yOBIBaHUS.

2| k2

HaXOI[I/IM HpOI/I3BOHHyIO Ha O6HaCTI/I OHpeI[eJleHI/ISI
oA —1)- x4 —1) —2x
filoy= X B X B L Y

. l4x? =11 |4x* =1

HaXOILI/IM KPUTUYCCKUEC TOYKH, AJId 3TOTO:

=0.

HaxoJnM CTalMOHAPHbIE TOUKH (OHM ke HyJIH YHCIIUTENs): B HAllleM IIpuMepe ™ . ~ ;

x=ik

b |

HaXOI[I/IM HyHI/I 3HAMCHATCJIA:
HaHoCHM 3T TOYKH Ha YKCIOBYIO OCh M ONPEAENIAEM 3HAK IPOU3BOJHON BHYTPH KaXKI0TO
MOJIyYSHHOT0 MPOMeKyTKa. Kak BapuaHT, MOXKHO B3SITh JIFOOYIO TOUKY U3 MPOMEXKYTKA U
BBIYUCIINTh 3HAUYCHUC HpOI/I3BOI[HOI>'I B 3TOM TOuke. Eciiu 3HaueHnue ITOJIOKHUTEIIBHOC, TO CTABUM
INIFOCUK HAad 3TUM HpOMe)KyTKOM nu HepeXOILI/IM K CHeI[yIOH_[eMy, cClin OTpI/IIlaTeJILHOC, TO

i1 7
Fi-n)j=—2tl 2
R VTR o
craBuM MuHyC U T.1. K mpumepy, s ! , CIIEJOBATENLHO, HAJ[

MIEPBBIM CJIEBA MHTEPBAJIOM CTaBUM ILTIOC.
+ + - -

1.

Fo
L=

W

Jlenaem BBIBO:

[ ]

b | = @

oL

o |
(yHKIHSI BO3pAcTaeT Ha IPOMEKYTKE </ nma POMEKYTKE
0: 1) 1
2) 27 )

GbyHKIMS yObIBa€T HA MPOMEKYTKE U Ha IPOMEXKYTKE =
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CxeMaTH4YHO IUTFOCaMHU / MMHYCaMHU OTMEUEHBI IPOMEXKYTKHU TJI€ MPOU3BOAHAS OJIOKHUTEIbHA /

oTpuIarensHa. Bo3pacratomiye / yobIBarolue CTpEIOYKH OKa3bIBAIOT HAIIPaBICHNE

BO3pacTaHus / yObIBaHUS.

Touxkamu sxcmpemyma @yHKyuy SIBISIFOTCS. TOUKH, B KOTOPBIX (DYHKIUS oNpeaesieHa U MPoxXo/is

4yepe3 KOTOPBIE IIPOU3BOIHAs MEHSET 3HAK.

B Hamem npumepe Touko# 3KkcTpeMyMma siBisieTcs Touka x=0 . 3HaueHne PyHKIHUU B ITON TOUKE
1

)=~ -
paBHO 407 -1 . Tak kKak MpOM3BOIHASI MEHSIET 3HAK C ITI0CA HA MUHYC TIPH
MPOXOXKACHUU Yepe3 Touky x=0 , To (0, () sBiseTcs TOUKOH JIoKanbHOro Makcumyma. (Eciu 6b1
MIPOU3BOHAS MEHsJIA 3HaK C MHHYCA Ha ILTI0C, TO Mbl UMEJTH OBl TOUKY JIOKQJTbHOTO MUHUMYMA).

4. HaxoxneHue NpoMe:KyTKOB BbINYKJIOCTH M BOTHYTOCTH (DyHKIIMHU U TO4YeK neperuda.

[TpomexyTKH BOTHYTOCTH U BBITYKJIOCTH (DYHKIIMU HAXOJATCS MIPU PELIICHUSIMHU

i - L) =
HEpPaBEHCTB f If_xf]_ P u f If‘.c] <0 COOTBETCTBEHHO.

I/IHOI‘I[a BOTHYTOCTb Ha3bIBAIOT BBINTYKJIIOCTBIO BHU3, a4 BBIITYKJIOCTH — BBIITYKJIOCTHIO BBCPX.

311ech TakXKe CIIpaBeUIMBbI 3aMEYaHUsl, TOA0OHbIE 3aMEYaHUAM U3 IIYHKTa IPO IPOMEKYTKU
BO3pacTaHus U yObIBaHUS.

TakuMm oOpa3om, 4TO0bI ONpeaeJMTh NPOMEKYTKH BOTHYTOCTH M BBINYKJIOCTH (DYHKIMH :

BO-IIEPBBIX, HAXOAUM BTOPYIO IIPOU3BOJAHYIO;

BO-BTOPBIX, HAXOJIUM HYJIM YHCIIUTENS U 3HAMEHATENsl BTOPOM MTPOU3BOIHOM;

B-TPETHHX, pa30uBaeM 00JIaCTh ONpeAeTICHNUS MOTYYSHHBIMUA TOYKAaMH HAa HHTEPBAJIbI;
B-UETBEPTHIX, OMPEAEIISIEM 3HAK BTOPOM MPOU3BOJHON HA KaKJAOM M3 MPOMEKYTKOB. 3HAK
«ITI0CY» Oy/IeT COOTBETCTBOBATH MMPOMEKYTKY BOTHYTOCTH, 3HAK «MHHYC) - IPOMEXKYTKY
BBIITYKJIOCTH.

Haxoaum BTOpYI0 NIpOU3BOIHYIO Ha 00JIACTH OIPEIEICHHUS.
[

(L —2x
frlx)=| ——— =
|:-IT- —1:]- ]
2 o 1f 2 ffar 1F ) 24
[ax*-1] (4x* -1

I[anee HIIEM HYJIU YUCIUTECIIA U 3BHAMCHATCIIA.

xe=t
B namem npuMepe HyJiel YMCIHUTENS HET, HYJIM 3HAMEHATEIIS
HanocuM 3TH TOYKM HA YUCIOBYIO OChb U OIIPEAEIIAEM 3HAK BTOPOU POU3BOJHON BHYTPHU
KQKJIOTO IOJIy4EHHOT'O IIPOMEXKYTKA.

b | =

]

\
M, / —
A

ko | =

&)
- i .
a'"j \ l \..\‘ /
; _ 3 \.
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1. JlenaeM BBIBOJ:

117
27°2)
e (yHKIUS BBITYKJIas Ha IPOMEKYTKE ;
1
- f"ié—;\. — ;+:.;:\}
,} ] 1
e (byHKIMS BOTHYTast Ha MPOMEXKYTKE </ U Ha IIPOMEXYTKE = J

T (%03 S (%) i 6 i
ouKa Ha3BIBAETCS MOYKOU nepe2uda, eCi B TAHHON TOYKE CYIIECTBYET

KacaTesbHast K rpaduKy (pyHKIUHM U BTOpasi MPOU3BOAHAs (YHKIIUU MEHSET 3HaK MpU

MPOXOXKACHUU Yepe3 Xo,

JlpyruMu cioBaMu, TOYKaMU Tieperuda MOTyT SIBIATHCS TOUYKH, IPOXOIS Yepe3 KOTOpbIe BTopast
MPOM3BOIHAS] MEHSIET 3HAK, B CAMHX TOYKAaX JIMOO paBHA HYIIIO, JINOO HE CYIIECTBYET, HO TH
TOYKH BXOJST B 00JIaCTh OnpeieneHus (PyHKINN.

B namem MpUMEPE TOUCK nepem6a HCT, TaK KaK BTOpasd MPONU3BOAHASA MCHACT 3HAK ITPOXOIA

1
X
5
4epe3 TOYKU < , 2 OHH HE BXOJAT B 00JIACTH ONpeIeTICHUS (PYHKITHH.

5. HaxoxkneHue ropu30oHTAJIBHBIX, BEPTHKAJIbHBIX H HAKJIOHHBIX ACHUMIITOT.
Topusonmanvhvie unu HaKIOHHbIE ACUMNIMOMbL CIIEAYET UCKATh JIUIIbH TOT1a, KOTaa PYHKIIHS
ornpeneneHa Ha 6eckoHeuHocTU. Ha rpanunax obnactu onpeaeneHust GyHKIMS

HMECT 6epmuKdalbrvle acumnmonivl, €CJIIN OAHOCTOPOHHUEC MPEACIIBL HKIINHW B 3THUX
I'paHUYHBIX TOYKax OCCKOHCYHEI.

xi=i

k| =

B namem npuMepe rpaHUYHBIME TOYKAMH O00JIACTH ONIPEACIICHUS SIBIISIOTCS
Hccnenyem noBeaenue GpyHKINUK Ipu MPUOIMKEHUN K TUM TOYKaM CIieBa U CTIpaBa, AJsl 4ero
HaWJeM OJTHOCTOPOHHHUE TIPEICIbI:

2 2
. X . X _ 14
lim ——= lim =- =+00
1 ,4x =1 1 [2x—1][2x+1]  [=2](-0]
2 2
. X X _1/4
lim —S—= lim = =0
o, AX -1 1, [2x=1][2x+1] [=2)(+0]
2 2
. x> x° _1/4
lim ——= lim = =
ol Ax - o, 2x=1)[2x+1]  [+2](-0]
2 2
. X X _1/4
lim ——= lim +00

1, 4x—1 1, 2x—1)[2x+1] C(+2]+0)
2 2

Il
I+
b | =

Tak Kak OJHOCTOPOHHUE MPEEITBl OECKOHEYHBI, TO MPSMbIC
BEPTUKAIBHBIMU aCUMIITOTaMH Irpaduka.

SIBJIITFOTCS
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' = F—o e
HakJ/0HHBIE aCHMIITOTHI HIIYTCS B BUAC NPAMBIX Y h + b , TAC -+

b = lim| flx)- jx]
51 FE .
Ecnu k=0 u b He paBHO OECKOHEYHOCTH, TO HAKJIOHHAS! aCUMIITOTA CTAHET 2OPUZOHMANLHOLL.
Yr1o Takoe BOOOIIE 3TH AaCUMIITOTHI?

OTO Takue JUHHUHU, K KOTOPBIM Ipubimxaercs rpaduk GyHkuu Ha 6eckoHeYHOCTH. Takum
00pa3oM, OHM OYEHB MTOMOTAOT MPHU MOCTPOEHUHU Tpaduka PyHKITHH.

Ecnu ropu30oHTaIbHBIX WK HAKIOHHBIX ACHMIITOT HET, HO (DYHKITUS OMpeIeNieHa Ha TITI0C
OECKOHEYHOCTH U (MJIM) MHUHYC OECKOHEYHOCTH, TO CJICTyET BBIUUCIUTH TIpeae (GyHKIMH Ha
TUTFOC 0€CKOHEYHOCTH U (WJIM) MHHYC OECKOHEYHOCTH, YTOOBI MIMETh TIPEICTABJICHUE O
noBe/ieHNH rpaduka QyHKIHH.

Jns Hamero npumepa

-

X
. (vl . 442 _
kzlimf'-T-J:lim Ax I:i]
i _'{' ¥—=C _-{-

PRI . X 1
b=lm|fix|-lkx|]=lm ——=—=
e TS T O 3

1
y=—
4

- TOpU30HTAJIbHAasd aCUMIITOTA.
Ha stoMm ¢ uccinegoBanue (I)YHKI_[I/II/I 3aBCPIIACTCH, ICPCXOANUM K ITOCTPOCHUTIO rpa(bmca.

Borunciasiem 3Ha4eHus1 QyHKIMH B POMEKYTOYHBIX TOYKAX.

st 6oee TOYHOTO MOCTPOCHUS Tpadrka PEKOMEHAYEeM HANTH HECKOJIBKO 3HAYCHUH (yHKIIUH B
NPOMEKYTOUHBIX TOUKAX (TO €CTh B JIIOOBIX TOUKAX M3 00JIACTU ONpeeeHus: GYHKINN).

Jlns Hamiero npumepa HaiiieM 3HaueHusi QyHKIUH B ToUKax x=-2 ,x=-1 ,x=-3/4 ,x=-1/4 . B
CHJTy YeTHOCTH (PYHKIIMH, 3TH 3HaYeHUs OYyIyT COBIAaTh CO 3HAUCHUSMHU B

Toukax x=2 ,x=1 ,x=3/4 ,x=1/4.

fl=21=f12)= 2: =ia[]f1”f
T 4271 15
PR P 1° 1
(—11= fl1)= . =—=0.33
fl= =g =3 %0
|r;inf
C 30 3 L4 9 .
AN 72
4 B3
4
|._.-l-._1l:
Co1 1y L4
— =fl- = =—__ 2008
f| 4 ) f| gy 12 '
4= -1
L4 )

IHocTpoenne rpajduxa.
CHauaia CTPOUM aCUMIITOTBI, HAHOCHUM TOYKH JIOKAJIbHBIX MAKCUMYMOB U MUHHUMYMOB
(byHKLNHU, TOUYKU Tlepernda v NpoMexyTouHble TOUukH. [l y06cTBa NOCTpOoeHUs rpaduka
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MO>KHO HaHECTH M CXeMaTHUeCKoe 0003HaUYCHHE IPOMEKYTKOB BO3pacTaHusl, yObIBaHMS,
BBIIMYKJIOCTHU U BOTHYTOCTH, HE 3psl )K€ MbI IPOBOJIMIIM UCCIIEI0BaHUE (PYHKIMU =).

b | =

1
X=—— x=
7

b
..

1
[
-
]
I
—
(=
—
b
Lad

Ocranioch MpoBECTH TUHUH rpaduKa yepe3 OTMEUCHHbIE TOUKH, MPUONIMKAS K aCUMITOTaM H
CJIeZlysl CTPEJIOYKaM.
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b | e

3a)IaHHe:BbIl'l0.]'lHl/lTe 3a/laHMs 110 BapuaHTaM

Bapmnanr 1

Bl

1. Haiitu npoMexxyTKU BO3pacTaHus U yObIBaHUS (PYHKIIHH

y=%x3—gx2+6x

2. HccnenoBate GyHKIHUIO U IOCTPOUTH €€ TpaduK.

f(x):x2—2x+8

f(x):—x2+5x+4

2
X

_x 1
Fl)="7+5+s

Bapuanr 2

1. Haiitu npomMexyTKu BO3pacTaHus U yObIBaHUS (DYHKIIMU



1 5 12
==X —=X"+6
Y=3X T

2. UccenoBath GyHKLHMIO H IOCTPOUTH e IPadHK.
f(x):—x3+3x—2
f(x):x4—2x2—3
fx)=x’+3x+2
f(x):3x2—x3

KoHnTpoJibHbIE BONIPOCHI:
1) HazoBute anroput™m aHanausza QyHKIUH.

2) HazoBute BUIbI ACUMIITOT.

ITPAKTUYECKAS PABOTA Ne 7

Ha3Banue mnpakTuyeckoidi padoTbl: Buluucienue HeOnpeoenéHHbIX UHMEZPANo8 ¢
UCNOb3068aAHUE MAOIUYBL OCHOBHBIX UHMEZPAII08.

Leab padoTbI:HAYYUTHCS BBIUUCISITH ONPEACTEHHBI HHTErPAIbl ¢ TTOMOIIBIO TaOIUIIBI OCHOBHBIX
MHTErpajoB

3HAHMSA:

OCHOBHBIE€ TOHSATHS M METOAbl MaTEeMaTHMYECKOTO aHallu3a, JUHEWHON anreOpbl, TEOpUU
KOMIUIEKCHBIX YHCEJ, TEOPUU BEPOSTHOCTEH U MATEMAaTHUYECKON CTATUCTUKU;, OCHOBHBIC TMOHATHS U
METOJIbI MAaTEMATHYECKOTO aHanu3a, JTUHEHHOW anreOphl, TEOpHUH KOMIUIEKCHBIX YHCEN, TEOPUHU
BEPOSITHOCTEW M MATEMAaTHUYECKOM CTATUCTUKHU;  PEIIaTh MPUKIAIHBIE 33a/1a4U C UCIIOIh30BaHUEM
3JIeMEHTOB U PepeHIINaTEHOTO U UHTErPAIbHOTO UCUUCTICHHM
YMEHHus:

Pemarp mpukiagHbie 3aa4d ¢ UCTIOIB30BAHUEM AJIEMEHTOB IU(QepeHITNaTLHOTO U
WHTErPaIbHOTO NCYUCITICHUI

TeopeTnyeckuii MaTepuasI:

OmnpenesieHue NepBOOOPa3HOIL.

[TepBooOpasHoii GyHKIMHM f(X) HA TPOMEXKYTKE (a, b) Ha3bIBaeTcs Takas GyHKuUA F(x), 4TO

, ‘
F'(x)= flx)
BBITIOJIHACTCA paBeHCTBO Lo -0 A JIIO60FO X U3 3aJaHHOI'O HpOMe)KyTKa.
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Ecii npuHATS BO BHUMaHKE TOT (DaKT, 9TO MPOU3BOAHAS OT KOHCTaHThI C paBHA HYJIIO, TO
/
cripaBeiBo paBeHcTBo| F(x|+C| =f|x). Takum o6pazoM, QyHKIHS f{X) HMEET MHOKECTBO

nepBooOpasHeIX F(x)+C, 1111 Mpou3BOJIbHOW KOHCTAaHTHI C, IPHUYEM 3TH epBOOOpa3HbIe
OTJIMYAIOTCS IPYT OT JApyra Ha MPOU3BOJIbHYIO IIOCTOSIHHYIO BEJTUUHHY .

Onpene.ﬂe}me HEOIIPEACJICHHOI'0 HHTErpaJja.

Bce MHOXeCTBO nepBooOpa3HbIX (GYHKIMU f(X) Ha3bIBACTCS HEOIPEICIIEHHBIM HHTEIPAJIOM 3TON

Jflf_x:]dx = F(x)+cC

¢byHKIMU 1 0003HaYaLTCS

Bripaxxenue f {YHY HA3BIBAIOT HOObIHME2PANbHbIM BbIPAdNCEHUEM, A f(X) — NOObIHMEeSPAbHOU
¢ynxyueii. TlonprHTETpaIbHOE BRIpAYKEHUE TIPEACTABISIET cO00M nuddeperiman pyHkmu f(x).

JleticTBHE HaxX0XKICHUS HEM3BECTHON (DYHKIIMH 10 3aJaHHOMY ee auddhepeHInany
HA3BIBACTCS HeonpeoeieHHbiM UHTETPUPOBAHNUEM, TIOTOMY YTO PE3yJIbTaTOM UHTETPHPOBAHUS
sBysieTCsl He oHa GyHKIMs F(x), a MHOKECTBO ee epBooOpasHbix F(x)+C.

Ha ocHoBaHMUM CBOMCTB MPOU3BOAHON MOXHO CPOPMYITHPOBATH U TOKA3ATh CEOUCHEA
HeonpeodenenHo20 unmezpana (CBOMCTBA IEPBOOOPA3HON)

([ flxldx] =(F(x)+C] = flx)

[TpousBoaHas pe3ysbTaTa UHTETPUPOBAHUS PaBHA MOBIHTEIPATILHON (yHKIINY.
jdlf_Flf_x}]g] = JF'[xjdx = jflf_x’]dx = Flf_xa]+ C

Heonpenenennsiii nnterpan quddepennnana GyHKIMA paBeH cyMMe caMoi (yHKITUU U
MPOMU3BOJIBHOM KOHCTAHTBHI.

fhf[ X = fc-‘[fi:r I
, TJAC k— IMPOMU3BOJIbHAA KOHCTAHTA.
KOB(I)(I)I/IHI/ICHT MOKHO BBIHOCHTD 3a 3HAK HCOIIPEACICHHOTO UHTCIpaJIa.

I[_ Flxlt gl lde = _f Flxlde+ _f gl I

Heonpenenennslit muHTETpai CyMMbI/pa3HOCTH (DYHKIIHI paBeH CyMMe/pa3HOCTH
HEOIpeIeICHHBIX HHTETPATIOB (DyHKIIUH.

3amaua MHTErPUPOBAHUS SBIISIETCS 00paTHOM 3aaaue TudepeHIMpOBaHUs, TIPUUYEM MEXKIY STUMHU
3aJjauaM¥ O4€Hb TECHAsl CBSI3b!

NIepBOE CBOIMCTBO MO3BOJISIET MPOBOANUTH POBEPKY MHTETPUPOBaHUs. UTOOBI MPOBEPHUTH
NPaBUWJIBHOCTD BBIITOJHEHHOTO HHTETPUPOBAHUS JOCTATOYHO BHIYMCIUTH POU3BOIHYIO
MOJIyYeHHOTO pe3yibTara. Ecnu nomydennas B pesynbrare AuddepeHurpoBanus QyHKIUS
OKa)KETCsI paBHOM MOBIHTETPATIbHOM (DYHKIIMH, TO 3TO Oy/AET 03HaYaTh, YTO HHTETPUPOBAHUE
IPOBEJICHO BEPHO;

BTOPOE CBOWMCTBO HEOINPEAECICHHOTO HHTETpajia MO3BOJISET 10 n3BecTHOMY A depeHmary
(GbyHKIMU HaWTH ee epBooOpasHyo. Ha 3ToM cBOCTBE OCHOBaHO HEMIOCPECTBEHHOE
BBIYHCIICHUE HEONPE/ICIEHHBIX HHTETPAJIOB.

HecoMHEHHO, OCHOBHBIM METOJOM HAaXOXKJAEHUS MEPBOOOpPA3HON (QYHKIMH SBISETCS

HCIIOCPCACTBCHHOC HWHTCIPUPOBAHUC C HCIIOJIB30BAHUCM Ta6J'II/II_U>I HepBOO6paSHBIX u
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CBOICTB HCOIMPCACIICHHOTO HHTCIpaJia. Bce Apyruc MCETOAbl HCIOJIB3YIOTCH JIMIIb IJId

MPUBCACHUA UCXOOHOI'O MHTETpaJia K Ta6JII/I‘-IHOMy BUAOY.

Tadauua nepBoodpa3HbIX (HeonpeaeJeHHbIX HHTErpaJjioB).

- } '{-i'_
XT o dx = -C. p=-1
. -1
O av=0C
L ar . _ s ax 1 X .
a radx=——=0C, a=l Jf=—fﬂ'ﬂ§_—*’:—
. In o a-—x-  a e,
DR . a A
je rdv=e - f— — =arcsin— — O
; Aa® —x” d
e | c
] = |T| —L S 1 ¥ —l ,
X r— =—1In -
i ; : T X —a 2 |x—da
cosx oy =sinxy—C ]
y ax 3
: . . : =lnlx—+x =za|-C
sin ¥edy=—cosx—C [ 2 1) T
. Xt =a
'y ) . s Ay |l — COS XY
‘f—cgr—ﬂ : =In|— -
COsT X Y s X | SN ¥
S 'Y . :
= —crgx-C ©odx 1|l—s111r
Y osinT x =In -C
) Y COsXY | COSY
s oY . .
——— =arcsmxy—_
Tl —x
sy ,
—— =arcigy—C
Yl —x

@DopMyIibl U3 JEBOTO CTOJIONA TaOIMIIBI HA3bIBAOT OCHOBHBIMU IIEPBOOOPA3HBIMHU.
@®opMyJibl U3 IPABOro CTOJIOIA OCHOBHBIMU HE SIBJISIFOTCS,, HO OYEHb YaCTO HUCIOJIB3YIOTCS MIPU
HAaXO’KJCHUU HEONpeAeIeHHbIX HHTErpanoB. X MoxxHO npoBepuTh AuddepeHnnpoBaHrEM.

Ilpumep 1:
. 3 L=
fﬁ\.“i’J=1—;'3\DI—4
Haiinute MHOXECTBO TIEpBOOOPA3HBIX (PYHKIIHH -
Pewenue.

(%]

flx)=2%+2-35x =2" +% -(5x+4}%

i

[

3amuinem QYHKIHUIO B BUC
Tak xak HHTErpajx CyMMbI (DYHKIHH paBeH CyMME HHTEIPajioB, TO

Jf[_x_]dr = H 2F —% 15x+45 H:dx = Jlr v+ ‘[% | 5x + 4_].% ax

-



YucnoBoit KOB(I)(I)I/II_[I/IGHT MOKHO BBIHCCTH 3a 3HAK UHTCIpaia:

If[_x_]ch* = I 2dx+ I% (5x+ 4_]?1 dy =

=Ij-*dr— -‘[[.Sr—zllflfldr

L..'II L]

[TepBslii U3 UHTETPAJIOB IPUBEIEH K TAOIUYHOMY BH]LY, TIO3TOMY U3 TAOJIUIIBI TIEPBOOOPA3HBIX JIJIS
b X
27 dx = — C,
MOKa3aTeNbHON (YHKIIUN HMEEM =

jlf_Sx+4:]%dx

Jl1s Hax0XA€HHs BTOPOrO UHTErpasa BOCHOJIb3yeMcs TabuuIel mepBooOpa3HbIX

xdy=

+1
x}‘

+C

p+1

JUTS CTeNIeHHOU (DYHKIIUU

J‘ﬂifc-X—E:fldr=%-FE:Fc-x—E:]—C

n

MPaBUIIOM . To ectb
. . 1 1 . WL I A
J.ﬁz*.x—:l,'hdx':—-—-liz!x—:”; +C, =—(3x+4 +C,
. 5 1 . F e 2[] 5, 2
—=+1
3
CrnenoBaTeabHO,
Flxldx=|2"dx~— J 3x—4iax=
2F 33 . ul 1
=1 ——C - —5x=45 -C, =
nl o220 :
ol 9 E]
=———— 3y -4 -C
In2 40 '
3
C= C1 +;C1
IDICS “
3aganune:Hainure Heolnpe/eJeHHbIe HHTErpaJibl METO0M HEINOCPeICTBEHHOTO
HHTErpHPOBAHUS
Bapuanr 1
1
f 5cosx—3x*+—|dx
1 X
3x—x+x*
f—de

2. X
s [len3-4ldx

f 1 N 1 dx
4 cos’x A 1—x2
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fdix

5. 1+16 X

Bapmuanr 2

f 651nx+4x3—l dx
1. X

93,749y
2. J‘X ;(7‘}' X dx
s [T es)dx

1 1
f ; ~t+— dx
4. +x° sin“x

f dx
5. V4-9x> )

INPAKTUYECKASA PABOTA Ne 8

Ha3zBanmue NMPAKTHYECKOM paboThI: Buiuucnenue Heonpeoe1éHHbIX UHmMezpanos
3aMEHOUNEPeMEeHHOU, N0 YACMAM

He.]'[]) paﬁoTbl:Haqu/ITCﬂ BBIYUCIIATE UHTCTPAJIbl MCTOOOM 3aMCHBI nepeMeHHoﬁ, 10 9aCTiaM
3HAHUA:

OCHOBHBIC ITIOHATHUA U ME€TOAbI MAaTEMATHUYCCKOI'O aHaJln3a, JIMHEHTHOM aﬂre6p},1, TCOpHHU
KOMIIJICKCHBIX YHCCJI, TCOPUU BCPOHTHOCTCI\/’I 1 MaTeMaTUYECKOM CTaTUCTUKH,; OCHOBHBIC ITOHATHA U
METOJAbI MATEMATHYCCKOT'O aHaJIn3a, JIMHCHHOMN anre6pm, TCOPHUU KOMIIJICKCHBIX YUCCII, TCOPHUU

BEPOSITHOCTEM M MATEMATHUYECKOM CTATUCTUKHU;  PEIIATh MPUKIAIHBIEC 337a4U C UCIIOJIb30BAHUEM
3eMEeHTOB MU hepeHITMATBHOTO U MHTETPAIIBHOTO UCUNCIICHUHN
YMEHHUA:

Pemate npukiagHbie 3a1a4M ¢ UCMIOJIB30BAHUEM AJIEMEHTOB AU(dHepeHITnaIbHOTO U
MHTETPAIbHOTO UCUUCIICHUN
Teoperuyeckunii Mmarepuas:

Metoa 3aMeHbI ITepeMEeHHOU

CyTb M€TO/a 3aKJIFOYAETCSl B TOM, YTO MBI BBOAMM HOBYIO IIEPEMEHHYIO, BBIPAKAEM
MOJIBIHTErPATIbHYIO (PYHKIIMIO Yepe3 3Ty IEPEMEHHYI0, B pe3yJIbTaTe MPUXOJUM K TaOJIUYHOMY
(unm GoJiee MPOCTOMY) BULy MHTErpaja.

OyeHb YacTO METO]I IOJICTAHOBKH BBIPYYAET NPU UHTETPUPOBAHUM TPUTOHOMETPUUYECKUX (PYHKIIHM
U QyHKLUH ¢ paguKanaMu.

Ipumepl.
1
J — dx
HaiiTn HeonpeaeneHHbI HHTErpal X+/2x -9
Pewenue.
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BBezieM HOBYIO IIEPEMEHHYIO < v2x—9 . Bepazum x uepes z:

F=2x-90=xy=C_ =

dx = d‘ I’

BBIHOJ'IH?[CM HO)ICTaHOBKy IMOJIYYCHHBIX BBIpa)KGHI/Iﬁ B I/ICXOHHBIfI HWHTErpal:

‘[w"r ‘[7 +9 :2‘[_7:—9

‘L

2 z
=—arctg—+C
z'+9 3 3
W3 Tabauiel mepBooOpa3HbIX UMEEM
Ocranoch BEpHYTbCSA K UICXOJHOU MEPEMEHHOM X:
2 z 2 2x -9
?m'crg? +C= ?m'crg— +C

T
Taa

Omeem:

1
Jr«,flr—? &

Ipumep 2

|

Pewenue:

dx

(x+1)3

Honoxum x+1=t, Torma x=t-1; x’=(t—1); |x+ 1)3:
[Tpomuddepenmupoar x+1=t, nomyunm dx=dt

x+1=t
2 e 42
f(xil)B'dX: sz_(i_i)zf(t t31J dt:f t2t+1 fﬂ_zfdt fdt fg—th dt+ft dt=In|t|-2
dx =dt

+C

O06s13aTenbHO BO3BpAIaeMCsl K MPEKHEH epeMeHHOH.

OueHp qacCTo MECTO 3aMCHBI HepeMeHHOﬁ HCIIOJIb3YCTCA IIpHU UHTCI'PUPOBAHUUN

TPUTOHOMETPUYECKUX GyHKINH. K IIpuMepy, HCIIOJIb30BAHUE YHUBEPCAIbHOU

TPUTOHOMETPUYECKON IMOJICTAHOBKU IO3BOJISIET MPeoO0pa3oBaTh MOIBIHTETPATbHOE BBIPAKEHUE K
JIPOOHO pallMOHATILHOMY BHULY.
MeTo/1 oICTAHOBKY TO3BOJISIET OOBSICHUTH MTPABHIIO

jf{f\—-x—z;m»:%F:;;c-x—z;.)—f:

WHTEIPUPOBAHUS
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z=k-x+b

BBoauM HOBYIO MepeMEHHYIO , TOT/1a
z b ‘z b} (z b dz
Y=——— =dy=d ——= = ——— ,dr=—
ok | k) | koK) k

IToxacraBnsiem IMOJIYYCHHBIC BBIPAKCHHS B I/ICXOI[HHﬁ HUHTCTpa:

[ i x=bjde = f(z) % = % [ flzldz =

P : 7|

= l (Flz)+=C )= Flz) —E

koo ok Ik

S

Ecnu npusATH k Y BEPHYTHCS K UCXOTHOM NEPEMEHHOU X, TO MOIYYUM
F (|
ﬁ+—1= —-Fllx+b)+C

k k&
IIpumep3

.4
f sin” x cos xdx
Pewenue:
f sin® xcos xdx=| SIX=L :J' t4dt=t—5+C:lsin5x+C
cos xdx=dt 5 5

I/IHTerHPOBaHI/Ie o 94acCcTAM

MHTErprpOBaHue 110 YaCTIM OCHOBAHO Ha MPEICTABIEHHUH MOIBIHTErPATBHOTO BHIPAKEHHS B BUIIE
S =ulx)-v'(x e = ulx)-d(v(x))
IPOU3BEIEHHUS ¥ TIOCJIEYOLIEM TIPUMEHEHUN

bopMyTBI -[ H{I)- d(v(x)): H(I)- 'u(x)— J v(x)-d(ul:x)}' DTOT METO/]I AABJIETCS OYEHb MOIIIHBIM

MHCTPYMEHTOM UHTETpUpOBaHUs. B 3aBUCUMOCTH OT MOABIHTETPAIbHON (PYHKIIUU, METO
WHTETPUPOBAHUS 110 YACTSIM MHOT[A IPUXOAUTCS MPUMEHSITh HECKOJIBKO pa3 MOJAPS 10 MOITyUSHUS
pesynbraTa. [[is npumepa HaiiieM MHOXKECTBO MepBOOOPa3HbIX (YHKIIMH apPKTAHTEHC.

IIpumep 4.
J arcrg(Zx}ix

Boluucnutb HeonpeaeaeHHbId HHTErpal
Pewenue.

ulx)=aretg(2x)  d{v(x))=dx

ITyctb , TOTJ1a
e e . PR 2dx
diulxl=u'lx ldx = arctgl2x || dx = ———

vix)= [dlvix]]= [de=x

Crnenyer OTMETHUTH, UTO IPU HAXOXKACHUU QYHKLUH V(X) HE TPUOABISAIOT IPOU3BOJIbHYIO
noctosinuyto C.
Teneps npuMeHsieM GOpPMYITy HHTETPUPOBAHUS TI0 YACTSIM:

I arctgl 2x dx = ulx | vix |- Iv[_x_:ld[_u (x])=
2xdx

=x-arctgl2x| —IT
-4 £ _'{_
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[Tocaenuuii HHTETpa BBIYUCIUM MO METOAY MOABEIEHU 101 3HaK AuddepeHnnana.

. 1 ,
d(1+4xl]=(1+4¥1] ex = 8xdx o 2.¥dx=zd(l+4x }

Taxk xak

I 2xdx _ Id“ 4x° {1—4_1* .

1+4x° 1+4x°
| 7| 1

=lJ‘£ L e - B R N e E e}
[TosTomy 47z 4 4
CnenoBarelbHoO,

P P 2xdx
apm 7 — reetar - =

Jaa ctgl 2x bx = x -arctgl|2x | '[1 s
=x- m'crg{:x.]—| —h1|1 4x° | C =

=x-arctgl 2x |- 1]r1|1 + 4y | +C
rae C= _Cl.
Omeem:

J.fea'crgillx]dr =x- arca.‘g{Zx]— %]n|1 +4x° |— C

Ipumep S.
U=2x+1 dU=2dx

f[2x+1]e3xdx=|

dV=e3* V= ; 3x |7 ‘2X+1; 3 fl 2 dy=+ (2x+1] %e3x+c
Ilpumep 6.
dx=dV V=x
flnxdx:|U du =L dx |=Inx-x— fx ;dx xInx—x+c
IIpumep 7. §
fxzexdx—| U=x dU= 2xdx erxdx xe—2fxe dx=| x=U dx:dU|:

dV =e*dx V=e* dV=e'dV V=e

xZeX—Z(xe —f e¥dx|=x%e* =2 xe*—2x+c

Ipumep 8
dx=dV x=V N 1+
—_ e — X = —
f arctgxdx —|U —arctgx  dU= 1 1 _dx |=xarctgx f i dx= |dt—2 dx | xarctgx
+X

—luf 2X_ix= xarctgx——f——xarctgx——ln|1+x2|+c
29 142

3aganue: BoinosHuTe 3a1aHUS 110 BAPMAHTAM
Bapuanr 1

1. Haiigurte HCOMPCACIICHHBIC NHTCIPpaJIbl MCTOJAOM ITOACTAHOBKHU
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f(8x—4]3dx

a)
3
12); +5 dx
b) 3x"+5x-3
5
0 fx e" dx

2. HalimuTte  HeompeneNneHHBIM  MHTErpajl  METOJAOM  HMHTETPUPOBAHMS IO YACTAM:

f[x+5)cosxdx

3.HaiiTu HeonpeeaeHHbIe MHTETPalibl METOJOM 3aMEHBI IEPEMEHHOM:
a) [ sin(3x+1]dx

Bapuant 2
1. Haiitu HCOMPCACIICHHBIC HHTCIPAJIbI METOAOM MMOACTAHOBKHU

o J7xesfa
18x*—3

b) 6x—3x+8

0 fx7-e"8dx

dx

: f(x—Z)sinxdx

2. Haiitu HeonpeeIeHHbIM HHTErpal METO10M UHTETPUPOBAHMUS 110 YACTAM
3. Haiitn HeonpeaeneHHbIE NHTETPAJIbl METOAOM 3aMEHBI IEPEMEHHOM:

a. fcos%dx
b. [ 47dx

KonTpoJjibHbIe BONPOCHI:
1) Yro Takoe HeompeeIeHHbIM HHTETpaI?

2) HazoBuTe OCHOBHBIE METObI HHTCTPUPOBAHUA

IHPAKTUYECKAS PABOTA Ne 9

HaszBanue mnpakruyeckoii padorel: Peuwenue npuknaduvlx 3a0a4 ¢ UCHOIBb306AHUEM
UHMeZPANbHO20 UCHUCTEHUSA
Henapr pabGorbi:HayuuThcst BbUHUCHAATH IUIOMAAM IUIOCKUX (GUTYp C  [OMOIIBIO
OINpeAEIEHHOTO HHTETPaIA.
3HAHMA:

OCHOBHBIE TOHSTHS W METOJbl MAaTEeMaTHYECKOTO aHalIM3a, JIMHEHHON anreOpbl, TeopHu
KOMIIJIEKCHBIX YHUCEJ, TEOPUU BEPOSTHOCTEN U MaTEMaTUYECKON CTATUCTUKH; OCHOBHBIE TIOHATHS U

MCTOABI MAaTCMAaTHMYCCKOI'O aHajiu3a, JIMHEHHOH aJ'Il"erBI, TCOPHUU KOMILUICKCHBIX YHCCJI, TCOPUHU
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BEPOSITHOCTEH U MaTEMaTUYECKOM CTAaTUCTUKK;  pellaTh MPHUKIAJHBIC 337a4H C UCIIOIb30BaHUEM
9JIEMEHTOB U (HEePEeHITNATEHOTO U HHTETPATbHOTO UCUNCIICHUH
yMeHHS:

UCTIONIB30BaTh TPUEMBI M METOJIBl MAaTeMaTH4YecKOro CHHTE3a M aHaiu3a B

Pa3InYHBIX HpO(I)eCCI/IOHaJ'ILHBIX CUTyalludax

Teoperuyeckuii MmaTrepuas:
Onpenenennslii naTerpaji Howorona-Jleiionnua.

Celiuac MOKaKEM, KaK JaCTCA MOHATHEC OIIPCACIICHHOTO HHTCIpaJIa HBIOTOH&-HCI‘;I6HHHa.

[Tycts pynkuus y=f(x) umeer nepBoodpasnyio F(x) Ha oTpeske [a,; b], npuyem 3HaUYCHUE
NepBOOOPaA3HOI B TOUKE X=a paBHO HYIIO: F(a)=0. Onpedenennvim unmeepaiom Horomona-

[ flxlde=F(b)

Jletibnuya Ha3pIBACTCS 3HAUCHHE ITOM IEpBOOOPa3HOM B TOUKE b, TO €CTh,
pu F(a)=0.

b
jf(x)dx:=F(Eﬂ—F(a}

DTO0 ompeneneHnue TeCHO ¢Bsi3ano ¢ hopmynoit Hetotona-JleiOnuia ¢

dbopmyne Hetorona-Jleitbuuna F(x) — mobast mepBooOpa3Hasi H3 MX MHOKECTBA, a B IOHATHH

omnpezeneHHoro uurerpanaHpioTona-JIeliGHuIa QUryprupyer UMEHHO Ta mepBooOpas3Hasi, KoTopas

oOparaercst B HOJIb IPU X=d.

.B

®opmyny HeroTona-JIeiiOHMIIa HA3BIBAIOT OCHOBHOU (hOPMYNOU UHMESPANbHO20 UCHUCTEHUSL.

IIpumepl:
3
,
j X dx
Brruncinuth 3Ha4€HUE ONPEACIICHHOTO HHTErpaia ! o popmyne HeroTona-JIeliOHuIA.
Pewenue.
.
y=Xx
Jlyist Hagasa OTMETHUM, YTO MOABIHTETpalibHAS (QYHKITUS HeTpepbIBHA Ha oTpe3ke [1,3],
clieIoBaTeNbHO, MHTETPUpyeEMa Ha HEM.
.
y=Xx
N3 Tabauiiel HEONIPEACICHHBIX MHTETPATIOB BUIHO, YTO M1l YHKIIUH MHOXECTBO
. N X € [1; 3]
IepBOOOPA3HBIX I BCEX JCHCTBUTEIBHBIX 3HAYEHHH apryMeHTa (cleaoBarenbHo, u s~ L2 =1
o 2 X x’
F:;:J_fx de=—~+C F(x_}z?

3aMKMCHIBACTCS KaK . BozsMeMm niepBooOpaznyto npu C = 0:
Teneps octanock Bocnoiib30BaThes opMynoit Herotona-JleiiOHuma s BEIYUCICHUS

- N

J—; B 13=E

- X
rdy=—| =——
3 3

R 3
1 1

L] |

OMpe/ICICHHOr0 HHTErpasa:
Ilpumep 2:
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— X w — dx
BbraucnuTh onpeeneHHble HHTerpaibl —= -
Pewenue.
1
_*_;
Ha otpeske < J mogpiaTerpanbHas GyHKIHUS HENPEphIBHA, CIIE0BATEIIEHO, HMHTETPUpPYeMa.
4x" +2
y=—73—
Haiinem MHOXeCTBO epBOOOPa3HbIX (YHKLIUU X
4x° +2 3 . 2
j—,dx = 4j xdx+2j x dy=2x"-=+C
: X X )
2
3 F
F (ﬂ =2x" ——
BosbmeM nepBooOpasHyto X u no popmyne Hetorona-JleitOHuIa BEIUUCITHM
TpeOyeMblii onpeaeneHHbI HHTETpall:
L 1
4x +2 A
I—,dx:| 2xT—— | =
-4 X X —4
C1y o2 (L 291 1
= -2 -~ 2(-4f-= |=—+4-32-_=-28
7 1 -4 I 3
)
[TepexonuM KO BTOPOMY OIIpEAECIEHHOMY UHTErpaiy.
oA 42
lim———— =+«
Ha otpeske /-1;1] mopsIHTerpanpHas GpyHKIHSA He OTpaHMYEHa, TaK KaK ~ - , TO
€CTb, HE BBITIOJIHAETCS] HEOOXOAMMOE YCIIOBHE MHTETPUPYEMOCTH (PyHKIIMH Ha oTpe3ke. bonee
4 +2
ol F o il
Flx)=2x -2 y=2r+2
TOTO, X He sBIIAETCA MEPBOOOPA3ZHON (PYHKITUH X Ha otpeske [-1;1],

MOCKOJIBKY TOYKA (), MpUHAIekKAIIAS] OTPE3KY, HE BXOTUT B 00JIACTH ONpPEACTCHUS (QyHKITHH.
CriemoBaTenbHO, HE CYIIECTBYET ONpeaesieHHbIi naTerpain Pumana u Herotona-Jleitoaumna ais

4x° +2
y=—

o .‘-

GyHKIHH X maorpeske [-1;1].

Beluncrienue mionanay OCHOBBIBAETCS HA CIEAYIOIINUX OCHOBHBIX CBOMCTBAX IJIOIIAIM:
ITosoxuTenbHOCTD. [10OMANE €CTh HEOTPULIATENBHOE YHCIIO.
AnauTUBHOCTb. [110111a16 3aMKHYTON 00JIaCTH, COCTaBIEHHBIX U3 HECKOJIBKUX (PUTYD, HE
MMEIOLINX OOIIMX BHYTPEHHUX TOYEK, paBHA CyMMe IUIOMIaIel 3TUX QUryp.
HNuBapuanTHOCTBb. [l1011a11 paBHBIX (QUTYp OJMHAKOBBI.
HopmupoBannocth. [Inomans kBagpaTta, IOCTPOCHHOTO HA €IMHUYHOM OTpE3KE, paBHA
EAVHULE.
Boruncnenune miomanu ¢urypel siBiasieTcs OJHOW M3 Hambosiee He MPOCTHIX MPoOIeM Teopuu
IUIOIIAIEN.
PaccmoTpum 3a1a4y O BBIYMCIIEHUH TUIOIIAAN KPUBOJIMHEMHOW Tpanenuu, pU4eM MoI0MAEM K Hel
B F€OMETPUYECKOM CMBICIE. JTO MO3BOJIUT HAM BBISCHUTH NMPSMYIO CBSI3b MEKIY OIpPEIEICHHBIM
MHTErpajoM M IUIONIA/IbI0 KPUBOJIMHENHOM TpaIlelnu.
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[Tycte ¢yHkuus y = f(x) HenmpepblBHA Ha OTpe3ke /a; b] M He MeHseT 3HaK Ha HeM (TO ecTb,
HEOTpHUIIaTeIIbHAS WU HETOoJoXHUTeNbHast). Purypy G, orpaHUYeHHYIO JTHHUAMU Y = f(Xx), vy = 0, x

= a u x = b, Ha3BIBAIOT Kpusounelnou mpaneyuei. O603HaunM ee miomanb S(G).
e -

KpHBEOAHKEHHAR
TRaneuna

X
-

B  BeIUHCICHUH iomaaun KpHBOHHHeﬁHOfI Tpanneuun  COCTOUT eeOMempuquKuﬁ CMbICIl

]

J £l
onpeoenenHo2o unmezpaid. BEIMUCINB ONpeeICHHBI WHTErpal ¢ , MBI HaiiieM IUIONIaIb
¢urypsl, orpanudeHHON uHUAME Y = f(X), y=0,x =aux =b.
3ameuaHue.

Ecim ¢ynkmms y = f(x) HemonoxuTenbHas Ha OTpe3ke [a; b], TO TUIOMAab KPHUBOJIMHEWHOM
TpareIu MOKET ObITh HaliieHa Kak Gopmyia

IIpumep3.

Pt
Il
| ]
M
R
Il
=
-
Il
|
| ]
F
-
Il
T

BrerancnuTh miomaas GUrypbl, OrpaHUIeHHON THHUSMU
Pewenue.
[Toctpoum purypy Ha MIOCKOCTH: mpsiMasi y = () COBIAAAET C OChIO a0CIUCC, MPSAMBIE X = -2 U X =

|

v=2-e
3 mapaJiiesIbHbl OCU OpAMHAT, a KpUBast MOKET OBITh IIOCTPOEHA C
x
. y=e
IIOMOIIBIO TCOMCTPHUUCCKHUX IT 606 A30BaHUU I'paddHUKa HKITUHN
AV /
] /
5] /
5 .
44

--'-
—

X

-4 -3 -2 -1 0 1 2 3
Takum oOpa3om, HaM TpeOyeTcsl HallTH MJI01aAb KpUBOIMHEWHOH Tpanenuu. ['eomerpuueckuit
CMBICJI OIIPEICIIEHHOT O UHTErpajla HaM yKa3bIBaeT HA TO, YTO MCKOMas IIJIOLIA/lb BBIPAKAETCS

S(G)= [2-¢7dx

onpeeeHHbIM HHTerpaioM. CienoBaTeiabHoO, -2 . DTOT onpeieJIeHHBIN HHTETpa
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MOYKHO BBIYUCIUTH 110 hopMyiue HproroHa-JlerOuuiia;

4 R =
3 - Iy -. 3

.S‘[_G_fI:J.E-E?-?dr:‘ﬁ-E-‘ =0-¢' -6’ =6|e—e

—= e - 1 i -

3amMeuaHnue.

[Tpu HaxoXkAEHUH IJIOLIaIel KPUBOJIMHEHHBIX Tpaneuii COBCeM He 0053aTelbHO CHavajga CTPOUTh
a1y ¢urypy. Ecnu Bel 3Haete, uto ¢yHKIms y = f{x) HeoTpHULaTeabHas Ha OTpe3ke [/a, b] (kak B
b

S(G)= [ Flx)x
HAaIlleM MIPUMepe) WK HETOJI0XKUTENbHAs, TO MOKHO cpa3y MPUMEHSITH (GOPMYIIBI a
S(G)=—] flx)dx

nin

Ipumep4.

Breruucnuth miomanb GUrypsl, orpaHu4eHHOM

1/ -
y==(x¥+2x-8] y=0. x=-2, x=4
JIMHUSMU 2
Pewenue.

[Toctpoum sty durypy. [Ipsimas y = 0 coBnagaer ¢ ocbto Ox, npsiMble X = -2 U X = 4 apaJlIeabHbl
- 1. .

(x* «2x—8)==(x =1 -3

ocu Oy, a rpapukomM QyHKIUU . SIBJIIETCS Tapabona ¢

BEPILMHOM B TOUKe (-/, -3) BETBU KOTOPOW HampasiieHbl BBepX. Halinem Touku nepecevyeHus 3Tou
napaboibl ¢ OChIO abclucc:

%[f ~2¢-8]=0 = ¥ +2x-8=0
A |

y=

s | —

D=2"-4.1(-8)=36

—2+4f36 —2—J36
i s, S k|
3 ' :

[ ]

CrnenoBarenbHO, 3Ta Tapadoia mepecekaeT och adcIuce B Toukax (-4, 0) u (2, 0).
Takum oOpa3oM, Hama purypa G UMeeT CIeayIOInui BUI.

v
6 .

] @urypa G

T
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Orta ¢urypa He SBISETCS KPUBOJIUHEHHON Tparnenueil, Tak Kak (GyHKIIsS
MEHSET 3HaK Ha oTpe3ke [-2; 4].
Kak >xe 0bITh B 3TOM ciiydae? Ouenb npocto. Gurypy G MOKHO MPEACTABUTH B BUIE OObETUHEHUS

G=G, UG,

JIBYX KPUBOJIMHEWHBIX TpaIrenuu % ¥ O CBOMCTBY aJINTHBHOCTH
IUIOIIA/IH S(G)=S5(G, )+ 5(G, ) :
v
6 .
4_
2 .
G
-f h 2 x
T -
4

Ha otpeske /2, 4] rpaduk mapaboibl HAXOAUTCS B HEOTPHUIATEIHLHOM 00JIACTH,
4

]. (2 !

Sl = s S 1v .

510G, |= _[; i:" =X S.JG'{Y y=— [x‘ + 2x — 8)
I03TOMY - . Ha orpeske /-2; 2] dpyuxuus
HETIONIOKHUTENbHAS, CJIEMOBATENBHO, B CUITY 3aMEYaHHUs K TEOMETPHUECKOMY CMBICITY

vl -
=_ LI, SV
S(G, )= jg[r +2x S_IIdx

“

OTIpeIeIEHHOT0 UHTEerpaia,uMeeM “ . OcTasioch BBIYUCIIUTH
ompezeNieHHbIe HHTETpaltbl o popmyiie Hetorona-Jleitbuuna:

=1 . oooals . ]
—ly =2y =8l — | =lxv = 2x—-Elgv =

L o

SIGI=51G, 1- 851G, 1=-

1 x . L

=——| ——x -8x| ——|—+x -8x| =
303 BRI )

NIRE f(—2F -

S -, EPE 0 g (. Sy P, § A S DR
33 b3 - ' -
14 2

Sl B E D T A R P AR
3103 3 |

8 g )

=_l[;_1;_; o0 _l' 64_15_§_1: _124

313 3 313 3
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O6paTI/ITe BHUMAHHUEC HA TO, YTO HCJIb3A HAXOAUTH HJ'IOIJ_Ia)IB 3TOM (I)I/Il“ypbl

5|G|_J—ir +2x -8
) D E R S i
33 _
=¥'514—15—§— 20

Kak

kh*——‘

S
L0

B

B namem npumepe nosryueHHOE TaKUM 00pa30M 3HaUEHHE MPECTABISAET OO0

SEGJ :]_S[Gl ] .

pa3HOCTb

Hpumep S

OHpe,I[GJ'II/ITB CUIly JaBJICHUA

Iano:

F
= P=—=F=p-sF=
I=1,8Mm S p-s j

H=0,6m

TUTOMIAJIKY 3aBHCUT OT TITyOH

F-?paccrostnust momaaku

BO/JIbI HA CTEHKY aKkBapuyma ¢ OCHOBaHHeM 1,8 M u BbicoTOM 0,6 M.

Pewenue:

pds.

BenuuuHa p naBieHus )KUIAKOCTH Ha TOPU3OHTAIIBHYIO
HBI €€ IIOIPYXKEHUA X, T.€. OT

O IMTOBEPXHOCTHU JKUIAKOCTH

p=10°

Ke
—P=p-g-x.
M

M ~
G=9,8IInomane 31oii momocku ds=1-dx.
c

0,6

F= fpgxIdx ng ‘0.6 ng[

0= 0,36—0)=0,18-10-9,8-1,8=3,2(kH .

2

3ananune:BoInoiHUTE 3aJaHHUA 110 BADHAHTAM

Bapuanr 1.
2
[lax24x-3]dx
1. Bpluucnute onpeneneHHslii uaTerpair: 0
3
3
f(Z x—1"dx
2. BpIUMCINUTB ONpPEIEIICHHBIM HHTErPaJl METOIOM IOJCTAHOBKH: 2
3. BBI‘-II/ICJ]I/ITB NPEBApUTENIFHO CJIENIaB PUCYHOK, IUIOMAAb (UTYpPHI, orpaHquHHon JUHUSIMU:
y=—X +4, y=0, x=-2, x=2
4. Haiitu o06beM Tena, MOJIYYEHHOTO NpPHU BpallleHUH BOKPYI OCH aOCHUCC KPUBOJIMHEMHOMN
TpaneIuy, OrpaHNYCHHON THHUSIMH: ) — \/;; y=0, x=1, x=4
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—42 o
5. CKOpOCTb JBIDKEHHS TOUKH M3MeHsieTcs mo 3akomy V=31 +2t+1  (w/c). Haittu myts S,
MpOACHHBIN TOYKOM 3a 10 cOT Havana ABUKEHHUS.
Bapuanr 2.

(2x2—x+4]dx

O e w

1. Bpruncnurh OHpeHCHeHHHﬁ HUHTCIpaJI:

1
‘ "
f[3x+1] dx
2. BpIUNCINUTDH ONpEENIEHHBIM HHTErpal METOI0OM MOJACTaHOBKH: 0
3. BBI‘II/ICJ'II/ITB IpeBapUTENLHO CIENAB PUCYHOK, ILIOMAAb (PUIypEL, orpaHquHHou JTUHUAMU:

y=—x +1, y=0, x=-1, x=1

4. Haiitn o0beM Tena, MONyYEHHOTO INPH BpAIIEHHMH BOKPYT OCH aOCIMCC KPHBOJIMHEHHON
Tpamnenyy, OrpaHNYeHHOH TuHusIMT: Y :\/;; y=0, x=0, x=1

—qf .
5. CKOpOCTb IBWKEHHS TOYKHM H3MeHseTcs mo 3akomy V=9 =8t  (m/c). Haiitu myts S,
MIPOMJAECHHBIN TOYKOM 3a YETBEPTYIO CEKYHIY.

KoHnTpo/ibHBIE BOPOCHI:
1) 3anumute hopmyny Hetotona-JleiiOnuma

2) B yem 3akiro4yaeTcs reOMeTpUUECKU CMBICI ONPEIEICHHOI0 HHTerpaia’?

ITPAKTHYECKAS PABOTA Nel0

Ha3Banue npakTuyeckoii padornli: Peuienue ougpghepenyuanvnvix ypasnenuii nepeozo
nopsaoka.

Hean padorei:Hayuutcs pemats nuddepeHnmansHeix ypaBHeHUH 1-ro mopsiaka
3HAHUSL:

OCHOBHBIC TOHATHUS M METOJbI MaTEMaTHYECKOTO aHaln3a, JIMHEWHON anreOphl, TEOpHH
KOMIUIEKCHBIX YHCEJ, TEOPUU BEPOSTHOCTEH U MAaTEMaTUYECKON CTAaTUCTUKU; OCHOBHBIC TMOHATHS U
METOJIbI MAaTEMAaTHYECKOTO aHanu3a, JTUHEHHOW anreOphl, TEOpUH KOMIUICKCHBIX YHCEN, TEOPUHU
BEPOATHOCTEW U MAaTEMATUYECKOM CTaTUCTUKH;  pellaTh NPUKJIAJHbIE 337a4l C UCIOJIb30BAaHUEM
aeMeHTOB MU depeHITMATBPHOTO W MHTETPAIIBHOTO HCUNCIICHUHN
YMeHHus:

Pemarp mnpuknagHple 3aladd  C  UCTHOJb30BaHUEM AU(PPEPEHIUATHHOTO H
MHTETPAJIbHOTO UCUUCIICHHUS

Teoperuyeckunii Mmarepuas:

IMonsiTve 00 00bIKHOBEHHBIX TU(PPepeHInATbHBIX YPABHEHUSIX
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Hugpdpepenyuanvrnoe ypaenenue -  3TO PABEHCTBO, COAEpIKAIEEe MPOU3BOIHBIE HIIH
muddepennmansl HeussecTHOU GyHKIMKU. O0mui Bua auddepeHunansHoro ypasuenus: F(x, y, y’,
y" ...)=0, 3necp F- HekoTopas u3BecTHas QyHKIMs, 3aBUCAIIAS OT HECKOJIBKHUX IIEPEMEHHBIX.
[Tpumenenue teopuu uddepeHaIbHbIX YPAaBHEHUH B OMOJIOTUU U MEIUIIHE 00YCIIOBIICHO TEM,
YTO B COOTHOIICHUSX, SBJISIOIIMXCS BRIPAXKEHUEM TEX WJIM MHBIX 3HAKOB, B OMMMCAHHUIX KOHKPETHBIX
CBOWMCTB TE€X WIM WHBIX CHUCTEM WJIM MEXaHW3MOB BXOMAT, KaK NPaBWIO, IPOU3BOIHEIC
UHTepecylomux Hac (yHkuuii, a He camu ¢GyHKuH. [lo3TOMY CcymiecTBeHHas 4acThb W3y4YCHUS
MHTEPECYIOIIEr0 HAc SBJIEGHUS COCTOMT B aHAIW3€ U  PEIIEHHMH COOTBETCTBYIOIIMX
Qg depeHInaIbHbIX ypaBHECHUH.

HuddepeHnnanpHple  ypaBHEHHS HA3bIBAIOTCS  OObIKHOBEHHLIMU, €CIA  HEW3BECTHAs
(YHKIMS 3aBUCHT TOJIBKO OT OJJHOTO apryMEHTa.

Ilopaodox nuddepeHInaIBHOTO YpaBHEHUS — 3TO MOPSAOK BBICIIEH MPOU3BOIHOM,
COJZIEpIKAIICHCS B 9TOM YPaBHEHHUHU.

Hampumep: ypaBHeHue y’+5y'—3y=0 - 370 auddepeHnuaibHoe ypaBHEHHE BTOPOIO
HOps/IKa.

Humeepan (Mau  pelieHue) ypaBHEHHE — O3TO  (YHKUHUS,  YJOBIETBOPSIOILAS
TuddepeHInaIbHOMY YPaBHEHHUIO.

Hanpumep, QyHKIHs y=2X ABJIAETCS MHTErPATIOM ypaBHEHHS x° Y —2x y'+2 y=0 , TaK Kak,
HalJI1 TPOM3BOJHBIE ITOTO YPAaBHEHHUS M IOJCTABISAA MX B JAHHOE YpaBHEHHE, MBI IMOIYyYUM
TOXIECTBO -4x+4x=0.

Obwee pewenue nuddepeHManbHOT0 YpaBHEHUS COJCPKUT CTOJIBKO HE3aBUCHMBIX
MOCTOSIHHBIX, KAKOB MOPS/I0K YPaBHEHUSI.

Yacmnoe pewenue-310 (GyHKIHS, TMolydyaemas TPH PA3TUYHBIX YHCIOBBIX 3HAYCHUSX

IMPON3BOJIBHBIX IMOCTOAHHBIX.

3agaun, npuBoasue K 1H(Q¢epeHINATbHBIM YPABHEHUAM
PaccmoTpum 3amady, npuBOAsIIyr0 K Iud@epeHIaTbHOMY YpaBHEHHIO: YCTaHOBHTH 3aKOH
u3MeHeHus: ckopoctd U cBOOOJHO majaroImiero Teaa mMaccoil m 6e3 ydéra CHUIIbl CONPOTUBIICHUS
BO3/yXa.

CornacHo BTOpoMy 3akoHy HproToHa,

dt 9,

Tac mg-Cuja TAKCCTH.
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dUu
HOJ’Iy‘-ICHHOG YPaBHCHHUE SABJIACTCA I[I/I(l)(bepeHHI/IaIIBHBIM, TaK KaK B HCTO BXOJUT IPOU3BOJHAA I

rckomoil dyukiun U. Pemuts auddepeHimanbHoe ypaBHEHHE — 3HAYMT HAWTH TaKylo ()YHKIIHIO
U=f|x|, koTopas TOpXECTBEHHO yIOBJIETBOPAET STOMY YPaBHEHHMIO. JIETKO NPOBEPHTH , UTO
ypaBHeHHIO yrnoBierBopsier ¢ynkims Buma U=gt+C, rme C-mo0oe umcno. YKa3aB HayadbHbBIC
YCIIOBHSI, MOSKHO HAWTH OJIHY (DYHKIIHIO, YIOBJIETBOPSIONIYIO ypaBHeH 0. Tak, ecnu mpu t=0 u U=
Uy, 1o nonyunm ¢yukiro U =U +¢

Cy1ecTByeT MHOTO 3a/a4 M3 Pa3jnYHbIX 00JacTell 3HAHUI, PEIEHHE KOTOPhIX CBOIUTCS K

COCTaBJICHHIO U pemeHno AuddepeHInaibHbIX YpaBHEHUH.

AunddepennuanbHbie ypaBHeHHsS NEPBOro MOpsaKa

Ipumep 1

[IpoBeputh MOACTAaHOBKOHM, uTO auddepeHInaIbHOE ypaBHEHUE y'—2 y=e>* numeer obuiee
perenue B Bujie y=¢ +Ce”*

Haiitn yacTHO€E perieHue, yaoBIETBOPSIONIEE YCIOBHIO y=3 npu x=0.

Pewenue:

y:eSX+C ery,:3e3x+2C eZX

[ToacraBum auddepennransHOe YpaBHEHHE:

_ 3x
=e

3e>+2C e =2+ Ce?
3e*+2C e -2 —2C e ="
e*=e>* - 310 TOXKIIECTRO.
YacTHoe peuienue:

y=e*+Ce**; 3=e’+Ce" =>C=3

y=¢*+3e?" - 4acTHOE pellcHHE.

YpaBHeHus ¢ pa3AesA0IUMUCS MepeMeHHbIMH
VpaBHeHue meporo mopsiaka P|(x, y|dx+Q|(x,y|=0 HasbiBacTcs ypasHenuem ¢ pazdensouumucs
nepemennvimu, ecnu Gyakuuu P u Q paszmararoTcss Ha MHOXKUTEIH, 3aBUCSINNE KaXKIbII TOIBKO OT
OJIHOM ITEPEMEHHOM:
folxIf2yldx+e,x @,y dy=0
B TaKoM ypaBHCHHH [10CTIE ACICHHs WICHOB Ha [,|Y] ¢,(X| mepemenienHbIe pasaensores:

fl(x)
(Pl[xj

(/’2()’]
fz(y)

W kaxJ1pIi1 4IeH ypaBHEHUS 3aBUCUT OT OJHOW ITEPEMEHHOM.

dx+

dy=0
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O6IJ_II/II71 HHTCIpaJl YpaBHCHUSA HAXOAUTCS MMOYJICHHBIM MHTCTPUPOBAHUCM:

fﬂﬂ wa) _
f‘Pl(X)dx+ fz(y)dy_o
Ipumep 1

HaiiTi o01mme uHTerpaisl ypaBHCHHUS:
(x+1Pdy—(y—2dx=0
Pewenue:

Paznenum nepeMeHHbIE B JaHHOM YpaBHEHUH, JeNsl 00€ €ro 4YacTH Ha (x+1)3[' y —2)2

dy dx _
2 ;=0
y=2 [x+1]
[TouneHHO UHTErPUPYS, TOJyYUM UCKOMOE 00I1ee pelIeHue:
—1 + 1 =
y=1 2(x+1]
ITpumep 2
d
Haiitu yactHOe pemenue nudepeHnaIbHOr0 YpaBHEHUS 7}1 =(x—1]dx, npu x=2, y=5.
Pewenue:
d—y:xdx—dx; J'd—y:fxdx—fdx;
y y

1n|y|=&0,5x2—x+ln C.{
YMmHO%HM 0,5 x°—x Halne,(lne=1;

O,5x2—x

In|y|=iIne +InC(;
ly|=C- " 510 06wee perenne 1udPepeHIHAIBHOTO YPABHEHHUS.
Hatioem wacmnoe pewenue. J{st 3toro BeraucaumCopu x=2 u y=>5.
5=Ce’ ?=(C=5 . YacTHoe pemicrue y=5¢"** *,

Onnopoanbie nuddepeHuranbLHbIe yPABHEHHS MEPBOIo MOPSIAKA
VpaBHeHHe mepBoro mopamka  y'=f|x,y| HaseBaercs odmopoousim, ecmu flx,y| MokHO

npeaACTaBUTh KakK (bYHKI_[I/II-O TOJIBKO OJHOI'O OTHOLICHHA IICPEMCHHBIX f(X,y)Z(P %

|

, T.C.

> |<

ypaBHEHHE Buaa Y =¢
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OnHOpoJHOE YypaBHEHME TPUBOAMTCA K YPAaBHEHUIO C pa3JeISIIOIIMMUCA IEPEMEHHBIMU,
CJIEZIOBATENIbHO, PELIAeTCsl TMOCPEACTBOM 3aMeHbl (YHKIMH Yy (WIU X) HOBOW (yHKIMEW wumo
dbopmyne y=ux uaux=uy|.
ITpumep 1
Haiitu oG1uee perienue oqHOPOAHOTO JU(PepeHIINaTIbHOTO YPAaBHEHUS
xdy — ydx =xdXx.

Pewenue:

U3 ypaBuenue cienyer, uto  xdy=|x+y|dx;

dy _x+y dy_ ..y
dx  x ’dx_1+x'[1)

Tak kak Mosy4eHHOe ypaBHEHHE SIBJIIETCS (PYHKIUEH TOIBKO OTHOLIEHHUS %, TO OHO OJHOPOJHOE.

Broaum HOBY1O pyHKIHIO U. [Tomoras y=ux, nponuddepeHmupyem mo x.
dy _du dx dy _ xdu

——=— —.(2

dx dxX+ dx dx —ur dx (2)

xdu

[Mpuposusiem (1) u (2): 1+ L —y+ 28 ix

xdu

[MoxcraBum y=ux. [Tomyunm 1+u=u+—— dx
[Tonmyunnu ypaBHEHUE € PA3AEIAIOMUMUCS IEPEMEHHBIMMU:

1:x@:[)dx:xdu:(,du:$;
dx X

ax .
fdu f ;u=In|x|+C,20eu= -

O61mee pemienye ypasHenus umeet suit: y=x |In|x|+C|.

Ipumep 2
Halitn dwactHOe pemieHHEe OJHOPOAHOTO IUp(EepeHINATEHOTO ypaBHEHUS, YAOBICTBOPSIOIICE
ycioBu0 y=-9, npu x=1.

Pewenue:

d_, ¥y

IIpuBeneM ypaBHEHUE K BULY dx .

HOJ'Iy‘ICHHOG YPaBHCHUC ABJISICTCA (bYHKLII/Ieﬁ TOJIBKO %, CJICA0BaTCIbHO, OHO OJHOPOJHOC.

Jlnis perieHust NoJI0KKUM y=ux U npoauddepeHupyem mno x:

dy _ 4 xdu
dx dx
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dy  y_ .
3aMeHUM u =U B UCXOJHOM YpaBHCHHUMU:

dx X

u
utx5—=2-u.

dx
Pa3nensiem nepemennsie: 2 dx—2 udx =xdu;

2dx__du
X 1-u’

2(1—u)dx=xdu;

b

du
—u

d
[Ipounrterpupyem: 2 f 7)( = f 1

5

2In|x|+1n|C|=—1n|1—u

Ob1ee penieHre ypaBHEHHUS:

2
x| x—C
u=Y ; y:# WU xz—xy:C.
X X

YactHoe pemenne: 1+9=C;C=10. OrTBerT: xz—xyz 10.

JInHeliHbIe OJHOPOAHBIC YPABHEHHUSI BTOPOI'0 NMOPHAIKA C NOCTOSHHBIMHM KO3(ppuumeHTramu

2
dy, dy _ .
VYpaBHeHue BHIa aOF+ald—+a2 Y =0Ha3bIBAIOTCS JUHEUHLIMU OOHOPOOHBIMU YPAGHEHUSMU
X X

8MOP0O20 NOPAOKA C NOCMOAHHBIMU KO huyuenmamu.

O6IJ_[I/II71 HHTCrpaJl HAXOAUTCA C IIOMOMIBIO XapaKTCPUCTHUICCKOI'0 YPABHCHU:

2
ack +a, k+a,=0

KOTOpOE MOJIy4aeTcsi U3 ITOTO YPaBHEHUS, €CIIM, COXPaHsAsA B HEM Bce K03((GHUINEHTH! d;, 3aMEHHUTh
dyHKIMIO y enuEMIel y=1), a Bce ee MPOU3BOIHBIC 3aMEHUTh COOTBETCTBYIOLIMMH CTEIICHIMH K.
IIpu >TOM:
L. Ecnu Bce KOpHU XapaKTepUCTUYECKOTO YPABHEHUsS OeliCmeumenbHble U pasiudnble,
TO 00U UHTErpall UMEET BUL!
y=C,e""+C,e""
II. Ecnn xapakTtepuctudyeckoe ypaBHEHME MMEET KOPHH Oelicmeumenvhbie U pPasHbvle
kl :k2, TO

_ K, x kyx
y=C,e""+C,xe

I1I. Ecim kopan muumsie K==bi: y=C, cosbx+C,sinbx
IV. Eciu kopHU Komniexcuvie K=axbi:
y=e"(C, cosbx+C,sinbx|.

Haiitu obmiee perenue cienyronmx 1udepeHnaibHbIX YpaBHEHHN:

Hpumep 1
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Peuwenue. CoctaBum XaPAKTCPUCTUICCKOC YPABHCHUC:

2k*—5k+2=0.
O61uee pereHue: k1:2,k2:%,y=C1e2X+C2eE.

Hpumep 2

Pewenue. CocTaBUM XapaKTEPUCTUUECKOE YPABHEHHUE:

2k*~5k+2=0.
OOee pemenue: k1:2,k2:%,y=CIezx+CzeE.

Hpumep 3

d’y o dy

=2 8- +16y=0.

dx*  dx Y

Pewenue: k*~8k+16=0,k,=k,=4,y=e"*[C,+C,x|.
Ilpumep 4

2

d’y
dx*

+y=0.

Pewenue:k’*+1 =0,k=%1i,y=C,cosx+C,sin x.
Ipumep S

d’y
dx’
Pewenue: k*>+8k+25=0 ,k=—4+31i,

+8d—y+25y=0.
dx

y=e *(C,cos3x+C,sin3x|.

Cucrembl JIMHEHBIX OTHOPOAHBIX YPABHEHHI IEPBOro MOPSIAKA.

d
—T=.::-r—b-j'—r:

= dr - )

rbl =a.x+b,v+c,
d i i

npocTelmux cucreM AuQdepeHInanbHbIX YPaBHEHUIH UMEIOT BUJ ,
rne a, by, ¢, az, ba, c; - HEKOTOpHBIE AeHCTBUTENbHBIE yiciaa. CHavyasa MoKaxeM MEeTo
MHTErPUPOBAHMSI CUCTEMbI YPaBHEHHH, Aajiee MOAPOOHO ONMILEM pellieHHe TpUMepa.

PemenneM takoii cucteMsl siBIIsieTCs napa GyHKIHUH X(2) 1 (1), oOpaiaroimas B TOXAeCTBa 00a
YPaBHEHUS CUCTEMBI.
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OnwuiemM MeToJ HHTETPUPOBaHUs cUcTeM AU depeHIInaTbHBIX

dx
— =aXx+by+¢
| dt
| dy
{ —=a.x+b,y+c,
ypaBHEHUN dt
W ckmiounM HEU3BECTHYIO (DYHKIIHIO x(t) U3 IIEPBOTO YPaBHEHUS CUCTEMBI. [[i1s1 3TOTrO BLIpaBI/IM X U3
dy " dy
=a,x+b,y+c, = .‘(=———b —c, |
BTOPOI'0 YPaBHEHHUS CUCTEMBI ‘ dI -"I ,
dx
npoauddepeHupyem 1o ¢ BTopoe ypaBHeHHe CHCTEMBI H pa3pellINM €ro OTHOCHTEIEHO di
d*y dx dv de 1 {dy dv |
—=a,—+b, = —=— .
dr~ dr dt dra, | dr- n’r J

HO,[[CTaBJISIeM MOJTy4YE€HHBIE PE3YJIbTATHI B IEPBOE ypaBHeHHe CUCTEMBI, TEM CaMbIM HEU3BECTHAS
byHKIMS X (1) OyIeT UCKITI0YeHA:

dx
—=ax+bv+ec, =
dt ) ) )
1{dy dv| a dy
—| =5 -b, === =-by-¢, |+hy+¢ <&
a, | dt” dr ] a,\ d ) 7 )
d 1 dv
l: _{I:I__b-\-]' . _{I:I_'b:_lj'u b_}_:l V=¢l-""C, — -
dt~ dt
Ipumep 6.
dx
—=x-1
| dt
| dv
{ —=x+2y-3
HaiinuTe pemenue cuctemsl quddepeHnnaibHbIX YpaBHEHUH dt
Pewenue.
v
X=—-2v4+3
PaspennM BTOpOe ypaBHEHUE CHCTEMbI OTHOCHUTEIBHO X: dt

dx

HpOI[I/I(b(I)epeHLII/IpyeM BTOpOC ypaBHeHHe CUCTCMBEBI U pa3peHII/IM OTHOCHUTCIIBHO dr
d’v _dx qf?tj' - f?’.r_d‘ Ldy

: dart dr dr d d° —di

"._...

(%)
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IToxcraBmsem TIOJIYUCHHBIC PE3YJILTATHI B IICPBOC YPABHCHUC CUCTCMEIL nn(b(bepeHuHanLme

YpaBHEHUM:
dx
—=x-1
dt
d*1 dv  d
——21—=—-2v+3-1
dt” dr dt
d*1 e}
——-3—<+1v=
dt~ d
Tax mbl punu k JIHY BTOpOro nopsiuka ¢ moCTOSHHBIMU
T —d—+ V=42
dr” dt
k03 punmeHTamu . Onpenenus ero oO1iee penieHrne, Mbl MOJIy4YUM
yHKIHIO Y(2).
Haiinem cHagana y, - o01ee penieHre cOOTBETCTBYIOMIETO OAHOPOIHOTO MU (hepeHIIHaTEHOTO
YpaBHEHUS.
J171s1 3TOTO BBIYMCIIUM KOPHU XapaKTEPUCTUYECKOTO YPaBHEHUS k*-3k+2=0 :
D=3"-4.2=1
i-1
k=" =1
2
P 3+1 5

-
i

2

Taxk kak KOpHU HeﬁCTBHTeHLHBIe " pas3jIndHbBIC, TO 0611166 peIICHUC OJHOPOAHOT'O
1 2t

VY, =C-e +C;-¢

mudhepeHIMaTbHOTO YPaBHEHHSI 3aHUILIETCS Kak
d*1 dv

3=+ 2v=2
¥ atr” dt

‘I_.
IlepexoauM K HaXOKIECHUIO © - 4acTHOro peuenus JIHIY
Taxk kak ero rnpasasi 4acTh IPEJACTaBIISIET COO0I MHOTOWIEH HYJIEBOI CTENEHH, TO YaCTHOE pPellleHue

OyZeM HcKaTh B BHJIE y=4 , Tie A — HeonpeaeneHHbIA KO UITUESHT.
I dy )

3= +27 =2
Ormpezienum ero u3 paBeHcTBa dt dt
d*(4) _dl4)
— —3— J—r”‘ 1i=2 =
dt~ dt
24=2 = A4=1
77 = bl —_ bl -H: —_ - t - 11
Takum o6pazom, y=1 n Y (I] Yoty=0Cpre +Cem + 1. HWrak, oJHa HEU3BECTHAS
byHKLUMS HalieHa.

U
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[ToxcraBuM 3Ty (YHKIIUIO BO BTOPOE ypaBHEHHE cHUCTeMbI TudPepeHIInalbHBIX ypaBHEHUN U
pa3pemyM NOIy4eHHOE PABEHCTBO OTHOCHUTEIBHO X(2):

A= Coe )y e —cy e <1)3

dt
C,-e' =20, e =x+2C,-& +2C, -e* -1
Tz_C_ED;—].

xt)=—-C -e' +1
Tax MBI MOJTyYHIIH BTOPYIO HEU3BECTHYIO (QYHKIIHIO )
Omeem:

(x(t)=-C, &' =1
lj'{l‘:] =C,-e' +C, e +1

SaHaHne: BbinogHuTe 3agaHus 1Mo BapHaHTaM:

Bapuanr 1
1. SBndArorcs nu naHHBIE QYHKLINU PEHICHUSMH JaHHBIX AU((epeHInanbHbIX ypaBHEHUH

y=ce +ce’, y +4y —5y=0

a.
b y=cette,xe’, y +2y+y=0
_8 _ 15
Yy==5 Y=73J
C. X 8

4 y=e'+2, y=4y

2. Peumrts cnenyrouye quddepeHnnanbHble ypaBHEHHS IEPBOTO MOPSIKa

: 1 4
y= 5 +Xx
a) Cos” x
by y=-6y .
y_x—l
0) y?
y

y’:
d) Vi-x*
e) Y —3y+5=0

Bapuant 2
SIBNSAtOTCS T NaHHBIE QYHKUUH PEIIeHUSIMU JaHHBIX AU (epeHInalbHbIX YPaBHEHUH

L.
g Y=ae Trexe T,y w4y +4y=0
by Y=aeHee’, y —y—6y=0
0) y=e"-5, y=3y+15
_3 2
y==, y=-y
Q) X .
2. Pemmrts cnenyronme auddepeHianbHble ypaBHEH s IIEPBOTO MOPsIKa
_ 1
y=7=—=-%
a) 1-x
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b) y=8y

_2x
c) }’2

—_Jy
d) J 1+x?

e) y+8y—3=0

KoHnTpo/ibHBIE BOPOCHI:
1. 3anmmmre onpenenenue nudphepeHnaIbHOr0 ypaBHEHUs

2. HazoBute Bupl nudhepeHInanbHbIX YpaBHEHUH

ITPAKTUYECKASA PABOTA Nell

Haspanue npakTudeckoit padorel: Peuienue oughghepenyuanvnvix ypaeuenuil 2-20 nopaoka
Heas padorei:Hayunrcs pemats auddepeHnanbHbIX YpaBHEHHH 2-r0 TOPsIKa ¢ pa3aeoUIMU
NePEMEHHBIMU

3HAHUSA:

OCHOBHBIE TOHATHS M METOJbl MaTeMaTHYECKOro aHalM3a, JMHEHHON anreOpbl, Teopuu
KOMIUIEKCHBIX YHCEJ, TEOPUU BEPOSTHOCTEN U MAaTEMaTUUECKON CTaTUCTUKH; OCHOBHBIE ITOHATHUS U
METOJIbl MaTEeMaTUYECKOTO aHajiu3a, JMHEHHON anreOphl, TEOPUM KOMIUIEKCHBIX YHCEJl, TEOpUHU
BEPOATHOCTEW U MATEMATHYECKOM CTATUCTUKHU;  PEIIAaTh PUKJIAJHBIE 33[a4U C UCIOJIb30BAHUEM
3JIEMEHTOB U (HepeHINATEHOIO U MHTETPAIbHOTO UCUUCIICHUI
YMEHHs:

Pemrate mpuknazHele 3amadd ¢ MCIOJIb30BaHHEM  TU(QEpeHIHaTIbHOTO U
WHTETPAIBHOTO UCUUCIICHUS

Teoperuueckunii MmaTepuas:

JluneitHoe  oxHOpomHOoe U depeHIuaIbHOe — ypaBHEHHE  BTOpOrO  INOpSiAKA  MMEeT

v plx) v +glx)v=0 v+ plx)- v +glx) v = flx)

BUT , a4 HEOJHOPOJHOE , TIe
¢bynkmmn f(x), p(x) 1 g(x) - HENpepsIBHBI Ha WHTEepBaje HWHTErpupoBanHus X. B uacTHOM ciydae,
Korja QYHKIUU p(X) = p ¥ ¢(X) = ¢ €CTh TIOCTOSIHHBIC.

OOt HHTETpaT HAXOAUTCS C MOMOIIBIO XapaKTePUCTHYECKOTO YPAaBHEHHUS:

2
ack +a, k+a,=0

KOTOPOE IMOTYYaeTCsl U3 3TOTO YPaBHEHUS, €CIIH, COXpPaHss B HEM Bce KOd(PPUIIMEHTHI d;, 3aMECHHUTH
dynkImIo y eqmunneit [y=1/, a Bce ee MPOM3BOIHBIC 3aMEHNTh COOTBETCTBYIOIIMMH CTEHICHIMH .

IIpu sTOM:

64



V. Eciu Bce KOPHH XapaKTEpUCTHYECKOTO YPABHEHUSI OCUCMEUMENbHbe N PA3IUYHbLE,
TO OOLIMI MHTETPAT UMEET BUL:
y=C,e""+C,e""
VI. Ecnu XapakTepucTHYECKOE YPaBHEHHE UMEET KOPHHU OeliCmeumenshvle U PAGHbLe
k 1= kz, TO
y=C,e"*+C,xe""
VIL Ecmu xopru muumsie k=t bi: y=C, cosbx+C,sinbx
VIII. Ecnu xopHu komnnexchoie K =a+ bi:
y=e™(C, cosbx+C,sinbx|.
Haiitu oG1uee pemenue cienyromux AudQepeHnnanbHbIX ypaBHEHUI:

Ipumep 1

Pewenue. CocTaBUM XapaKTEPUCTUUECKOE YPABHEHHUE:

2k*—5k+2=0.

OOuiee pelexue: k1:2,k2:%,y=C1e2x+C2eE.

Ipumep 2

2
2%—5%+2y=0.

Pewenue. CoctaBum XapPaAKTCPUCTUICCKOC YPABHCHUC:

2k*—5k+2=0.
OOuee pereHue: k1:2,k2:%,y=Cle2X+C2e5.

Ipumep 3

d’y ody
aY gD, 16y=0.
dx* dx Y

Pewenue: k2—8k+16:0,k1=k2=4,y:e4X(C1+C2X).
Ipumep 4

dy
dx’

+y=0.

PemeHue:k2+1:O,I(:J_ri,y:C1 cos x+ C, sin x.

Ipumep S
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d’y ody
Y 48V 105 y=0.
dx* dx Y

Pewenue: k*>+8k+25=0 ,k=—4+31i,

y= e_4)<(C1c053x+C2 sin3x).

3ananue: Pemunre cienywomue 1uddepeHnuaibHbie ypaBHEeHUS BTOPOTro MOPSIAKA:
Bapuanr 1:

y =7y +10y=0

y”+4y'+4y =0

1
2
3.
s Y -dy'=ll
5
Bapmuanr 2:

1. y +8y +16y=0
2.y -—y-12y=0 |
5 y=ay+10y=0
s Y-dy=10

5

¥4 2y By = x*

KoHTpo/IbHBIE BONIPOCHI:
1) 3anummTe onpenenenre AUPppepeHInanbHOro ypaBHEHUs

2) HazoBute Buanl nuddepeHInaIbHBIX YPaBHEHHM

IHPAKTHYECKAS PABOTA Nel2

Ha3Banue npakTudeckoii padborbi: Peuwenue npogheccuonanvnvix 3a0au ¢ ucnoib306anuem
oughghepenyuanvrvix ypaguenuil

Leab padoThI:HAYUUTHCS IPUMEHATH AU hepeHInabHbIe YpaBHEHUS IS peIIeHUs
npodecCHOHAIBHBIX 3a7a4

3HAHUSL:

OCHOBHBIEC TOHSTHS M METOAbl MaTEeMAaTHMYECKOTO aHallu3a, JUHEWHON anreOphl, TEOpUu
KOMIUIEKCHBIX YHCEJ, TEOPUU BEPOSTHOCTEN U MAaTEMaTUUECKON CTAaTUCTUKU; OCHOBHBIE ITOHATHUS U
METOJIbl MaTEeMaTUYECKOT0 aHajiu3a, JMHEHHON aireOphl, TEOPUHM KOMIUIEKCHBIX YHCEJ, TEOpUU
BEPOATHOCTEW U MAaTEeMAaTUYECKOM CTaTUCTUKHU;  pellaTh MPUKJIaJHbIE 33Ja4l C UCIOIb30BaHUEM
areMeHTOB U pepeHITNaTBbHOTO U HHTErPATbHOTO UCUUCTICHHH

YMEHHA:
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HCIOJIb30BaTh MPUEMBI M METOJbl MAaTEMaTUYECKOTO CHHTE3a W aHajau3a B
Pa3INIHBIX HpO(l)eCCI/IOHaJIBHBIX CUTyaluiax
Teoperuyeckunii Mmarepuas:
JuddepennunanbHbie ypaBHEHHS ABISIOTCS OCHOBOM OTPOMHOI0 KOJIMYECTBA PACUETHBIX 3ajau U3
CaMbIX PA3JIUYHBIX 00JIaCTeN HAYKU U TEXHUKH.

IIpumeps! npuMeHenns 1M ¢epeHInATHHOT0 YPABHEHHS

Ipumep 1.

Kycok merasia ¢ TemnepaTypoil a rpaJycoB IIOMEUIEH B [1€Yb, TEMIIEPATypa KOTOPOMl B T€UEHHE
yaca paBHOMEPHO IOBBIIIAETCA OT a rpagycoB 110 b rpagycos. IIpu pasHocTH Temneparyp neuu u
metasuia B T rpagycoB Metasun HarpeBaetcst co ckopocTbio kT rpagycos B MunyTy. Haiitu
TEMIIEPATYpPy METAJLIA YEPE3 Uac.

Pemenue:

« COIJIacHO YCIOBHIO, HMEEM

dT,
_rﬁ'u' =l":(Tll -T.), (1)
rne T, u T, — TeMieparypsbl rneud u MeTanna coorpercrBento, Hanee, T, = a + } (b — a)t B cuny
paBHOMEpPHOTO [MOBBILUIEHHUA TEMIIEPATYPbL TIEYH, t — BpeEMA, H3MEPHEMOE B MUHYTAX. |aKuM O'G]JEI30M,
madepeHunansHoe ypasHeHHe (1) MOXHO 3anHCaTh B BHIE

dT,

df :k(u+;%0(b—a)—T,,,). (2)

Beegem 3ameny a + 3%(1'; —a) — T, = z. Torna ypasHeHue (2) npeobpasyerca B ypasHeHHe C painesns-
IOIMMUCH MepeMeHHBIMH:

MHTErpHpYS KOTOPOE, HaXOIHM

1 b I
Eln(kz——@—)-——t+’:lnc, k#0,

I\ b~a k!
Tu=ﬂ+(£—;)w+ffe gt

Tak kak T (t)|=0 =@, 10 C = =g CrenoBare/ibHo, OKOHYATeIbHO HMEEM
60k

T, =a+ 5;0" (t— % (l——e‘“)).

Temneparypa Metaiuia yepes uac, oueBuaHo, OyaeT paBHa

T,,(60) = b — % (1-e) . »

Ipumep 2.

B npsmoyronsHbiii 6ak pazmepom 60 cm x 75 cM u BeicoToi 80 cMm noctymnaer 1,8 11 Boabl B
cekyHy. B mHe uMeeTcs oTBepcTHE IIOmMANBI0 2,5 cM”. 3a Kakoe BpeMs HaIOJIHUTCS 0aK?

CpaBHI/ITB pe3yjbpTaT ¢ BpEMEHEM HAIIOJIHCHHA TAKOI'O Oaka 6e3 OTBEPCTHUSA B THE.
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Pemenue:

TycTh XMAKOCTH BHITEKAET H3 HEKOTOPOIO COCYNa uepe3 OTBEPCTHE B HEM CO CKOPOCTHIO,
pasioi 0,6,/2gh, tae g = 10 M/c?, h — BBICOTA yPOBHS KHAKOCTH HJ OTBEPCTHEM.

B npamoyrosbHeii 0ak pasmepoM 60cm x 75 cM n Beicotoi 80cM noctynaer 1,851 Boasl B
cekyHay. B aHe MMeeTCs OTREPCTHE MIOLWALLID § = 2, 5cm?. 3a kakoe BpeMs HATIONHHTCS ﬁaK"

« [lycrs h{t) — metcora yponHs soust B bake. Torma AV, = (h{t + At) — h(t)) 6075 — npupa-
weHue ce obbeMa 3a BpeMa ot ¢ ao £+ At. D10 yeeanueHue (MITH YMeHbLUeHWe) o0beMa npoucxoaMT 3a
cyeT nocrynneHuss AV, BOJIbl u ee yTeukH B Kommdecte AV, uepe3 orBepeTie. Takum oGpasom, uMeeM
ypaBhenne AV) = AV, — AV;. [Mockonsky AV, = 1800AE, AV; = 2,5-0,61/2gh(t|)AtL, t; € (L, t+At),
TO MOC/IeJHEE YPABHEHHE MOXHO TPEJACTABUTL B BHJIE

4500(h(t + At) — h(t)) = 1800A¢L —-25:0,6 Igh_UT}At, g= 10° em/c’. N
Pasaenus B (1) obe yactu Ha Af v cosepuIuB nipenenbHbi epexon npu At — 0, nosyunm gudbepen-
UMATBEHOE YPaBHEHME

dh -
0= (12 ~ 0,01 Zgh) :
IIPOMHTEIPHPOBAR KOTOpOe, HalileM:

i4C = —GOGU (f+ 3?? In(12 — 0,01 2gf§}) . (2)

IMycrs h(0) = 0, roraa ua (2) creayer, yto € = —36001In 12. Toxacrasue 8 (2) h = 80, naiinem
Bpems# £, 32 KOTOpOEe HANOJHKUTCH Bak:

3
£, = 1200 (3]n 3~ ]) ~ 260c. »

3amanmue:
Bapmnanr 1
M = mg, g-
1. Tenmo maccoii =~ mamaer moj AEHCTBHEM CHIIbI TSKECTU rne YCKOpEHHE CBOOOHOTO
Fm = —kv, . Ik —
NafeHUsT W CUJIBl  COIPOTUBIICHUS IPOHOPLMOHATBHON  CKOPOCTH *' Tzie

kod¢hdunmeHT conporusieHus. HaliTu 3aBUCHMOCTD CKOPOCTH JBIKEHUS TEJa OT BpEMEHU £
2. CKOpOCTb Teja, BBIXOAIIETO M3 COCTOSHHS MOKOS, PaBHA 5f° M/CIIO MCTEYEHHH ! CEKyH]I.
Onpenenuth MyTh, KOTOPBIMA MPOUIET TENO 32 3 C.

Bapmuanr 2

1. MarepuanbHasg TOYKa JBUXKETCS TaK, YTO CKOpPOCTb €€ JIBIXKCHHsS MpONOpPLHOHAIbHA
NPOMJAECHHOMY IIyTH. B HayanpHbIi MOMEHT TOYKAa HaXOoAWilach OT HayajJa OTCYETa Ha
paccrositHuu 1 M, a depe3 2¢ - Ha pacCTOSIHUM e M. HaliTu 3aKOH JBMKEHUS MaTepuaIbHOU
TOYKH.

2. CKOpOCTh OXJIAXICHUS Tejda B BO3AYyXE MPONOPLUMOHAIBHA PA3HOCTH MEXAY TEMIIepaTypoi

Tesa ¥ TeMreparypoi Bozayxa. Temmeparypa Bosayxa pasHa 20°C. M3BeCTHO, 4TO B TEYEHUE

20 MunyT Teno oxnaxaaercs ot 100 mo 60°C. Onpenenurs 3aKOH H3MEHEHHUS TEMIIEPATYPbI o
Tella B 3aBUCHMOCTH OT BPEMEHH t.
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KOHTpOJ’IbeIC BOIIPOCHI:

1) xakuM MeTo/10M pemaroTes nuddepeHraibHble ypaBHEeHHS?

INPAKTHYECKAS PABOTA Nel3

Ha3Banmne npakTuyeckoi padorel: JIuneiinvie onepayuu Had 6eKmopamu, CKaiaprHoe
npouseedeHue 6eKmopos

Heanb padoTbi:HayuuThcsl BBIOIHATH JUHEWHBIE ONEpPAIMKN HAJl BEKTOPAMHU U HAXOAUTh
CKaJIsIpHOE TPOU3BEICHIE BEKTOPOB.

3HAHUS:

OCHOBHBIC IIOHATHUA M METOABI MAaTEMAaTHYCCKOI'O aHain3a, JIMHEWHOM aﬂre6p1,1, TCOPpHHU
KOMIUIEKCHBIX YHCEJ, TEOPUU BEPOSTHOCTEH U MAaTEMaTUYECKON CTaTUCTUKU; OCHOBHBIE TOHATHS U
METOJIbl MaTEeMAaTHUYECKOTO aHalu3a, JTUHEHHOW anreOpbl, TEOPUM KOMIUIEKCHBIX YHCEN, TEOPUU
BepOHTHOCTeﬁ 1 MaTeMaTH4ECKOM CTaTUCTHUKU, peuiaTh MPUKIAAHBIC 3a/1a4X C UCITOJIb30BAHUCM
3JIeMeHTOB (D ()epeHITMATEHOTO M HHTETPATBHOTO UCYHCIICHHH
YMEeHHus:

BbruncnsaTe 3HaUeHHUS TEOMETPHUECKUX BETMYUH

Teoperuyeckunii marepuan:
Bekropel 3aHMMaiT 0co00e MecTO cpeaud OOBEKTOB, pacCMaTPUBAEMBIX B BBICIICH
MaTeMaTHKe, TOCKOJIbKY KaX bl BEKTOP UMEET HE TOJIbKO YHCIOBOE 3HAYCHHE - IJIUHY, HO

u (1)I/I3I/I‘ICCKOC H TCOMCECTPHUYCCKOEC - HAIPABJIICHHOCTD. BCKTOp, HpeHCTaBHCHHLIﬁ

—_—

HAIIPABJICHHBIM OTPE3KOM, HYIIUM OT TOUKH A K Touke B, oGo3Hauaercs Tak: <15

B I'eomeTpuuyeckmii BeKTOP MpEJICTABICH B
JBYMEPHOM U TPEXMEPHOM IIPOCTPAHCTBE B

. BUJIE HANPABIEHHO20 OMpe3Ka, T.€. OTPE3Ka, y
a KOTOPOT'0 pa3anyaroT Ha4yajlo ¥ KOHELl.
A Ecnu A - Hagano BexTopa, a B - ero KoHel, To

BeKTOp 0003HaYaeTCs cuMBOIIOM 18 pm

OJIHOM cTpoyHOU OykBoi # . Ha pucynke
KOHEI] BEKTOpa YKa3bIBACTCS CTPEIKOM
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IlJIHHOfI (I/IJ'II/I MOIlyJ'leM) reoOMETpHUICCKOI'0 BEKTOpPa AR Ha3bIBACTCA JJIMHA MOPOKAAOIICTO €TI0

42|
oTpe3ka

JInHeiiHble onepannu HA/l reoOMeTPUYECKUMHU BEKTOpaMH
YMHOkKEeHHe BEeKTOpa HA YHUCJI0

/ -
< g Ilpouszsedenuem sexmopa * na uucno A
\ Ha3bIBACTCS BEKTOP, MOJIYYAIOIIUNICS U3
i > EIES
a BeKTOpa % pacTspkeHueM (pu ) U
4] <1, |4 )
cxatueM (pu ) B """ pa3, npuuém
£ j:‘L -
<d HanpaBJIeHUE BeKTopa & coxpaHsercs,

ecmu 4 » Uy mensercs Ha
npoTHBONONOKHOE, ecm A < U

W3 onpe/ienenus cenyer, 9to Bektopsl € u £ = A2 peerna pacronoxkens: Ha oxHOI MM Ha
napajuleIbHBIX NpAMbIX. Takue BEeKTOpbl Ha3blBalOTCA KoatuneapHuimu. (MOXKHO TOBOPUTH TaKKe,
4TO 3TU BEKTOPHI apajuIeIbHbl, OJHAKO B BEKTOPHOU anre6pe IIPUHATO TOBOPUTH "KOJUIMHEAPHBHI'".)

CrnpaBeyinBo u 06paTHoe YTBEPKICHHE: €CIN BEKTOPHl ¢ u b KOJUTMHEAPHBI, TO OHU CBSI3aHbI

OTHOILIIEHUEM ’5 fiﬂ

CnoskeHne 1 BLIYNTAHHE BEKTOpPOB

[Tpu crnosxeHnH BEKTOPOB HYKHO

3HATh, YTO CyMMOu BCKTOpOB 7| b

2oy

Ha3bIBAETCS BEKTOP & = a+h , HayaJjo
KOTOPOTO COBIAJAaeT C HA4aIoM

BCKTOpa o , @ KOHCII - C KOHIIOM

Pual]

BEKTOpa = , IpH YCIOBUH, YTO HAYAJI0

Pl

BEKTOpa ¥ MPUIOKEHO K KOHIY
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BeKkTOpa £ .

A y Onpenenenue 1. CKaxsIpHBIM ITPOU3BEACHUEM
JIByX BEKTOPOB HAa3bIBACTCS YHCIO (CKaIAp),
paBHOE TPOU3BE/ICHHIO JUIMH STHX BEKTOPOB Ha

A- B — AB COS 99 KOCHMHYyC yrima Mexnay Huma. CoriacHo

ompeneneHuio,  (opMmyla  BBINIAAWT  Tak

awh= Cos g

B

P
= —
A X

CkaJyisipHOe IpOoM3Be/lecHHe BEKTOPOB

CkayiipHOE TNPOM3BEACHUE BEKTOPOB IIO3BOJIAET HAXOAUTh YroJd MEXIy JABYMs BEKTOpaMH.
[TosTOMy OHO dYacTO BCTpeYaeTCss B MOCIECAYIOIIUX pa3/enax MaTeMaTUKH, OCOOEHHO,
aHaIUTU4YeCKOW reoMmerpud. CTOUT JIM TOBOPUTH O TOM, YTO HAaXOXKJIEHUE CKAJSIPHOTO
IIPOU3BENICHUSI BEKTOPOB - (yHIaMEHTal bHBIM HaBBIK JUIsl JII0OOro OyAylIero HWHXKEHepa,
IIPOEKTUPYIOLIETrO BCE YTO YIOJHO

Hpumep 1. Jlansr .:_;:, E Haiitn aeb , €CIIN
|E|: 3 5:8|; {;9(;, 5) :g.
Pemenue:

E-E;:B-B-cosg:B-B-%: 1242,

Anredpanyeckue CBOMCTBA CKAJSAPHOI0 NPOU3Be/leHNsI BEKTOPOB

ab=ba (mepemMecTHTeTFHOE CBOMCTBO)
(Aa)b = A(ab) §
(coueTarebHOE OTHOCHTEIBHO YHUCIIOBOIO MHOXHTESI CBOMCTBO)

(ﬂ! +E:l)r: =ac+be
(pactipeienuTeNbHOE OTHOCHTEJBHO CYMMBI BEKTOPOB CBOWCTRBO)

—+—+

aa >0 , ecni # - HeHyJIeBOW BEeKTOp, U 9% = 0 ecrm a . HYJICBOM BEKTOP.
aeh= Nkt +az;

=2, [5|=5. i(a;f?j:%

IIpumep 2:Haiitu ckanspHoe TIIPOM3BEICHHE BEKTOPOB I:T_I/I EI' , €CIIN

ab = | cos£(a: )
3

355

.:TE?:}:T|-E‘- cos L@ 1=2.5. cosgzlﬂ-?:
Orser: & E = 5“J§

Pemenue: Vcnonszyem popmyiy . B manHoM ciyyae:
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Yroa MEKAY BEKTOPAMHU M 3BHAYCHUE CKAJIAPHOI0 NPOU3BECACHUSA

B Ilpumepe 2 ckansipHOE MPOU3BEIECHUE MTOIYYHWIOCH MTOJOXKUTENBHBIM.OT Yero 3aBUCUT 3HAK
a-b=fg| | cos £z 8)

CKaJIsIpHOTO Mpou3BeaeHus. CMOTPUM Ha HaIly (I)OpMyJ'T: . B

R }b > (]
HeHYJ'IeBBIX BGKTOpOB BCeraa IMOJOKUTCIIbHBI. FI | ’ . HOBTOMy 3HAK MOXXCT 3aBUCCTH
TOJIBKO OT 3HAYCHU S KOCI/IHyCEl.yF OJ1 Me)K,Z[y BeKTOpaMI/I MOXET UBMCHATHCA B

0=/(@ b=

npezenax , ¥ TIPH 3TOM BO3MOYKHBI CIICAYIOIINE CITydau:
=
0@ b < —

1) Ecnu yroJ1 Mexay BEKTOPaMH OCTPBbIii: 2 (ot 0 1o 90 rpamxycoB),

TO ':G'Si(ﬂ; b ) > D, ¥ CKAJISIPHOE POM3BeIeHHe OY/IeT MOJ0KNTEeTbHBIM: [ b=l Oco0rrit
CITyYaii: €CII BEKTOPBI COHANPAsieHbl, TO YroJl MEXKIAY HUMH CUATACTCS HYJICBBIM L (ﬂ; "E:') = [j,
Y CKaJIAPHOE NPOU3BEICHUE TAKKE OYAET NONOKUTENbHBIM. [Tockonbky COE (= 1, TO hopmyIa

z-b=[a-p
YIIPOIIAETCS: : T

— <A@ by e

2) Eciiu yroJ Mexy BEKTOPaMH TYHOM: 2 (ot 90 o 180 rpagycos),
TO Eﬂsi(ﬂ; b ) ‘. D, 1, COOTBETCTBEHHO, CKAISIPHOE MPOH3BEIeHHE OTPHIATEIbLHO: (i bl
Oco0plii cityyaii: eciiu BEKTOPBI HanpaesiieHvl NPOMUEONOL0H#CHO, TO YroJl MEXKy HUMU
CUMTAETCS PA3ZEEPHYMbIM: f—/(ﬂ; b ) =a (180 rpamycos). CkansgpHOE IPOU3BEACHUE TOKE
oTpHuaTenbHo, Tak Kak [0S = —
CripaBejIuBBEI M OOpaTHBIE YTBEPKICHHUS:

1) Ecnn iI-EJ' - [l TO YToJI MEKIy TaHHBIMU BEKTOpaMHU OCTpbIN. Kak BapuaHT, BEKTOPBI
COHAIPABIICHEL.

2) Ecin ah < I:], TO YroJ MEXAy JaHHBIMHU BEKTOpaMu Tymoil. Kak BapuaHT, BEKTOpEI
HarpasJIeHbl IPOTUBOIOJIOMKHO.

Ho oco0sbl1it nHTEpec npencTaBiseT TPEeTUil ciryyait:
_ o i
Zab)=— cos— =10

3) Ecnu yroJa Mexay BeKTOpamMu NpsAMON: 2 (90 rpagycoB), TO

U CKAJISIPHOE ;}pomBeaeﬂue paBuo uymo: &f b= OGpaTHOE TOXKE BEPHO: €CIIH L b= [:]

Az B=2
TO 2 . KOMIIakTHO yTBepxkAeHue hopmynupyercs Tak: CKaJsipHOe IPou3BeAeHHe
JABYX BEKTOPOB PABHO HYJIIO TOTJIa M TOJIbKO TOT/1a, KOI/IAa JaHHbIE€ BEKTOPbI

opToroHabHbI. KopoTkasi MaTeMaTHyecKast 3aIich: & b=0eglh

3aganue:BoinosHnTe 3aJaHUS 10 BApDHAHTAM
Bapuanr 1

1. JlaHBI BEKTOPHI Q9;-2;1) y b(4;30) (n1s Ne a-d).
a) Haiitu ab
b) Haiitu _é/\b)

c) Haittu @

d) Haiitu ‘b‘
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2. Haiiti KOOpAMHATEI BEKTOPOB c=a+b , d=a-b , f=-3a

3. TloctpouTh TOHYKH, 3aJaHHBIC MOJSAPHBIMU KoopauHatamu: A (2; w/2), B (3; w4),
C (3; 3m/4).

4. JlaHbl TOUKH B MOJISIPHOH cucteme KoopauHat A (2; w/4), B (4; n/2). Haiitu ux npsMOyTOJIbHBIC

KOOP/INHATHI.
Bapuant 2
1. JlaHbI BEKTOPBI d(-3;2;1) u b(B;O;4) (st Ne a-d).
a) Haiitu ab
b) Haiitu (_é/\b)

)

¢) Haiitn d
b
2. HaiiTi KOOpIUHATHI BEKTOPOB c=a+b , d=a—b , f=-3a |
3. B mpsMoyroipHOH JekapToBOW cucTeMe KoopAawHaT moctpouth Toukn A (0; 0),
C(-3;4), D (-2;2) E (10; -3). Onpenenuts paccrosinue Mexay ToukamMmu Cu D, Au D, Du E.

4. TloctpouTh TOYKH, 3aJaHHBIE TMOJSAPHBIMH KoopauHatamu: A (4; 0), B (2; 3m/2),
C (3; m).

d) Haiitu

KoHTpoJibHBIE BONIPOCHI:
1. 3amummre onpesesieHue BEKTOpa

2. 3anummTe IMPaBUJIO CIIOXKCHUSA U BBIYUTAHHUA BEKTOPOB

INPAKTHYECKAS PABOTA Nel4

Ha3Banne npakTnuyeckoi padorei: Haxooicoenue paccmoanus mexicoy 08ymsa mouKamu.
Pewenue mpeyzonoHuKos.

Heanb padorbi:HayunTbcs HAXOAUTH PACCTOSHUE MEXKY IBYMS TOUKAMU

3HAHUSL:

OCHOBHBIC TOHSTHS M METOAbl MAaTEeMAaTHMYECKOTO aHallu3a, JUHEWHON anreOphl, TEOpUU
KOMIIJICKCHBIX YHCECJI, TCOPUU BCpOSITHOCTef/'I 1 MaTeMaTHYEeCKOU CTaTUCTHUKH, OCHOBHBIC IIOHATHUA U
METOABI MAaTEMATHUYCCKOI'O aHaju3a, JIMHEHHON anre6pm, TCOPHUU KOMILICKCHBIX YHUCCII, TCOPHUU
BEPOATHOCTEH U MAaTeMAaTUYECKOM CTaTUCTUKHU;  pelIaTh MPHUKJIAJHbIE 337a4l C UCIOIb30BAHUEM
aJeMeHTOB U PepeHITNaTEHOTO U MHTErPATbHOTO UCUUCTICHUH
YMEHHUA:

Brruncnares 3Hauenus TCOMETPHUICCKUX BCIUMYNH

TeopeTnyeckuii MaTepuasI:

[TycTh Ha KOOPAMHATHOM MJIOCKOCTU MOCTPOEHA MpsAMast, TPOXOAIIas Yepe3 IBe 3aJaHHbIC
To4kd. OTMETHUM Ha TIPSMON MPOou3BoOJIbHYIO TOUKY C, e€ koopauHaThl (x,y). O003HaUUM J1Ba
BEKTOpA:
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H3BecTHO, 4TO y BEKTOPOB, JIKAIUX HA NapaJuIeIbHBIX MPSAMBIX (JINOO HA OJTHOM MPSMOIi),
COOTBETCTBYIOIIKME KOOPAMHATHI MPOTOPIIHOHAIBHBI, TO €CTh

XT’.. yﬁt I'_E} } r.—é

AL — AL H__IIH M — M ( 1 )
X, YV X, Vo

AR AR AC AC

OtHowenus koopauHat "X" 1 koopAuHAT "y" TaKMX BEKTOPOB PaBHBbI.
Tenepb ocTaércst TOJIBKO BCIIOMHUTB, YTO AJISl OIIPEJEeNIeHHUsI KOOPAMHAT BEKTOPa HEOOX0IUMO
U3 COOTBETCTBYIOIINX KOOPAMHAT KOHIIA BEKTOPA BBIUECTh KOOPAMHATHI €r0 Hayajia:

y Hac  A(x;; ) Blxg;ys) C(x; y)

3HauuT KOOpAWHAThI BEKTOPOB UMCIOT BHU/:

X_=x—x Y. =Y—N

AQC AC
X _ =X, — X = —
AE 2 1 J{_&‘E Yo — W

[Toncransiem B (1). [onydaem dhopmyy:
X=X V=N

Xo —X1 Vo— V1

Ecnu xakoii-nu6o u3 3HaMeHaTelneil paBeH HyJI0, ClIeAyeT IPUPABHITH HYJII0 COOTBETCTBYIOIINN
yucnuTenb. Ha mnockocTu 3anucanHoe Bblle YpaBHEHHE MPSMON yIpOIIaeTcs:

R T o WV
V= (x—x)
X, — X,
: - €CIU X; £ X; UX =X; , €CIIU X; = X3 .
Vs — W
X, — X, .
Hpobp - ! Ha3pIBaeTCS YIJIOBBIM KO3 PUIMEHTOM MPSIMOH.

Ipumep 1: Haiitn ypaBHeHHE NpsIMOi, Tipoxosiei uepe3 Touku A(1, 2) u B(3, 4).
Pewenue. ITpumensis 3anMcaHHyo BbIIIE GOPMYITY, OTyYaeM:
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y=2= (x—1)
3—1

y=2=x-1

yx—yv+l=0

YpaBHeHHe NPAMOM 110 TOYKE U YITIOBOMY KO3((PHLHMEHTY.
Ecnm o6miee ypaBHenue npsimoit Ax + By + C = () mpuBECTH K BHIY:

A C
v=——x——
B B
A C
=k. ——=b me v=hkx+bh
u o6o3HaunTs L2 &) , TO TIOJIYYCHHOE YpaBHEHHE

Ha3bIBaCTCS
VpagHeHuem npamoll ¢ yenogulm Kodgguyuenmom k.

YpaBHeHue NPAMOIi B 0Tpe3Kax.

Ecnu B 001iem ypaBuenun npsimoit Ax + By + C = 0 C£0, To, pa3aenus Ha —C, IOIYUYHM:
A b X
——x——y =] —+=—=1
( ( am @D
- C
a=——, b=——
A 13
['eomeTpuyeckuii cMbICT KOA(PHUIMEHTOB B TOM, YTO KO3(PPULIMEHT a ABIIETCS KOOPIHUHATON
TOYKH MIEePECEUCHUS
npsAMoii ¢ ockio Ox, a b — KOOPAWHATON TOUKU NepeceueH st MpsiMoii ¢ ocbio Oy.

, TIe

IIpumep 2: 3agano obuiee ypaBHEHHE IpsAMoii x —y + [ = (). Haiitu ypaBHeHue 3Toi psMOii B
OTpe3Kax.

c=1, I 1 L a=_b=1

Ipumep 3: Jlano obmee ypaBHeHue npsimoit 12x — 5y — 65 = (). Tpebyercs HanmucaTh pa3IndHbIC
THUIIBI YPABHEHUU 3TON IIPSIMOM.

YpaBHeHHe 3TOM NPAMOM B OTpe3Kax:
|2 3

bt =]
(63/12)  (=13)
YpaBHeHue 3T0H NPSAMOii ¢ YrjoBbIM KO3 GuuueHToM: (1e1uM Ha 5)
12 63 12 i,
VY=——X—— —T.‘L'—].‘I.
2 2 2

Yroa MEXRAY NPAMBIMHA HA IIJIOCKOCTH.
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Onpeoenenue. Eciu 3aianbl qBe npsimbie y = k; x + by, y = k ,x + b, , TO OCTPBINA Yroi MEXIy
STHMHU TPAMBIMA
OyZeT onpenensaTbes Kak
JII:L--1 "i"l
ooy = |———
) |+ ke k.
© =1 JIBe mpsimMble mapaJuIebHbl, €CH k; = k> . JIBe npsiMble IEPIICHIUKYISPHBI,
cClin k] = —]/kg .

Dopmynvt Koopounam cepeoursvl ompe3Ka

3&2[3‘13 ACJIICHUA OTPE3Ka Ha ABE PaBHBIC YaCTH — 3TO YaCTHBIN cnyqaﬁ ACJICHUS OTPE3Ka B JAHHOM

A | wacme M | vacme EB
s ]
OTHOIIICHWH.
A
B sTOM cityuae oTHOIIEHHE BBIPAKAECTCS TPOTOPIIMEH EvM 1 .U ob6mme hopMyITBI
. _xﬂ+£-x3 _yﬂ+£-y3
M- T . * MT T -
| 1+ 4 Yy JIeCHBIM 00pa3oM MpeoOpaxaroTcs B HEUTO 3HAKOMOE 1
s+ X Vit ¥
R B _JFJATVSE
. S
[pOCTOE: i 2

YHO6HBIM MOMCEHTOM SABJISACTCA TOT (1)aKT, 4YTO KOOpAWHATBI KOHIIOB OTPE3Ka MOXKHO

o= X B + X 4 _ _]"E +V 4
M~ ? -
6e360JIe3HEHHO TIEPECTABHTD! 2 2

ﬂﬂﬂ MPOCTPAHCTBCHHOI'O ClIy4das CIIpaBCAJIMBA OYCBUAHAA aHAJIOTUA. Ecnu nanbl KOHITBI OTpEC3Ka

A(Iﬂ; F A;z.ﬂ)? B(IE; Ts EB:', TO KOOPAUHATEI €TO CepeIlI/IHLIM BBIPAXXAIOTCS POPMYIIaMU:

_IA'I'IE _FA+FE _EA'I'EE
Ay = » My= 0 iy~
2 2 2
Hpumep 4

HapannenorpaMM..'qB':jﬂsaﬂaH KoOopJAuHaTaMH CBOUX BCpI_HI/IH}]'I:_q; D:IF B(q'? 4:':' C('_.'I‘, 2:': DI:_ 1! - 2:‘

Haiitn Touky nepeceyeHus ero quaroHaiei.
Penrenmne:
Kenaromme MOryT BBITTOJIHUTE 4epTEXK. I'padduti 0cOOEHHO PEKOMEHIYIO TEM, KTO KallUTaJIbHO

3a0BLT MIKOJBHBIA KypC TEOMETPHH.
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[To u3BeCTHOMY CBOMCTBY, TUaroHaJId MapajuieJorpaMMa CBOeH TOUKOM nepecequmD(ID? F 15':'

JACJIATCA II0II0JIaM, ITIOTOMY 3adady MOXKXHO PCHIUTD JABYMA croco0aMu.

PaccMoTpuM npoTHBOIIONIOKHbBIE BepHII/IHbI‘qI:_q; D:': C':?; 2:'. [To popmynam neneHus oTpes3Ka

gt xe 44T 3 Vgt ¥e D42 |
V- Ai:fxﬂ'_ - =2 Vo= - -

TIOMOJIaM HAWIEM CepenHy AnaroHannHl: : 2 4 2 2 4

3
B pesynbrare: Z
3ananus:BeinosHuTe 3a1aHKSA 110 BADUAHTAM
Bapuanr 1.
1. B npsmoyronsHOI ekapToBoi cucteme koopauHat noctpoutsh Touku A (0; 0), B (3; -4), C

(-3; 4). Onpenenuth pacctosHue Mexay Toukamu Au B, Bu C, A u C.

2. Haiitu paccrostane mexay Toukamu A(-1, 3) u B(6,2).

3. Jlokazatb, 4TOo TpeyrodbHUK ¢ BepmuHamu A(3; -1; 2), B(0; -2; 2), C(-3; 2; 1)
paBHOOCIPEHHBIH.

4. Hanst Bepuunsl A(2; -1; 4). B(3; 2; -6), C(-5; 0; 2) TpeyrojbHUKa. BeUucIuTh AJIMHY €0
MEJIMaHbI, POBEICHHON U3 BEPIINHBI A.

5. Janer BepmmHbl TpeyronbHuKa A(l; 1; -1), B(2; -1; 3), C(-4; 7; 5). Beruucnurh anuHy

OUCCEeKTPUCHI €r0 BHYTPEHHETO yIiia pu BepiirHe B

Bapuanr 2.
1. Haiitu pacctosnue mexnay toukamu A(-1, 3, 3) u B(6, 2, -2).
2. B npsiMoyToBHOM 1eKapTOBOM CUCTEME KOOPIMHAT MOCTPOoUTh Touku A (0; 0),

C (-3;4), D (-2; 2) E (10; -3). Onpenenuts paccrosiuue mexay Toukamu C u D, Au D, D u E.

3. Joxazartb, uTo TpeyroiabHuk ¢ BepummHamu A1(3; -1; 6), A2(-1; 7; -2), A3(1; -3; 2)
MIPSIMOYTOJIBHBIN.
4. Hansl Bepumasl M1(3; 2; -5), M2(1; -4; 3), M3(-3; 0; 1) tpeyronsauka. Haiitu

CepeIMHbI €r0 CTOPOH.
5. Hansl BepumHbl Tpeyroiasauka A(1l; -1; -3), B(2; 1; -2), C(-5; 2; -6). Beruucnauts

JUTMHY OUCCEKTPHUCHI €ro BHYTPEHHETO yIJia MU BEepIIHHE A.
KoHnTpoJibHBIE BONIPOCHI:

1) 3anummuTe ypaBHEHUE MPSMOM IO IBYM TOUKam

2) 3anuiuuTe OnpeereHne MeuaHbl TPEyroJbHUKA
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INPAKTUYECKAS PABOTA Ne 15

Ha3Banue npakTudeckoii padorbl: Peuwienue npukiadnslx 3a0ay ¢ UCno1b308aHuem
KOMOUHAmMOpuKu.

Leab padoThI:HAYUYNUTHCS peIIaTh 33a4U Ha MOACUYET YMCIa KOMOUHAIIHIH.

3HAHUSL:

OCHOBHBIE€ TOHSATHS M METOAbl MaTEeMaTHMYECKOTO aHallu3a, JUHEMHON anreOpbl, TEOpUU
KOMIUIEKCHBIX YHCEJ, TEOPUU BEPOSTHOCTEH U MATEMAaTHUYECKON CTATUCTUKU;, OCHOBHBIC TMOHSATHS U
METOJIbI MAaTEeMATHUYECKOTO aHanu3a, JTUHEHHOW anreOphl, TEOpHUH KOMIUIEKCHBIX YHCEN, TEOPUHU
BEPOATHOCTEW U MAaTEMATUYECKOM CTaTUCTUKHU;  pellaTh NPUKJIAJHbIE 33Jaul C UCIOJIb30BaHUEM
3IIeMeHTOB U PepeHIINaTbHOTO U UHTErPAIbHOTO HCUUCTICHHM
YMEHHus:

Pemate 3amaun Ha BBIYKUCIECHUE BEPOSATHOCTU C HCIIOJIB30BAHUEM HIIEMEHTOB

KOMOMHATOPUKHI

TeoperuueckuiimarepuaJ

KombOuHaToprka u3y4yaeTr KOJIu4ecTBa KOMOMHALIUN, TIOJYMHEHHBIX OTpPeAeICHHBIM
YCIIOBHSIM, KOTOPHIE MOKHO COCTaBUTh U3 JIIEMEHTOB, 0€3pa3INIHO KaKOW MPUPOIBI, 3alaHHOTO
KOHEYHOT0 MHO>ecTBa. [Ipu Hemocpe1CTBEHHOM BBIYHCIEHUH BEPOSTHOCTEH YaCTO UCIIONIB3YIOT
dbopmynbl komOuHaTOpUKH. [IpuBenem Hanboee ynoTpeOUTENbHbIE U3 HUX.

[Tpu penrennu 3aqa4 KOMOMHATOPUKY MCTIONB3YIOT CIEAYIONIUE TPaBUIa;

IIpasuno cymmol. Ecim HEKOTOPBIN 00BEKT A MOKET OBITh BRIOPAH U3 COBOKYITHOCTH
00BEeKTOB M criocobamm, a Ipyroit 00beKT B MokeT ObITH BRIOpaH n crioco0amMu, TO BEIOpaTh JIMOO
A, mu6o B MoxHO m + n cmocobaMH.

IIpasuno npouszsedenus.Eciin 00beKT A MOXKHO BBIOPATh U3 COBOKYIHOCTH OOBEKTOB M
croco0aMu U MOcCJe KaXa0ro TaKoro BeIOOpa 00beKT B MOHO BRIOpaTh N criocobamu, To mapa
00bekTOB (A, B) B ykazaHHOM TOpSIJIKE MOKET OBITH BIOpaHa m-n Crioco0amu.

Ilepecmanosxamuna3bIBalOT KOMOMHAIIMY, COCTOSIIUE U3 OJTHUX U TEX KE N PA3IUIHBIX
AJIEMEHTOB M OTJIMYAIOIINECS TOJHKO MOPSIKOM MX PACIIONIOKEHHUs. YHCITIO BCEX BO3ZMOKHBIX
MIEPECTaHOBOK

P.=n!, rae n! =12 3¢ en,
3ameTHM, 4TO yA00HO paccMatpuBath 0!, monaras, no onpenenenuro, 0! = 1.

Pasmewenusmu Ha3pIBalOT KOMOMHALIMHU, COCTABJICHHBIE U3 N PA3JIMYHBIX AJIEMEHTOB 110 M

AIIEMEHTOB, KOTOPBIE OTIIMYAIOTCS JTMOO COCTABOM DIIEMEHTOB, OO0 WX mopsakoM. Yucio Beex

BO3MOXHBIX pa3MEICHHI
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A% =n(n-Tn-2) (n-m+D=— "

" (n—m)l
CouemarnusmuHa3pIBalOT KOMOMHAIIUY, COCTABIICHHBIE U3 N PA3IMYHBIX JIEMEHTOB 10 M
AJIEMEHTOB, KOTOPBIE OTJIMYAIOTCS XOTSI ObI OAHUM 3JIEMEHTOM. YHCI0 coueTaHui

o nl

"l —m)l

IIpumep 1.
CKOJIBKO TpeX3HaYHBIX YHCET MOKHO COCTAaBUTH U3 udp 1, 2, 3, ecnu kaxkaast nugpa BXOJUT B
n300pakeHHe ymciia TOJIbKO OJUH paz?
Pewenue.
VckoMoe 4uCIIo TPEX3HAUHBIX YHCET
P=3!=1%*2*3=6.
Ipumep 2.
CKOJIBKO MOXHO COCTaBUTh CUTHAJIOB U3 6 (JIaXKKOB PA3JIMYHOrO 1IBETA, B3ATHIX 1O 27
Pemenue.
HckoMmoe 9uCIio CUTHATIOB
A%=6*5=30.
IMpumep3.
CKOJIBKMMHU cIOcO0aMH MOKHO BBIOpATh JBE JEeTalH U3 slIMKa, coaepxamiero 10 geraneit?
Pemenue.
Hckomoe unciio cnoco0oB
C%= 10!/ (2! 8!) = 45.
[TonuepkHeM, 4TO yKcIa pa3MELEHH, IEPECTAHOBOK U COYETaHUMN CBSA3aHBI PABEHCTBOM
A" =P, C",.
IIpumep 4.
Ha poautensckoM cobpanun npucyTtctByeT 20 yenoBek. CKOJIBKO CYIIECTBYET Pa3IMUHbIX
BapHaHTOB COCTaBa POJUTEIBCKOIO KOMUTETA, €CJIM B HETO JOJDKHBI BOUTH 5 YesloBeK?
Pewenue:
B sToM mpumepe Hac He UHTepecyeT MopsIoK haMuInii B criucke komutera. Eciiu B pe3ynbraTe B
€ro COCTaBe OKaXyTCsl OJJHU U T€ XK€ JIFO/U, TO 110 CMBICIY Il HAC 3TO OJMH U TOT YK€ BapHAHT.
[TosTOMY MBI MOKEM BOCHOJIB30BATHCS (POPMYIIOH JUIS MOJICUeTa YuciacoueTaHnitu3 20 37eMEeHTOB
1o 5.
Wnaue OyryT 00CTOSTH J1e7a, €CH KaKIbli WIeH KOMUTETa H3HAYaIbHO OTBEUYAET 3a OIpe/IeJICHHOEe
HarpasiieHue paboTsl. Toraa mpyu 0JHOM M TOM e CIIUCOYHOM COCTaBE€ KOMHUTETa, BHYTPH HETO

BO3MOXKHO 5! BApHUAHTOBIICPCCTAHOBOK, KOTOPBIC UMCIOT 3HAUCHUC. KomuuectBo Pa3HbIX (I/I 110
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COCTaBy, | 10 cepe OTBETCTBEHHOCTH) BAPHAHTOB OMPEACIISETCS B 3TOM CIIydae YHCIOM
pasmenienuitn3 20 371eMEHTOB TI0 5.
3ameuaHnue.
BrI1ie mpeamnosnaranock, 4To BCe N 3JIEMEHTOB Pa3inyHbl. Eciiu ke HEKOTOphIE AIIEMEHTHI
MOBTOPSIOTCS, TO B 3TOM Cly4ae KOMOMHAIIUU C TIOBTOPEHUSMHU BBIYHUCISIOT IO ApyruM (popmyram.
Hanpumep, eciu cpeii n 3JIeMEHTOB €CTh N 3JIEMEHTOB OJTHOTO BUA, NxAJIEMEHTOB JIPYTOro BHJIA U
T.J1., TO YHCIIO MIEPECTAHOBOK C TIOBTOPCHUSIMU

Pu(ni, no, ...) =n!/ (n! np! ... ),rae ny+ npt ... = n.
Pasmewenusamu ¢ nosmopenusmu 13 n S5IEMEHTOB T10 7 HA3bIBAIOTCS YNOPAO0OUeHHble M-

AJIEMEHTHBIE BEIOOPKH, B KOTOPBIX AIEMEHThI MOTYT nosmopsimucs. Qucio pasmewjenuti ¢

A.:E=HM

HO8MOPEeHUAMUBBIYUCIISETCS 1O (opMyIIe:
Ilpumep 5.
Bosemem OykBbib, A, P. Kakue pazmenieHust U3 3THX OyKB, B3ATBIX 10 IBE, MOKHO MOTYyYUThH?
CKOJIBKO TakuX HaOOPOB MOYYUTHCS, eci: 1) OYKBBI B HAOOpE HE TIOBTOPSIIOTCS; 2) OYKBBI MOTYT
MOBTOPATHCS?
Pewenue.

1. Tlomyuatcs cnenyroutue nHabopwei:bA, bP, AP, Ab, Pb, PA.

nl

AR =n(n-Dn-2..(n-m+1=

ITo popmyie (0= m)l

;3123

Ad = =4
MOJTy4aeM: B-2) 1 HaOOPOB.

2. Tlonyuatcs uabopwi:bb, bA, bP, AA, Ab, AP, PP, Pb, PA.

——

Mmoo m
A‘n ” =3y

[To popmyne TIOJTyYaeM: "HabOpOB.

Yucno couemanuii ¢ I’lO6I’I’l0p€HMﬂMu(ﬂ3J’IeMCHTOB, B3ATBIX 11O, TAC 9JICMCHTHI B Ha60pe MOT'yT

o |{n+m —1:|!

HOBTOPSATHCS) BBIUUCIIAETCS 110 (popmyiie: o mlfe-)

Ilpumep 6.

B xsiebHOM oTnEene umerotes Oysku 6ernoro 1 yepHoro xjeda. CKOJIbKUMHU CIOCOOaMHU MOKHO
KynuTh 6 OyJok xyeba?

Pewenue.
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O6o03Hauas Oynku 6enoro u yepHoro xiueda OykBamu b u Y, coctaBUM HECKOJIBKO BBIOOPOK:
BBEBEB, bBUYBDL, YUYYUB, ... CoctaB MeHsIeTCsl OT BBIOOPKH K BHIOOPKE, MOPSII0K 3JIEMEHTOB
HECYIIIECTBEHEH, 3HAYUT 3TO - COYETAaHUs C MOBTOPEHUSIMH U3 2 110 6.

TV |In +m - 1:]!

"l 1)1 Co=cs,, =Ci=cl=7

I[To ¢popmyne nojgy4aem 2 CTIIOCO0OB.

CnenaeM mpoBepkKy u BoinuiieM Bce BapuanTtsl nokynku: bBbbBbbb, BBEBBY, BEBBYY, bbBYYY,
bbYYYY, bYYYYY, YYYYYY. 1x neiicTBUTEIBHO 7.

Ipumep 7.

CTpouTenbCeTBO JECTHULBL.

Pemenue.

CtpowuTcs necTHHIIA, BEAyIas U3 TOYKH A B TOUuKky B(cwm. puc.).

A c

Paccrosnue AC paBHo 4,5 M, a paccrosinue CB — 1,5 m. Boicora kaxxoii crynenbku paBHa 30 cM,
a ee IMMPHHA JOJDKHA OBITh EeTbIM KpaTHBIM 50 cM CKOJIBKUMH CTIOCOOaMH

MO’KHO TIOCTPOMTH JIECTHHILY?

W3 ycnoBus 3amaud BUAHO, YTO JIECTHHLA JOJDKHA UMETh 5 CTYNEHEK M COCTOSTh U3 9 «OJIOKOB»
mmHOU 50 cM. [losromy cTyneHpkr MOxHO cTpouTh B 10 mecrax. Takum obpazom, Hamo u3 10
MECT BBIOpaTh 5, ¥ 5T0 MOXkHO caenats C? o= 252 cnocobamu.

3ananus:BeinonHuTe 3a1aHUSA 110 BAPDUAHTAM

Bapmnanr 1

1. CxoJIbKO IBYX3HAYHBIX YMCET MOKHO COCTaBUTh U3 udp 1,3,5,8,9 Tak, 4roObI B KaXK10M
yyclie He ObLT0 OJMHAKOBBIX IU(p?

2. W3 6 oTKpbITOK HAJI0 BEIOPATh 3. CKOJBKUMHU CIIOCOOAMH 3TO MOKHO?

3. Tlpennpusarue MOKET MPeJOCTaBUTh PA0OTY MO OJHOM CTIeNUaTbHOCTH 4 KEHIIMHAMHU, 110
JIPYToi - 6 My>KUYnWHaAM, TI0 TpETheH - 3 pabOTHHUKAM HE3aBUCUMO OT ToJia. CKOJIbKUMU
croco6aMu MOXKHO 3aMOJTHUTh BaKaHTHBIE MECTa, €CIM UMetoTcs 14 MpeTeHeHTOB: 6 KeHIIHH
U 8 My>KUuH?

4. W13 10 xkanAMIATOB HYXHO BBIOpaTh 3 uesnoBeKa Ha KoHpepeHH0. CKONbKUMHU Pa3TUYHBIMU
CI0C00aMHM 3TO MOXKHO C/IEaTh?

Bapmuanr 2

1. CkonbkuMH criocodbamu MOT'YT pa3MCCTUTLCA 5 4enoBek BOKpPYT KpyrJjioro crojua?
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2. CKOJBKUMH CIOCOOAMU MOKHO COCTaBUTH (hIar, COCTOSIIUI U3 TPEX TOPU30HTAIBHBIX MOJIOC
pa3IMYHBIX LIBETOB, €CJIM UMEETCSI MaTepHaAJl CEMU Pa3JINYHbBIX [[BETOB?

3. D'pynmy u3 20 cTyI€HTOB HY»HO pa3feiuTh Ha 3 OpUrajsl, mpuueM B IEpBYIO Opuraay
JIOJDKHBI BXOJIUTH 3 4eJI0BEKa, BO BTOPYI0 — 5 U B TPeThio — 12. CKOJIBKUMHU CITIOCOOaMH 3TO
MOYHO CHENaTh.

4. Jlns yuacTusi B KOMaHjie TpeHep oToupaeT 5 MmanpbunkoB u3 10. CkompKuMu criocobamMu oH
MO3KeT chOpPMUPOBATH KOMAH/IY, €CITU 2 OMpeAeICHHBIX MAIbYMKa JOKHBI BOUTH B KOMaHTY?

KonTposabHbIE BONPOCHI:
1) HazoBuTe BUIbI KOMOMHAITHI

2) Ha3zoBute 0CHOBHBIE ITpaBUIa KOMOMHATOPUKHI

Cxema onpedenenus 6uda KomouHayuu

CocTaBMTE HECKOMLKO KoMOMHaIpE (B5160p oK)

B

IMoBTOpAN TCA I 1MEMEHTEI B BEID0pKe 7

4 He

MenaeTca J3 cocTag 7 Menserca Ju1 cocTag 7

Ja HeT HeT a
Cywec Tee HeH Tepecramoss Mepecranos CywecTEe HeH
JOH MOpAA0K? HC 434 N mopAAeK?

10ETO e HHAN
Aaa eT He aa
Pasmetuers ¢ CoyeTarma ¢ 1 OYETAREA Pasmengersa

TOETOP e HELAME

NOBTOR eHFLAND

ITPAKTUYECKASAPABOTA Ne 16

HasBanue npakTudeckoit padboreli: Peutenue npoghpeccuonanvhuix 3a0au Ha 6bluUC/IeHUE
6epoAmMHO-cmell ¢ UCNOIb306AHUEM INNEMEHMOE MAMEMAMUYECKOU CHAMUCMUKU

Hean padorei:HayunThcs pemaTs 3a1a4u ¢ UCIOJIb30BAHUEM AJIEMEHTOB MaTeMaTHYECKON
CTATUCTHUKH.

3HAHUA:
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OCHOBHBIC IOHATUS M METOABl MaTEeMaTWYeCKOro aHaju3a, JIMHEHHON anreOpsl,
TEOPUU KOMIUJIEKCHBIX YHCEN, TEOPHUH BEPOSITHOCTEM M MAaTeMaTH4YE€CKOW CTATUCTUKU;
OCHOBHBIE TMOHSATUS M METOAbl MaTEeMaTHUECKOIro aHalu3a, JUHEHHON anredpbl, Teopuu
KOMIUIEKCHBIX YHCEJI, TCOPUH BEPOSTHOCTEH U MaTeMaTUUYECKON CTAaTUCTUKH,  pellaTh
NPUKJIaIHBIE 3a]1a4l C UCIOJIb30BAHUEM AIIEMEHTOB AU (epeHInaIbHOr0 1 HHTETPabHOTO
VCUYUCIICHUI
YMeHHus:

Pemarp 3amaun Ha BBIUMCICHHE BEPOSTHOCTH C HCIOJNB30BAHUEM JIIEMEHTOB
KOMOWHATOPUKH

Teoperuyeckuii marepuas:
1. CayuaiiHble BeJTMHYHHbI

Cnyyaiinasa éenuyuna — 3TO BEIMYUHA, KOTOPas B Pe3yJbTaTe HCIBITAHUS B 3aBHCUMOCTH
OT cilydasi TIPUHUMAeT OJHO M3 BO3MOXKHOTO MHOXKECTBA CBOMX 3HAYCHHMH (Kakoe MMEHHO —
3apaHee HEU3BECTHO).

Jluckpemuas caywainas eeruuuna — OTO CIIydyalHas BEJIWYWHA, KOT/a TPUHUMAET
OTJIeIbHOE U30JIMPOBAHHOE, CYETHOE MHOXKECTBO 3HAUCHUI.

Henpepuvisnas cayuaiinas eenuyuna — 3TO ClydyailHas BeJIMYMHA, NMPUHUMAIOIIAs JIOObIE
3HAQ4YECHMsI U3 HEKOTOpOro uHTepBana. IIoHATHE HeNnpepblBHOW CIly4ailHOM BEIWYMHBI BO3ZHUKAET
IIPU U3MEPEHUSX.

Crnyualinple BeMMYUHBI 0003HAYAIOTCS KOHEYHBIMHM 3arjiaBHBIMM OYyKBaMH JIATMHCKOTO
andasuta X, V, Z, a UX 3Ha4YeHUS — COOTBETCTBYIOLIMMHU CTPOUYHBIMU OyKBaMH X, ), Z.
2.3aKoH pacnpe/ejieHUs CIy4aliHON BeJIMUMHBI

OTO BCSIKOE COOTHOIIEHHE, YCTAaHABJIMBAIOIIEE CBSI3b MEX]y BO3MOXXHBIMU 3HAYEHUSIMHU
CIIy4aifHON BEJIMYUHBI U COOTBETCTBYIOIIUMHU UM BEPOSTHOCTSAMHU.

Jns ouckpemnou cay4aiiHOW BETMUYMHBI 3aKOH pacrpesieleHus MOKET ObITh 3aJaH B BHJIE
mabauybl, AHATATHYCCKU (B BUJIC (hopMyibl) U epaguyecku.

Tabnuya — 310 npocTteiias popma 3aJaHusI 3aKOHA pacipeieneHns. B Hell mepednciieHsl B
MOpSZIKE BO3pPACTaHUS BCE BO3MOXHBIC 3HAYCHHs CIIydalHOW BENWYMHBI X W COOTBETCTBYIOIINE

BEPOSTHOCTU. JTa TabIUIIA HA3BIBACTCS pAOOM pacnpeoeieHus.

X1 X2 Xn

)i p2 Dn

n

Z pi=1Psn pacnpenenenus MOXET ObITh M300paKeH TpaduuecKku, eciau Mo ocu adciuce
i=1

OTKJIaJAbIBAaTh 3HAUYCHUA cnyqaﬁHoﬁ BCIIMYMHBI, @ IIO0 OCH OpAMHAT — COOTBCTCTBYIOIIUC HX
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BCPOATHOCTH. COGI[I/IHGHI/IG 06pa3yeT JIOMAaHYIO JIMHHUIO. OTO MHOT! OYTOJIbHUK WJIM TIOJIMI'OH

pacnpeneneHus: BEpOSTHOCTEM.

P,

Ilonueon pacnpeoenenus eeposimnocmeti

Hpumep 1

3a/1a10T I} 3aKOHR) PACHXGJCTCHYA JUCKRSTHON CTy4alHOKBEIMYMHBI CIEYIOIHME TAOIHIIbI?

A) b)
xi|l |2 |3 |4
P; |0, 10410302

xi|l |2 |3 |4
Pi{0, {0,2]03]0,5

Pewenue
n
A) Jla, Tak KaK BBITIOJHSAETCS YCIOBHE Z pi=1: 0,1+0,4+0,3+0,2=1
i=1
b) Her: 0,1+0,2+0,3+0,5 # 1.
Hpumep 2
B nenexnoii notepeu BoimymieHo 100 6unetos. Pa3sirpsiBaercs oauH BeMrpsinl B 50 pyouneit u 10
BeIMIpbIeil mo 1 pyOmo. HaliTi 3akoH pacnpeneneHust ciydyaiHOM BeIMYMHBI X — CTOMMOCTHU
BO3MOYKHOTO BBIMTPBIIIA JUIS BIaJIENIbIa OAHOTO JIOTEPEHHOTO OHeTa.

Pewenue: 603M0KHBIE 3HAUCHUS X

Xi 50 1 0
pi 0,01 0,1 0,89
1 10

P, P, P;=1- (Pz + P1)

~100° 2 100°
Kontposns: 0,01 + 0,1 + 0,89 =1

Ipumep 3

BeposiTHOCTh TOTO, YTO CTYACHT CHACT CEMECTPOBBIM dK3aMeH 1Mo Omodusuke paBHa 0,7, a 1o

ouoxumuu — 0,9. CoctaBbTe 3aKOH paclpefeNieHUs] YUClia CEMECTPOBBIX IK3aMEHOB, KOTOpPbHIE

caacT cTyJeHT. [locTpouTh MHOTOYTOJIBHUK pacipeiesieHrs BEpOSTHOCTEM.

Pewenue

Bo3MoxxnbIe 3HaUueHN X — YHCIIO CAAHHBIX dK3aMeHoB: 0,1,2.

CuuraeM BEpOATHOCTH:

P(X=0)=P(A))-P(A2)=(1-0,7)(1-0,9)=0,3-0,1 =0,03

P(X=1) =P(A1A>+ AjAs) = P(A1)P(Az) +P(A))P(A2) =0,7-0,1 +0,3:0,9 = 0,34
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P(X=0) = P(A1A;) = P(A|)-P(A,) = (1 — 0,7)-(1 — 0,9) = 0,7-0,9 = 0,63.

Xj 0 1 2
pi 0,03 0,34 0,63
Psin pacnipereneHus MeeT BH/I:
Kountposs: 0,03 + 0,34 + 0,63 = 1.
Pi
0,6
0,4
0,2
Xi
0 4 2 3

MHnoeoyeonvruk pacnpeoenenusi 6eposmuocmel

3.@yHkuus pacnpeaeaeHus CIy4YalHbIX BeJTUYUH

Oyukuus F(x), BeIpaxaromas i KaXJI0ro X BEPOSITHOCTh TOTO, YTO ClIy4aiiHas BeIMYMHA

XTpuMeT 3HayeHHEe MEHbIIe HEKOTOpPOro (PUKCHPOBAHHOIO X, HA3bleaemcs (QyHKyuel pacnpe-

Oenenus ciuydaitHou BenuunHbl X: P(x) = P( X< x). Ee Taxxke Ha3bIBAIOT UHmMe2paibHOU DyHKYUell

pacnpeoeneHus JUCKPETHBIX U HEMPEPBIBHBIX CIyYalHbIX BEIUYMH.

Xi 1 4

Pi 0,4 0,1

0,3

0,2

Ipumep 4

Jlau psig pactipeieNieHnst CITy9aifHbIX BEJTMYUHBI:

Haiiti u n306pa3uts rpaduk ee pyHKINU pacrpeneaeHus..
Pewenue

Bynem 3anaBath pa3nnuHble 3HaYEHUS Xill HAXOAUTH s F(x):

l. Ecm x<1,F(x)=0

2. [Tycts 1< x <4, (Hampumep, X =2), F(x) =P(x=1) =0,4.

3. [Tycth 4< x < 5, (Hanpumep, x = 4,25),
F(x)=P(X <x)=P(x=1) +P(x=4)=0,5+0,4=0,5

4. [Tycts 5< x <7, F(x) =(P(x=1)) + P(x=4) + P(x=5)=0,5+0,3=0,8.

5. Ilycts x>7

1,0
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0,6
02

01234567

OyHKLUS pacnpeaeneHus guckpemHolti ciyqatiHocmu BeJuYUH

F(x) = (P(x=1) + P(x=4) + P(x=5) + P(x=7) = 0,8 + 0,2 =1
OyHKIMS pacrpeneraeHus 1o00i AUCKPEeTHOM clydyailHOM BEIMYMHBI €CTh pa3pblBHAS CTyleHYaTast
GYHKIMS, CKAaUYKH KOTOPOH MPOMCXOAAT B TOYKAX, COOTBETCTBYIOIIMX BO3MOXKHBIM 3HAYCHHSM

CIIy4allHOM BEJIUYMHBI U PABHBI BEPOSTHOCTAM ITUX 3HAYCHUM.

4. YucioBble XapaKTEPUCTUKHU JUCKPETHOM CIIyYAHHOM BeJIUYUHbI
1. Mamemamuuecxum oxcudanuem M(X); TUCKPETHON CIy4yailHOW BENTWYHHBI HA3BIBACTCS
CyMMa NpOU3BEICHUIN BCEX €€ 3HAYECHUI HE COOTBETCTBYIOLIME UM BEPOSITHOCTH:
n
M(X) = Y, xipi
i=1
Ipumep S
V3BecTHBI 3HAUEHUSI PACIPEICIICHUS CIyYaillHbIX BeMHMYMH X U Y — YHCIO OYKOB BBIOMBAEMBIX

MEPBLIM U BTOPBIM CTPCIIKAMMU.

Xi 0 1 2 3 4 5 6 7 8 9 10

pi 0,15 | 0,11 | 0,04 | 0,05 | 0,04 | 0,10 | 0,10 | 0,04 | 0,05 | 0,12 | 0,20

Xi 0 1 2 3 4 5 6 7 8 9 10

pi 0,01 | 0,03 | 0,05 | 0,09 | 0,11 | 0,24 | 0,21 | 0,10 | 0,10 | 0,04 | 0,02

HeoOxoaumo BBISIBUTH, KaKOM W3 ABYX CTPENKOB cTpensieT myumie. [locTpouts MHOTOYroabHUKA
pacrnpeneneHus.
Pewenue:
OueBUIHO, YTO W3 JABYX CTPEJIKOB JIy4Ille CTPENSeT TOT, KTO B CPEIHEM BBIOMBAECT OOJbIINCEe
KOJIMYECTBO OYKOB.
M(X) =00,15+ 10,10+ 2-:0,04 + ... + 9:0,12 + 10-0,2 = 5,36
M(Y) =0-0,01 + 1-0,03-0,05 + ... +9-0,04 + 10-0,02 = 5,36
To ecTh cpeHee YHCIIO BEHIOMBAEMBIX OUYKOB Y JIBYX CTPEIKOB OJHMHAKOBO.
Ilpumep 6

CnyqaﬁHaﬂ BeJIMYMHA X 3aJaHa 3aKOHOM pacnpeaciiCHUA:
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Xi ] 2 5
Di 0,3 0,5 0,2
Pewenue: M(X) = 1-0,3 + 2-0,5 + 5:0,2 = 2,3

2. Hucnepcusa MUCKpETHONCITy4allHOCTH BeIMYUHBI. CII0BO «IUCIEPCUs» 03HAYAET «PACCESIHUE):
D(X) = M(X - M(X))".
Hucnepcueti D(x)cny4dailHOW BeIMUYMHBI Ha3bIBACTCS MaTeMaTHUECKOE OXKUJAAHHWE KBajpara ee
OTKJIOHEHHS OT MaTEMaTUYECKOTO OXKHUIAHUSI.
Cpeonee keadpamuueckoe omiloHeHue G (CTaHIAPTHOE OTKIOHEHWE WM CTaHAAPT) CIydyalHOM
BEJIMUYMHBI X — 3T0 apu(pMeTH4YecKoe 3Ha4YeHHe KOPHS KBaPAaTHOTO U3 €€ TUCIePCUU:
o =+/D(X)
Ipumep 7.
B 3agaue 1 o cTpenkax BBIYHCIHTH AUCTIEPCHIO YMCIIA BBIOUTHIX OYKOB JUTSI KAXKIOTO CTPEIIKA.
Pewenue:

OueBHHO, YTO JIyUIlIe CTPEJSUT TOT CTPEJIOK, Y KOTOPOTo NMPHU PAaBEHCTBE CPEIHUX 3HAUCHMI Yuca
BBIOMTHIX OYKOB MEHBIIE OTKJIOHEHHE J3TOT0 YHWCJIa OTHOCHTEIBHO CPEJHEr0 3HAYCHHS
(mucmiepcus).

D(X) = (0-5,36)*-0,15 + (1 - 5,36)*0,11 + ... + (10— 5,36)*0,2 = 13,6

D(X) = (0-5,36)* 0,01 + (1 — 5,36)*0,03 + ... + (10 — 5,36)*0,02 = 4,17
Omeem. Jlucriepcusi MEHbIIIE Y BTOPOTO CTPETIKA.
Hpumep 8
B 3amaye 2 BBIYMCIUTH AUCIIEPCHIO.
Pewenue:

D(x) = (1 —2,3)2-0,3 + (2 — 2,3)%0,5 + (5 — 2,3)*0,2 = 2,01

5. Il1OTHOCTH BEPOSITHOCTH HeNPEPBHIBHBIX CIAYYAHHBIX BeJTHYNH
IInomnocmoelo  eepoamnocmu, Ul HIOMHOCMbIO pacnpedenenus f(x) HenpepvigHOll

cy4aiHot BEIMYUHBL X, Ha3bIBACTCS IPOU3BOIHAS €€ (DYHKIUU PaCIPECICHHUS:

S = F'(x)

Ee maxorce naswvisarom ouppepenyuanvroti GyHKIHMEH pactpeaeieHus.

f (x)
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Ceoticmeo niomuocmu 6eposmHOCmU:

1. Heotpunarensuas ¢pynkmus f(x) >0 .

2. Ilnomaas (uUrypsl, OrpaHMUYEHHOM KPHUBOM pacmpelelieHUs U OChio adcuucce, paBHA
eAVHHULIE.

3. BeposATHOCTD TONaanus HENpPEPHIBHON CITy4aliHON BEJIMYMHBI B MHTEpBa [a, b|paBHa

OIIPE/ICICHHOMY MHTETpally OT €€ IUIOTHOCTH BEPOSITHOCTH B IpeJiesiax oT a 10 b.
b
P(anSb)Z_[ flx)d
a

I'eomeTpuyeckas HHTEpIIPETALUA:
[ToryueHHass BEpOSTHOCTh paBHA IUIOWAAM (UTYPBl, OrPAaHUYEHHOM CBEpXY KpHUBOMU
pacmpeeNieHrs U OIUPArOIIeiicss HAOTPEe3oK [a, b].

HerepHBHaﬂ CnyqaﬁHa;I BCJINYHMHA OIMIKUCBIBACTCA CJICAYIOIINMU YHCJIOBBIMHU

XapaKTepUCTUKAMHU:

00

l. Matematuueckoe oxunanue: M(X) = f x-f(x]dx

—o00

00

2. JHucnepcus D(X) = f (x—M|(x])*fx)dx

—o00

U D(X) = T x> fx)dx — (M [x))?

6.HopmabHbIN 3aKO0H pacnpeejeHust

OTOT 3aKOH HanboJee YacTo BCTpedaeTcsl Ha npakTuke. OH ABISETCS NpeAeIbHBIM 3aKOHOM,
K KOTOpOMY NpHUOIMKAIOTCS Jpyrue 3aKkoHbl pacnpeneneHus. HopmanbHoe pacmpeneneHue
ABJISIETCA OJTHUM M3 CaMbIX BAXKHBIX pacripeleneHuil B cratucTuke. OOBIMHO BCE CPaBHMBAIOT C
HOpPMAaJIbHBIM 3aKOHOM paclpeesICHHUS.

HemnpeppiBHas ciywaiiHass BeauurHa XUMeeT HOPMAJbHBIM 3aKOH pacrpezesieHus: (3aKoH

[aycca) ¢ mapaMeTpamMu W U 07, €CJIU €€ TUIOTHOCTh BEPOSITHOCTH UMEET BUJI:

—(x=1)

flx|= 1.7
V2
Ceoticmea niomuocmu pacnpeoeieHust 6eposimHoOCmel.
> Omna konokoobOpa3zHas («kosokon ['aycca»), nHaue yHUMOaubHasl.
> [TnoTHOCTH ompenensieTcsa AByMs apaMeTpaMu: MaTEMaTUUECKUM OXKHUJIaHUuEM (W) U

CPEIHUM KBaJPATUYECKUM OTKIIOHEHHEM (O).
> CumMeTpudHasi OTHOCUTEIBHO CPEIHETO.
> Cpennee 1 MeinaHa HOPMAJIBHOTO PACIPEIENICHHS PaBHBbI.
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> KpuBasi cnBuraercst BIpaBO, €CIM CpPEAHEE YBEIWYHMBACTCA MPHU TIOCTOSITHHOM
KBaJ[PaTHUECKOM OTKJIIOHEHUH (pHC. 0), U CABUTAETCS BIEBO, €CIIH CPEIHEE YMEHBIIIACTCS.

> KpuBast pacmmpsiercs, eciii cpellHee KBaIpaTHIeCKOCOTKIOHCHNE a YBEIUIHBACTCS
(ecnu cpeiHEE TIOCTOSTHHO).

> KpuBasi craHoButcs 0ojiee OCTPOKOHEYHOW C MEHBIIEH INIUPUHONW OCHOBaHUS

KOJIOKOJIa, €CJTM @ YMEHBIIAETCS TIPU CPEIHEM MOCTOSTHHOM (IUIOMIAb oA rpadukoM Beeraa paBHa

1)(puc. B).

a) 6)

flx] flx] 1 Hath

1

V2

0 " X X
o (x] Ha=hz >/ t e
X X/ \/
W1 U2

KpuBas HopMaibHOro 3akoHa pacrnpeaeaeHus u ee UsmMeHeHUs npu

U3MeHeHUU napamMempos
JlononnumenvHvie C8OUCMEA.:

BeposTHOCTH TOT0, YTO HOPMAJILHO pacIpe/ieieHHasl Cily4yaiiHasi BEIUYMHA X CO CPETHUM W
U CPETHUM KBaJpaTUYECKUM OTKJIOHEHHEM O (CTaHJapTHOE OTKJIOHEHHE) HaXOAUTCS MEeXAy (U - O)
u (u + 0), paBHa 0,68, T.e. 68% ciyyaiiHON BEIWYMHBI X OTIMYAETCS OT CPEHEro He Ooyiee yeM Ha
OJIHO CTaHJApTHOE OTKJIOHEHHE * O.

BeposTHOCTE TOro, 4TO HOpPMaNbHO pacHpe/esieHHasl ciaydyaiiHas BEJIUYMHA X HAXOIUTCS
Mexay (U - 20) u (u + 20), pasua 0,95, 1.e. npumepno 95% ciyyaifHON BETHMUYUHBI X OTIMYAETCS OT
CpeIIHEero Ha JIBa CTaHAAPTHBIX OTKJIOHEHUS +20.

BeposTHOCTE TOro, 4TO HOPMAaJIbHO paclpeiesieHHasl ClydailHas BeJIMYMHA X HaXOJIUTCS
Mexay (- 30) u (ut 30), paBua 0,99, 1.e. 99% (npakTUUECKH JOCTOBEPHO). ITO CBOMCTBO HOCUT

Ha3BaHUEC IMPABUJIO TPEX CUT'M.

flx|

lNpasuno mpex,gHEm
RN e



3ananune:BoinosiHuTE AEHCTBHUA MO X0y padoThI

1. JuckpeTrHas cnydaiiHas BeJIMUMHA XUMEET 3aKOH paclpeIeIeHHUs.
Xi 0,2 0,4 0,6 0,8 1
Di 0,1 0,2 0,4 P, 0,1

Yemy paBHa BeposTHOCTh Py(X = 0,8)? IlocTpouTs MHOTOYTOJILHUK pactpenenenus. Haittu

MaTeMaTHYECKOE OKUIaHUE U JUCIIEPCHUIO.
2. JluckpeTHas ciiydyaiiHas BeMYMHA XMMEET 3aKOH PacIpe/IeIICHUS.
Xi 3 4 5 6 7
Di P, 0,15 P; 0,25 0,35

Haiitu BepostHocTh P;(x = 3) u P3(x = 5), ecnu u3BecTHO, uto P3B 4 paza Oonbiie P;.

[TocTpouTh MHOTOYTOJIBHUK pacnipeeneHus. Haiitu MmaTemaTuueckoe 0XKHUIaHue U TUCIIEPCHIO.
KoHnTpo/ibHBIE BOIPOCHI:

3. Kakas BenmnunHa Ha3bIBa€TCS CIy4ailHON?

4. 3akoH pacmpeereHus CIydyalHbIX BEJIMYUH

5. Yto Ha3bpIBAETCS IJIOTHOCTHIO BEPOSATHOCTH

Kpurtepun oueHnBaHus NPaKTHYECKUX PadboT

- OLIEHKAa «OTJIMYHO»  BBICTABISIETCS  OOydwaromemycs 3a  paboTy, BBIIOJIHEHHYIO
0€30mMO0YHO, B ITOJTHOM 00BhEME C YIETOM PAlMOHATBHOCTH BEIOPAHHBIX PEIICHU;
- OIIEHKa «XOpOILI0» BBHICTABISETCS OOydaromeMycsi 3a padoTy, BBHIIIOJHEHHYIO B MOJTHOM
o0BeMe ¢ HeoueTamu;
- OLIEHKA «yJOBJIETBOPUTEIILHO» BBICTABISETCA O0yYaromemMycsi 3a padoTy, BHIITOJTHEHHYIO B
He TnojgHOM oObeMe (He MeHee 50% mpaBWIBHO BBINOJIHEHHBIX 3aJaHUil OT oOmiero odbema
padoThI);

- OIIEHKA «HEYAOBIETBOPUTEIHLHOY» BBICTABISIETCSA 00yJaromeMycs 3a padoTy, BBIIIOJIHEHHYIO B HE

nosHOM o0beMe (MeHee 50% MpaBUWIIBHO BBIMOJTHEHHBIX 33JaHUI OT 001Iero oo0beMa padoThI).
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Cnucok ureparypbl
OcHoBHas n1uTeparypa:

1. Tlexneuxwuit M./{. Marematuka [Tekct] : yue6.mocobue anst cTya. YupexaeHui
cpen. npod. oopazosanus /M. . [lexmenukuii. - 13-e uzn., crep. — M.: M3narensckuit
HeHTp «Axanemus», 2018. - 320c.

Jononnumenvnasa aumepamypa

1. I'puropreB B.II. MaremaTtuka: ydeOHUK JUIsl CTyA. YUpexAeHUU cpea.npod.

obpazoanus / B.II. I'puropeeB, T.H. CabypoBa. — 2-e¢ wusm., crep. — M:

N3narenbckuii neHTp «Axagemus», 2018. — 368 c.

Humepnem-pecypcot:

www.ru.Wikipedia.org
www.ru.matformula.ru
www.reshebnik.ru
Www.exponenta.ru

b=
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http://www.exponenta.ru/
http://www.reshebnik.ru/
http://www.ru.matformula.ru/
http://www.ru.Wikipedia.org/

[Tpunoxxenue A
Hexoropble cBeeHust U3 3JIEMEHTAPHONH MaTeMaTUKH
Anaredpa
3aKkoHbI AelicTBHUIT HAX YHCIAMHA

[lepeMecTHTENBHBIN 3aKOH CIIOXEeHUS: @ + b = b + a.

CouetaTenbHbIN 3aKOH ClIOXKEeHUS: (@ + b) +c=a + (b + ¢).

[lepeMecTuTeNbHBIN 3aKOH YMHOXEHUs: ab = ba.

CoueraTenbHbIN 3aKOH YMHOXEHUs: (ab)c = a(bc).

PacnipenenutenbHbI 3aKOH YMHOKEHHSI OTHOCHTENBHO CIIOXEHUs: (a + b)c = ac + bc.
PacrnipenenutenpHplil 3aKOH YMHOXKEHUSI OTHOCUTEIBHO BBIUUTAHUS: (a - b)c = ac - bc.

/{poOHbIe BbIpasKeHUs

ac:E,b:tD, £ 0

OCHOBHOE CBOICTBO apodu: e b

JetictBus ¢ aApo0sMu (IIPEAIOaaraeTcs, YTo 3HaMEHaTeIl APOOe OTIMYHBI OT HYJIS):
c;s+b a+h a ¢ ad+be

1 1

i S S
e e b oA Fale)
a —-a &

a
1 Lo .
b B"
CreneHny U KOPHHU

Cmenenn c uejlbiM nokasamenem

(n pa nel n=l
at=a a =1 Iia;t[}i a™ =1a" (a=0)

CsolicTBa:
aman:am+n am/‘a,n:am—n:l (am)":amn:l

(@b} = a"b®, (afb} =a®/b"

Kopenw n-ii cmenenu

Va 5 5 a a0 Nez0, meN, n>l
- apuMeTHYECKUI KOPEHb A-1 CTENEHU U3 yucia =’ R

o =daftle  (b>0), Yda-wa
Nz =a, a? =]

CBoiicTBa:

a N .
B gactHocTH, - apuMeTHYECKUI KBapaTHBIA KOPEHB!
Cmenens ¢ OpoOHbIM (PAYUOHATILHBIM) NOKA3AmMeNeM
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a™ =g meZ, nelN nzl2 a>0

1 1

Ceoticmea cmenetu ¢ OeucmeumenbHbiM NOKA3amesiem

(@a»0, >0, xeR, yeR)
dltgtimatd (a”)v=a”}', (ab)' = a’b?,

[ﬂ!b)n — dx/‘bx ; a =bxlﬂg¢a?

a" =e"™ —explxha), o' =10""

IIporpeccuu
Apugpmemuueckasn npoepeccus

(a,)
ApudMeTHuecKas IPOrpeccys - YMCI0Bas MOCIEN0BATENLHOCTE ~  ONpeessemMast
cor Ay Wity Eds a2
yenoBusimu: 1) @1 = &, 2) Trl T T ¥ A
MIPOTPECCHH).
CaoiicTBa apu(MeTn4ecKoi Mporpeccuu:

Dor1 =& = ~ T Fa =

a, =a,+dn-1

®

" (d - pazHOCTb apu(pMeTUUECKON

ax + I:I:'Hﬂ

®dopmyiia n-ro 4jaeHa:
@opMyIIbI CyMMBI 71 IEPBBIX YICHOB:

SZM g:wn
e 2 ? H 2

l'eomempuueckas npoepeccus

(&,)

[eomeTprvecKas MpOrpeccus - YUCIOBast OCIEA0BATENBHOCTh ~  OIpeesieMast

yCHOBI/IﬂMI/I: 1) bl = b Iib = I:I:I’ 2) E:|:'¢+1 = b:!q Izq = D):

TeOMETPHUECKOM MIPOrPeccun).
CBoiicTBa reOMETPUUECKON MTPOrPECCUU:

bx+1 J'Ib?e =Ly /b:ﬁl : E:l:'¢2+1 = b:u b:u+2'
b, =bg"t

n=1,2, .. (q - 3HaMeHaTeIb

®opMyia n-ro 4ieHa:
(g=1)

(DOpMyJ'IBI CYMMBI 71 ICPBBIX YJICHOB

_bg-b _blg-1)
i g ’ * e
Cymma 0eCKOHEYHOH TeOMETPUIECKOM MPOrPeCCHu:

bbg+bg® +. =bfll-q), |gl<1.

Ry

@DopMyJibl COKPAIIEHHOT0 YMHOKEHHU S

a® —b* =z -bila+h),
a® -b* = (a- B)la® +ab+b?),
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2 +b° = (g +bla® —ab+b?)
at-pt = I:cz—b)(a3+a2b+ab2 +b3)= (a—b}(a+b)liag+bg),
a’ -0’ =(a-blla* +a’b+a’p? +ab’ +5*),
a’+b’ =la+blla* - b+ b —ab® +b*),
at -b" = (g-bla" +a* b+ ...+ ab™ +5",
B gl [a+b)(cz“ D PR L T SR b B R S +bh:l,
(a+bF =a® +2ab+ b, (a-b)=a-2ab+b*,

(a+b) =a +3a b+ 3ab® +5°,
(a-bY = a® - 3a*b+3ab® - 1°,

(a+b+cl = +5* +c* + 2ab+ 2ac+ 2be,

(a+b-cf = +5* +c* +2ab- 2ac - 2bc,
a+b+crdl =a* +8 + 7 +d° +2ab+ 2ac+ 2ad+ Zhe+ 2bd + 2cd,
(@a+b-c-df =a* +p* + +d* +2ab- 2ac - 2ad - 2bc— 2bd + 2cd,

a(x—;q)(x—xa):axz+bx+r:,

TJIE X1, X2 - KOPHHM KBaApaTHOTO TpexwieHa ax” + bx + c.
CBojicTBa YHCJI0BBIX HEPABEHCTB

1) Ecu a < b, To mpu mobom c: a + ¢ < b + c.

2)Ecmna <bwuc> 0,710 ac<bc.

3)Ecmma <bwuc<0,T10 ac>bc.

4) Ecnu a < b, a n b ogHoro 3HaKa, To I/a > 1/b.
SYEcmma<buc<d,toa+tc<b+da-d<b-c.
6)Ecnna<b,c<d,a>0,b>02,C>20,d>0,T0ac<bd.
7)Ecnna<b,a>O,b>0,T0{;r s (HEN}'

) B la| < |?] o a® < b

Jlorapu¢gmsl

og,b la>0, a=l, b>0)
- morapudm gucia b Mo OCHOBaHUIO d.

clln:ig‘z-f:' — E:'
OcHoBHOE JT0rapuMUIECKOE TOKIECTBO:
lgd _
gk . 105" = 4.
- JeCSTUYHBIN Jorapudm (Jorapudm mno ocHoBanuio 10): .
g™ = h,
- HaTypasbHbIH JIorapudm (JIorapu@m 1o 0OCHOBaHUIO €):
ITepexoa OT OAHOTO OCHOBaHMS K JPyTrOMY:
log . b
log b= :
log o
1 b hb
B uwactHoCTH, g, a 2 e M (

In10 - MOYJb IePEX0/1a OT HATYyPaTbHBIX JIOTAPH(PMOB K JIECATUIHBIM).
Csoiicta sorapudmos (u, v >0):

log,a=1, log,1=0, log,luv)=log, u+log,v,

1
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log . —=-lbg_ v, log,

= | —

=log, tu—log, v

1

g, u®=albg,u, log,Yu=—lbg,u, nel, n=l
]
Tpuronomerpudeckue Gpopmy.bl
Tpuronomerpuyeckue pyHKIUUH
S o,  COS &,
tga =sin Gfcos @, @=Af2+m, nrel,
clg@=cos&fsin @, & =M,
sec = Yoosa, @@= 2+ m,
coseca=1fsin @, @=Em, nel
3HAKM TPUIOHOMETPHYECKHX (PyHKIMI
HetBepTh Benuuuna yrna 2in o¥ CoS e fgox Cig &
I 0 <@ < a2 + + + +
o A2 <@ + - - _
I T a3l - - + +
IV 3mf2 << 2 — + o =
®opmyJibl IPUBETEHUSI
Fij sin 8 cos 8 tg 8 ctg 8
et a Cos —sin & —Cigd —igd
T4 —sin & —cos & tga cig
3??f2+€l' —rcos & a1 ¥ —cigd —ig&
2t sin & COs & g cigd
- —sin & Cos & —ig& —Cigd
mfl-a Lo sin o clgd tgd
T- sin & — oS & —igd —cigll
3mfl-a —Cos —sin & clgd g
2m—a —zin & Cos —tga —cigd
OcHOBHbIE TPUTOHOMETPUYECKHE TOXKIECTBA
sin P @ 4costa=1
tga -ctga =1, a=anfl, ne Z,
l+iga=1cos* @, aznf2+m, anel,

l+eigia=1fn’a, a=m,

ne 2.

Bl)lpame}me TPUTOHOMETPUYECCKHUX (l)yHKlII/Iﬁ qepe3 0IHY U3 HUX TOI'0 K€ apryMmMeHTa

(BBIOOp 3HAKA Mepesl KOPHEM 3aBUCHUT OT TOTO, B KaKOM YeTBEPTU HAXOIUTCS yToJl

Yepes &t &

cos @=x+/1-sn? a,
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Yepes “O5 <&
s ¢ = 41— cos® @,
fpa= 1-cos’ @ Gtg = COS &
cose +1-cost @
UYepes fgd
clg e =—
tga
SIn & = Ee COSE = !
i«.'1+.fg:‘a’ i«.'1+.fg:‘a:
clgd
UYepes : 1
fga= :
cigd
: cligd
S & = Cosd =

1
+ Jl4+cigia ’ + .1 4ecigia .

DopMyJibl CJI0KEHUS

st [+ J)l=sin @ cos S+cosasn 3,
sin ¥ — HB)=sih ¥cos S—cosasin 8,
Cos £E+,a‘5’): cosgcos S—sih asm S,
Cos -::r—ﬁ:l: cos&cos 845 asm S,
tga+igh fgx—igh
glatfl=r———— tgla-fl=————
l—tga tgd 1+igey g8
(B mocIeHUX ABYX dopmynax & FAf2+m, = Af2+m y
cootBercteenno X+ 8= M2+m, a- S=a/2+m, nel :
ctga - cigh—1 ctga-cigS+1
cig[&+,¢5’): ; cfg[&—ﬁ)=
ctgf+ ctg ctgd —ctgn
(B moceHHX ABYX popmynax & S # My
cootBeTcTBeHHO & T £ # M, a— G#m, neZ)
IIpeoOpa3oBanne cyMMbl TPUTOHOMETPHYECKHUX (pyHKIMI
ik )
C

a- 4
: ;
2

2

a— 5 a+ 4
Ecos 5
o+ 4 a—- 4
Cos :

2
&+ﬁﬂn&;ﬁ,

sth & 4sin G = Z2sin o

st @ —sin S = Zsm

cosd+cos 8="2cos

o]

cos—cos S=-2smn

sin [+ &)
cos @oos 8
sin (@ - £)

T
fgax+igh = .::r,ﬁ¢5+m, nes,

T
fgo—igh = c}:,ﬁ¢5+m, nEZ,

coscos 8
sin (@ + &)

ctga+oigh= — . .
sth & sin S

&, BEm, reZ,
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] =t
':rr.g.::.'f—.::.fgge‘f:u’:M &, B m, meZ,

sin csin &
Asinx+ Beosx= A + B snlx+ @, ),

IIpeoOpa3oBanne npousBeaeHNsi TPUTOHOMETPHYECKHUX (PYHKUMI B CyMMY

sin s 8 = %[cos(a:— 8)- cosla+ 8],
cose cos 8= E{[cos[&: - ﬁ)+ cos[.ﬂ:+ ﬁ:l]
sn ¢ cos 8= [sinlia:— ﬁ)+ siﬂ[a: + {;?)]

2
Tpuronomerpuyeckue GyHKIUM IBOHHOT0 M TPOHHOT0 apryMeHTa

s 2 = 250 & oS,
2 o LEEd 2
cosZa=cos  ¢—sm” ¥ =1-2sm " @ =2cos" a-1
s 3= 3smoa— 4smnT @, cos3g=4c05 - 30058,

2t Yra—tg’
1-tg l=3ig &

Tpuronomerpuyeckue PyHKIMH MOJOBUHHOIO APryMeHTa

af2
(BBIOOD 3HAKa 3aBUCUT OT TOTO, B KAKOM YETBEPTU HAXOJIUTCS YTOJI )
. & 1+ cosa
—, cos—=% ——n—
2 2 2
' & S o l-cosa
2 l+cosa@ sna

BbipakeHue TPUTOHOMETPUYECKON PYHKIIUM Yepe3 TAHTeHC MOJOBUHHOI0 apryMeHTa

o
St d= —ﬁggﬁrﬁ) , COS& = 1-fg lay2) f‘gg(&:’@),
1+ 2 (/2] 1+t (/2]
gy
1-tg*(a/2) 2tglaf2)
YuciioBbIe (PYHKIHHU
OcHOBHbBIE IOHATHSA
it

Ob6nacTh onpeneneHust (MHOXKECTBO 3adaHus) QYHKIIUH f: : X=D ().

E(f)=\flxlxe x}= 7lX)

MHOXECTBO 3HAUCHUH (HYyHKIINH f
I :{[x, y:]ERQ|xEX, yzfl[x)]

I'padux byskmmm:
YxeX =-zxekX fFl-x)=flx)
u

UetHas GyHKIMS:

YreX =-xex fl-z)=-fix)
Heuernas ¢yHkius: u
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s, WA EX Dabhae A e X
[Tepuonnueckas ¢pyHkuus (nepuoaa = ):

L Srva)= flx)

MoHoTOHHBbIE PyHKIUH

@yHK1MA f cTpOro Bo3pactaer (Bo3pacTaeT) Ha MHOKECTBE X:
Vx, e X, xy<x, = flx )< flx

®yHkuus f Bo3pacTaer (He yObIBaeT) Ha MHOXKeCTBE X:
‘?’xl,ge}f,xlixzif[x) [

dyHKIWsA f cTporo yosiBaeT (YObIBA€T) HA MHOXKECTBE X:

)

oyl

e B R S if(x)}fx:{)
)

2

Oynkius f yobiBaeT (He BO3pacTaeT) Ha MHOXKECTBE X:
Wy ek xl‘::xg:ﬁf[x) (xj
y=x", aekl
menenuas QyHKyus

a=2n ne N

1.
2n
y=x*, D{f1=R, E(f)=[0, +w .
] —0o; D] [D; +o [
OyHKIMS YeTHAsI, CTPOrO yObIBAET Ha U CTPOro BO3PACTAET HA (puc.
2.1).
5 a=2n-1 neN:
=x™', D(f)=R, E(f)=R
DyHKIMS HeYETHAs!, CTPOTro Bo3pacrtaet (puc. 2.2).
3 a&=-2n nel:
' 1
y=2e. D)=2\6) 5(7)=]0; 4o
]—m; C'[ ]D;+UO[
@DyHKIMS YeTHAs!, CTPOrO BO3PACTAET HA U CTPOTO yOBIBaeT Ha
y=X yak

i 1 f.:.').'?

\ ]

\ / S

1
T
2 4 —: g 1 X
\H. .-l"ll"‘I = _?
~f a i X

a=-2in+1, ne N

1
Fi= I D(f): R\'*{DL E(f): RR{D}-
]—co; D[ ]D;+m[
@OyHKIMS HeYeTHAas!, CTPOTo yObIBAeT Ha " (puc. 2.4).
5 &g

y=x*, D{fi=]0 +o | E(f)=]0 +o|.

[pu HekoTopeix & D(f) v E(f) MOTYT OBITH IIMpE.
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y=eX y= 10%
-1
XY
-1

\ —/}

A

\ : o i
g X @ X

Dxcnonenma

y=e'=exp(x) D(f)=R, E(f)=]0 +x|
@yHKIMSA CTPOTO BO3PACTAET.
Tokazamenvras ¢pynxyus (puc. 2.6)

i}
Y= =@l o Bl

D(f)= R, E(f]=]0, +af
ITpu 0 < a < I ¢pyHkuus crporo yObIBaeT, Mpu @ > [ CTPOro BO3pacTaeT.
Joeapugpmuueckas pynxyus
Jlorapu¢pm HaTypaabHbII

y=inx D{f)=10, +|, 5(f)-&

@OyHKIHS CTPOrO BO3pacTaer.

¥ YA

y=lnx lf_{i’_{_
1 — o S
0 /? e

Jlorapu¢m ¢ ocHOBaHHeM a

-
e
i

—
S
—
e

y=log,x, a=0, a=1,

p(fi=]o +of, B(f)=FR

ITpu 0 < a < I ¢. ctporo yObIBaeT, pu @ > [ CTPOTO BO3paCTAET.

Tpuconomempuueckue ynkyuu

=sMmx
1. 4 (puc. 2.9):

D(f)=&, B(f)=]-1 1]
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YA
y=COSX  y=5inx

N
TIN50 HINZ S 2 X

Puc 29

g = 2T
Oynkuus HeuetHas. [lepuon Ha xaxxmom u3

[~ mj2+2mk; mf2+2nk |, ke Z,
HpOMC}KYTKOB
[7/2+ 27k, 3mf2+2nk |, keZ,
Ha

5 ¥ =cosx

¢. cTporo Bo3pacraer,

cTporo yObIBaerT.
(puc. 2.9):
D(f)=& E(f)=]-1 1]
T [Z?ﬁc; T+ Efﬁc], kel

@ynkuus yetHas. llepuon Ha kaxx1oM 13 NpomMeKyTKOB
[}T+ 2 2;??+2ﬂfc], ke Z,
¢. cTporo yObIBaeT, Ha CTPOT0 BO3pPACTaET.
=i
3.7 T (puc. 2.10):

D(f)= RK{H{%fﬂi{lk ez} B(f)=

& = 7T
Oynkuusa HeyetHad. [lepuog @OyYHKIHS CTPOrO BO3PACTAET HA KaXIOM U3

lrmj2+m, mfo+m] kez

MIPOMEXYTKOB

4.7 =B e, 2.11):

Dl f)= R‘a{fﬂkez =

i | I

| 1\ |

I I I

7l \ 2rl \3r!

: /2 m’f\i sz?\'ii?‘ff i
! ! | | |
|\ .

y=(1gx

-
X
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gt = T
Oynkuus HedetHad. [leprog OyHKIMS CTPOrO yOBIBAET HA KAXKIOM U3

[nk; m+ak), ke zZ.

MIPOMEXKYTKOB
Obpamusie mpueconomempuieckue yHKyuu

Y= arcsm x
(puc. 2.12):

D=1 1], B(f)i=[-=/2, =/2]

(I)YHKI_II/ISI HCYCTHAaA, CTpOro BO3pacTacrt.

; L
arcsm 0= 0, arcsm—:g

p, ¥ T AMECOEX (hhe. 2.13):

@OyHKIUA CTPOro yObIBaeT

B.I"CCOS[— 1)= Fi B.I‘CCOS[— %J = %, B.I‘CCOS[— “'E = =

EN
( 1 2T T 1.
arccos| — — = —, arccos0=—, argos—=—,
B 2 2 i
by by
arcoos —= —, arccos—=—, arccosl=10
2 4 i
YA Yy A
72— 7z
- w2
—‘R‘/:‘.? -

Ipeneanr

CaoiicTBa npeaesoB

1. Ecmu IoCICaA0BAaTCIbHOCTHU n CXO0OATCs, TO
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rz—}'I' Ny o B now 0 N3 om0

lim ¢, —lm &, lmca =clm a,,
nem n— 0 H— 0 =0 n— 0

lm a,
LI L. @nhiﬂ)
o b m b, e

_}
lm e, =a, a,=b WVr, a<bh

2. Ecom =™ " TO
a, <c,=h W, lunmr:zn — lmlbn =a, lmc,
3. Ecium u ™ e To TF®
m ¢, =a, Il = e}
[n4)
4. Ecim =™ 0

HexkoTtopnble npenennl
lim{+x)*=e, lm@+1/x) =e,
=0 K0

Inll l 1 1
e S o ) W
i—=0 X x—0 B lna
Ed _ A _1
lim i =1, lim ? =lIna,
=0 x—0 A
i hx-1 1 thx
lim kit B 1 i . xz = = lim—=1
P =0 277 a0 x
l+x)%-1
lim( ) =, limx*hx=0 (x>0}
i—=0 X =t
In®x =
lim —=0 (>0} lim —=0, limx*=1.
b >4mo o a—+1
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im g”=0 (<1} lmng"=0 (g]<1}
Im(1+1/nf =e, lmlp%/a")=0 (g[>1)
HI_}HJ&”/H!T=D, lim (In n/n)=0,

Im (Inn/n*)=0 (a>0} ImAa=1 (a>0)

im e =1, Im{i/Af)=0, im[n/3f)=e,

& k-1
2 R 8 1 R S s 2

im =— |b, #0
e hr*+ T v+ b, by B 0}
I S S S 1
lim + - i
ny e ¥ p+1

1 1 1
lim| ——+ +..+— |=1nZ,
e+l K+ 2 ZH

2

2:3: 20 1 T
lim =t & OpAyIa  Bammica ),
n—r-m{1-3---[2n-1)} s :

sin x l—cosx 1 £

im0 =1, lm-———tr =2l o
=0 =0 oy %) =0

IIpousBoanbie u U PepeHuuaIbI

OnpenesieHne NPOU3BOTHOT

Florg +Ax) - flx,)

S )= Jim, = :
71(x,)=lim f[I)—f[xD]}

R X=X

71(x)=lim f[x+h)—f[x).

B0 k1

OaHoCTOPpOHHME TPOU3BOAHDbIC

f[xn""’}'x)_ﬂ::‘:n)

Filxy)= ﬂljr_ﬂn A >
f—r[xn):ﬂﬂ]_nf[xu+&;3_f(xn)'

Dyukuus, 1upPepeHunpyemasi B TOUKeE X

f[xu+ﬂx):f(xu)+m+@[m) fip=ael)

pu
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A= rlzxu )
JAunddepenuuna

dy = s, 1=

JAuddepenunpoBanne apupmernyeckux KOMOMHALUIH

{:EJ
(u, v, w - nudpdepennupyemoie GyHKIINH, - IOCTOSTHHBIC
f

(m+ﬁu) = azi' + ', d(e:nu+ ﬁﬁfjlzadu+ S,

[w)r =uv+uw, dlw)=wudy +vdy,
r
[ww) = 1YW+ LW o,
d I:mfw) = YWt + 1wy + vidw,

]

(EJ _ I,{fv—jm,r'(u :,t[jl d[EJZ vcfu—glia""l??

W W W v

t

(-0 43¢
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IIpou3BoaHbIE OCHOBHBIX 3JIEMEHTAPHbBIX (PYHKIHH

Jlx) J'x) Jlx) J'x)
2 C a’ a’lna
x 1 In x 1/x
P a1 1n|x| Lix
5 2% log, x !
xlna
1
N mp L >0 gin x COSx
1/x ~1/x° CO8X —sinx
A X 1
g £ g x 2
cos® X
1 1
ctox = thx
5 sin® x chisx
1
arcsin x = x| <1 cthx S
1—-x sh®x
1 1
Arccosx —ﬁr pr| <1 1n(x+ 1J'I2+1) 7
l—x l+x
1 1
arctg x 1n‘x+ 2 —1‘ e Bl
s Tt Nxt -1 |
arccte x . 1—1111+—I L
5 sac® 2 [1-x 1 g
shx chx 1(3:) .5(;::)
chix shx

IIpou3BoaHasi cTeNeHHO-NOKA3ATEJIbHOM QYHKIIUM

f f

(u") = [e”“) =y Yu v lnu v

IIpon3BoaHbIe BHICIINX NOPSAAKOB HEKOTOPBIX (PYyHKIMIA
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flx) A0

i 0
£ ala—1)(a—n+1)x""
Inx (-1 -1t {ot=1)
e’ =
a’ @' In"a
sin x sin (x + m /2
COsX cos(x + m/2)
{th npu n=2k,
shx
chx npu "=2f-1
GRI Hpu, W=k
GHi {th apu =2k -1
y =arctg x y# = (-1 )tcos” ysinn(y +7/2)

JlokanbHbIH JKCcTPeMYM JH(pPepennupyemoit pyHKuuu

Heobxo0umoe ycnosue 1okanvHo2o sxcmpemyma

fr(xn ): 0.

Ecnu x, - Touka J0KanbHOTO 3KCTpeMyMa (PYHKITUH f, TO

,ZZOCWICIWLO’{Hble YCH08UA TOKATIbHO20 IKCmMpemyma

¥ r(xu ): 0.
I ITpasuuo. Ilycts
Ecnu f ipu mepexoze uepes TOUKy Xy MeHseT 3Hak ¢ "+" Ha "-", To X - TOUKa JIOKaTHLHOTO
MaKCUMyMa.

Ecnu f ipu mepexoze uepe3 TOUKy Xy MeHseT 3Hak ¢ "-" Ha "+", To Xy - TOUYKa JIOKaTHLHOTO
MUHHMYMa.

Ecnu f' ipu mepexoie yepe3 TOUKyY Xy He MEHSET 3HaKa, TO TOYKa Xy HE ABJISCTCS TOUKOU

JIOKAJIbHOTO SKCTpEMyMa.
r e
f':xu)z':':- & (xu)#D'

II pasuio. Ilycts f aBaxkap! nuddepeHpyeMa B TOUKE Xo,

7'l ) <0,
Ecmu TO Xy - TOYKA JIOKaJbHOTO MaKCUMyMa.

f ”(ID ) s D:'
Ecnu TO X - TOUKA JIOKAJIbHOTO MUHUMYMa.
III IpaBuno. [lycts f n pa3 HenpepsiBHO nuddepeHnupyema B

fr[xn )= fw[xu :': e = f{n_l)[xu :': Q, f(nj[xu)?“:'-

TOYKEC X9 U
¥ (=) (xn ) <0,
ECJ'H/I N - 4YCTHOC 1N TO Xp - TOUYKA JIOKAJIBHOT'O MaKCI/IMYMa.
f IiHIII:}CIZI ) = D E
ECHI/I Nn - 4€CTHOC U TO Xy - TOUKA JJOKAJIBHOT'O MI/IHI/IMYMa.

Ecmu n - HEYCTHOC, TO Xy HEC ABJISICTCA TOYKOM JTOKAJIBHOTO OKCTpEMYMa.
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Touxkn nepernda

[Tycts GyHKIMS [ OnpesenieHa B HEKOTOPOH OKPECTHOCTH TOYKH Xy, HETIPEPHIBHA B
TOYKE Xy U UMEET B ATOH TOUKE KOHEUHYIO WIIM OECKOHEUHYIO TPOU3BOIHY0. Eciu pu
nepexo/ie Yepe3 TOUKY Xy QYHKIUS  MEHSIET HallPpaBJICHUE BBITYKJIOCTH, TO Xy Ha3bIBAIOT
TOYKOM mepernda QyHKIUH f, a TOUKY (Xo; (X)) - TOukoi nepernda rpaduka GyHKIUH f.
I'paduk GyHKIIMM IEPEXOAUT ¢ OAHOM CTOPOHBI KacaTeIbHOM, MPOBEAECHHON B TOUKE (Xo; f(X0)),
Ha IpyTyIo cTopoHy. Touku nepernda f - TOuku SKCTpeMyMa s 1.

Heobxooumvie ycnosus nanuuus nepecuba

fﬂ(xu):':' fﬂ[xu)

6o HE CYIIECTBYET.

ﬂocmamquble YC1o6uUsl HAIUYUA nepeeu6a

i

(x)
1. Ecnin MEHSIET 3HaK MPU Mepexo/ie Yepe3 TOUKY Xy, TO X,y - TOUKa neperuoa.

[ L n-1 n
i (xu ):f [xu)=...=f': jl:xu): Q, f“[xn)?&ﬂ
2. Ecnu TO TIPU 1 YETHOM X -
TOUKa Meperuoda, Mpyu 7 HEYETHOM X, He SIBIISIETCS] TOUKOU Meperuod
HeonpeneseHHblii HHTErpaJI

IlepBooGpa3nasn

[TepBooOpasnoii GyHkIMH f Ha poMexyTKe [ Ha3biBaeTcs PyHKIus F, Takas,
Fx)= f(x) ¥xel

qTo

HeonpenejieHHbIN HHTETrpaJl
[#(x)ax=F(x)+C,

rie F - nepBooOpasHas GyHKIMY / (Ha mpoMexyTke); C - MPOU3BOJIbHAS TOCTOSHHAS.
OCHOGHble CSOMCI’I’IGCI
(Jf x)dﬂ 7= aff(xax= #(x)ax
JF 0)+C, [aF(x)= F{x)+C.

3. Eciu TO

[Flax+b)ax= Lptast)xe, avn

j[cgf[ 1+ Belx))dx = ajf .:fx+,5jg[ dx, @ +02 =0

B

4,

3ameHa epeMeHHBIX B HeolNpeaeIeHHOM HHTerpaJe

| Jf[u[x:')u'[x)dx =Jf[u)ai‘u = Fl)+C = Flu(x))+ C

xX= W[ﬁ), @Jr[ﬁ) + D, F [g Di:p:h:pr,
2. Eciu - IepBOOOpaszHas st TO
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[e(x)ax = [glpl)ee)dt = F)+ C = Plp™ () +C

@opMyJia HHTETPUPOBAHMS 1O YACTAM
Jud‘u =i — Jv.:fu,

(u, v - muddepenimpyempie GyHKIIUN).

IIpocreiimne HHTErpasbl
Joax=c, [1dx=[dx=x+C,

2

dx dx
—=In B e i 1 8
—;T———2+C", = +, -1
x 2x e +1
ax 1 1
x_ﬁz—s’i‘+1 i - = arctg x+C,
b5 1 x
J—E: —arcig—+C, a=z0,
@” +x
J .::lt’;c2 =_]n|1+x|
1-x |1—x|
o 1 +
J'j—x2=—]rla x+C, CI-TfI:I,
at —x 2a |la—x

J jix = %]n|;r:4 +f_:c|+iff,
¥

x
J‘\I'l— %2
dx .
=arcal —+

Jep it
[4& ol ric,

NI'I;-FI
x

=lnlx+ x2—1‘+i3',
MRS
=ln|x+x° +a‘+C,

= arcain x+ O,

730

=

J—_ d;: = —ctox+C, J =tgx+C,
fox EOS X
JjieMeHTbI KOMOUHATOPpUKH, popmysia HbroToHA
IlepecranoBku. Pazmemenusi. Coueranus.
Uwucio nepecTaHoOBOK U3 71 DJIEMEHTOB:
F . =12"Fwn=4l.
m(ﬂ = m)
Yucio pasMenieHui u3 n 1o :
7l
AY = (D=1, 11=1,)
(- m)
A* = nin —1) n-m+1), A =1
+
4 = (n-m)al,
A ==ty AN A: =l
m[n = m”j

Yuciio coueTaHuy u3 n 1o



r=—T—,
m!Sn—m)!

o ﬂ(ﬂ—l)---[ﬂ—m+1 ” nﬂ—l)---(ﬂ—mﬂ)
2

n

mll B 1 2:3c0m

CBoiicTBa COYETAHUIA:
C¥=CI™ Osmen, C =)=
Ol +Ch 4+t =24
PexypenTtHas gopmyia s uncia cOueTaHMA:
R =CY, 0fmEn

#+l 2

®opmyaa ounoma HeroTona

(cx:—b)l:a+b,
(a+b)" =a® +2ab+ b,
(a+ b)3 =a’ +3a*bh+3ab’ +b°,

[a+b)4 =a* +4a’b+6a’ b +4ab’ + b
(a+b) =a’ +5a*b+ 1070 +10a°b” +5ab* + 57,
(a+d]’ = Cla" +Ca" b+ Cla™ b+ +
+ M L+ OB, ne N,

Ecnu k-it unen ((k+1)-e cnaraemoe) Pa3NOKEHH CTENEHH OuHOMa 0003HAYAThH Yepes h , TO
To=Ca b
Tpeyroasauk Iackans
B
11 1
2z 1 2 1
31 e} 3 1
4 1 4 & 4 1
571 i 10 10 5 1
& 1 & 15 20 15 & 1
4 1 7 &l 35 35 21 7 1
g 1 8 23 56 70 56 28 8 1
9 1 9 36 g4 126 126 84 36 9 1
101 10 45 120 210 252 210 120 45 10 1
el @z e
(n-s1 cTPOKA COCTOUT M3 YUCEI ).

Bo3BeaeHne MHOro4JjieHa B CTeNeHb

(cx+b+c)2 =’ +b* 4 4 2ab+ 2ac + 2be,
(a+b-c)=a® +b* +* +2ab- 2ac - 2be,
(cx—b—c)j =a® +b% +c% - 2ab- 2ac+ 2be,
(a+b+ef =a® +6°+c7 + 3(a2b+a2r: +hla+bic+
+r:2cz+r:2b:l+ Gabe,
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(a +£7J+r:}4 —a* +bt 4t +4(e:13b+e:13r: +hia+
+E e+ +63b)+6(r_‘12b2 B e +b2r:2)+

+1 Z(cfbc +Bac+ o czb),
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