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HOACHUTEJIBHASA 3AIIMCKA

Metonnueckne peKOMEHJalMH 110 BBIMOJHEHUIO MPAKTHYECKUX padoT 1Mo yueOHOM
aucuIuinHe «MaTtemaThuka» npeJHa3HaueHbl 171 00y4YaroIuXcs N0 CleUUuaIbHOCTU
08.02.04 BoxocHadxxeHue M BOIOOTBE/ICHHE.

[IpakTnueckue 3aHATHS SBISIOTCS BaXKHBIM 3JIEMEHTOM YYEOHOW MUCUUILUIMHBL. B
MpOLIECCE BBIMOJIHEHUS MPAKTUYECKUX paboT oOydaromuecs CUCTEMAaTU3UPYIOT U
3aKPEIIAIOT MOJyYeHHbIE TEOPETUUECKHE 3HAHUS, PAa3BUBAIOT MHTEIUIEKTyalbHbIE U
npodeccuoHanbHble yMEHHs, (OPMHUPYIOT DSJIEMEHThl KOMIETEHUUH OyIyIIHx
CHEIUATHCTOB.

Metonuueckue peKOMEHJAlMK MpeaHa3HAYeHbl ISl OpraHU3alyy BBITOJIHEHUS
NPAKTUYECKUX padoT 1Mo yuyeOHOU qucuuIuinHe «MaTtemMaTiKka.

[Iporpammoit yueOHON TUCHHUIITUHBI «MaTteMaTukay NpeyCMOTPEHO BBIMOJIHEHUE
12npakTudeckux  paOOT, HamnpaBlIeHHBIX Ha (GOPMHUpPOBaHME  2JIEMEHMO8
cnedyrouux KOMnemeHyui.

OK 1. Breibupats crocoObl pemieHus 3aiad npodeccHoHaIbHOM N1eITeNbHOCTH,
NPUMEHHUTENIBHO K Pa3TUYHBIM KOHTEKCTaM.

OK 2 OcymecTBiiaTh TMOUCK, aHAIU3 M HWHTEpHpeTanuio uHbOpMaIu,
HEO0OXOIUMOM JJIs BHITIOJIHEHMS 3a1a4 MPOPECCUOHAIBHOM JESITEIIbHOCTH.

OK 3 IlmanupoBaTh M peadn30BbIBaTh COOCTBEHHOE MPO(PECCHOHANBHOE H
JUYHOCTHOE Pa3BUTHE.

OK 4 Pabotath B KOJUIEKTHBE M KOoMaHne, d(P(PEKTHBHO B3aUMOJEHCTBOBATH C
KOJUIEraMu, pyKOBOJCTBOM, KITHEHTAMH.

OK 5 OcymecTBisiTh YCTHYHO H©  IHCBMEHHYI0 KOMMYHHMKAlHUK  Ha
rOCyJapCTBEHHOM SI3BIKE C YYE€TOM OCOOEHHOCTEH COIMAIbHOTO U KYJIHTYPHOTO
KOHTEKCTA.

OK 09 Hcnonws3oBath HHPOPMALMOHHBIE TEXHOJIOTHH B MpodecCuOHATBHON
NESATENBHOCTH.

[1K.2.4 TInanupoBaTh oOecriedeHre padoT B YCIOBUSX HECTAHIAPTHBIX CUTYAIIHH.
YMEHUU:

- aHAJTM3UPOBATH CJIIOKHBIC PYHKITUU ¥ CTPOUTH UX TpaQuKH;

- BBIMIOJIHATH IEUCTBUSA HAJl KOMIUIEKCHBIMU YHCIIAMU;

- BBIYMCIIATh 3HAYEHUS] TEOMETPUYECKUX BEJINYMH;

- IPOU3BOAUTH OllEpAllMU HaJ MaTPULIAMH U OIIPEIEITUTENSIMHU;

- pelarh 3a/Jadyd Ha BBIYMCIEHUE BEPOATHOCTU C MCIOJb30BAHHEM 3JIEMEHTOB
KOMOHMHATOPUKH;

-pemaTh NPUKIAIHbIE 33]1a4 C UCIIOJIb30BAHUEM 3JIEMEHTOB TU(PPEepeHIIMaATIBHOTIO
Y UHTETpajIbHOr0 UCUHUCIECHUN;

- pelaTh CUCTEMBI JIMHEWHBIX YPABHEHHUI pa3INYHbIMH METOJAMHU.
00001IeHNe, CHCTEMATH3ALNIO, YIJIY0JIeHHe U 3aKpelJIeHHe 3HAHUIL
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- OCHOBHBIE MaT€MaTUYECKUE METO/Ibl PEIICHUS MPUKIIAIHBIX 33]1a4;

- OCHOBHBIC TOHSITUS M METOJbl MAaTEMATHYECKOTO aHaiu3a, JMHEWHOU anreOphl,
TEOPUU KOMILUIEKCHBIX YHCEIl, TEOPUHU BEPOSTHOCTEN U MATEMaTUUYECKOU CTATUCTUKH;

- OCHOBBI UHTETPAIBLHOTO U U PepeHIInaTbHOIO HCUNUCICHHUS;

- pojlb W MECTO MaTeMaTUKH B COBPEMEHHOM MHUPE TPU OCBOCHUU
npo¢eCCUOHANIBHBIX JUCIUILUINH U B cpepe npodeccunoHanbHON AesITEIbHOCTH.

B mMeToanueckux ykazaHUAX K BBITTOJHEHUIO MPAKTUYECKUX pabOT COACPIKUTCS

WHCTPYKIMS C YETKUM aJIrOpUTMOM Xoja paboThl. Kaxnmas npakTudeckas padoTa
BKJIFOYAET KPATKUH TEOPETHUUECKUM MaTepual, MpUMeEphl 3a/1a4 U HaOOp 3aJaHU.

Xoa BBINOJIHEHUS] TPAKTHYECKOH padoThI
[IpakTnuyeckue pabOThl HEOOXOAMMO BBINOJHATH B CHEHHAIBHBIX TETPALAX C
yKa3aHHeM HOMepa, TeMBbI, 1ieJieil paboThl.
Xood pabomui:

1. Tlo3HaKOMHUTBHCS C TEOPETUUECCKUM MATEPUAIOM

2. Cnenarb KpaTKHM KOHCIIEKT TEOPETUUYECKOr0 Marepuajia B pabodyux TeTpaasix
(OCHOBHBIE MOHSTHS, OTIpeieSIeHUsI, POPMYJIbI, IPUMEPHI)

3. B terpamax mis npakTHYeCKUX paOOT BBIMOJHUTH CAMOCTOSATEIBHYIO padoTy
WM PEIINTh HOMEPa, KOTOphIE YKa3aHbl B paboTe.

4. CpaTp mpemnoaaBaTeIo TeTpaay Ui MPaAaKTHUECKUX pabdoT.

KpuTtepuu oneHuBaHus MPAKTHYECKUX padoT

Onenka «5» CTaBUTCS, €CIM BEpHO M panuoHanbHO pemieHo 90%-100%
IpeaIaraeMbIX 3aIaHUH, TOMYCTUM | HEe04eT, HEMCKaXKAIOIINI CyTH PEIICHHUS.

Onenka «4» craBurca mnpu  Oe3ommubounom pemenun 80% mpeamaraeMbix
3aJIaHU M.

Ouenka «3» ctaBUTCA, €ciiu BeIoiHEHO 70% mpeniiaraeMbiX 3aJaHuil, JOMYCTUM
1 Hegouer.

Ouenka «2» - perieHo MeHe 70% mnpeasiaraeMbIX 3aJIaHUH.

Ilepeyenb npakTHYECKUX PadoT

Ne paboTb1 HaumeHoBaHMe IpakTHYECKUX paboT Kon-Bo
4acoB
1. PackpbITHE pa3InyHbIX HEONPEAEIEHHOCTEM. 2
2. Bbruncnenue npon3BOAHBIX CIOKHBIX (PYHKIUI U BBICIIMX 2
MIOPSIAKOB.
3. HccnenoBanne QyHKIMH ¢ TOMOIIBIO IIPOU3BOHOM. 2
4. Brruncnenue HeonpeaenEHHbIX HHTErPAIOB C IIOMOIIBIO 3aMEHBI 2
IIEPEMEHHOM.




5. Brrancnenue HeonpeaenEHHBIX HHTEIPAIIOB C TOMOIIBI0 METOAA 2
MHTETPUPOBAHUS 110 YACTSIM, HHTEIPUPOBAHHUE PALIMOHAIBHBIX
(GYHKIMH.

6. Boruncienue onpenenéHHbIX HHTEPaJIoB. 2

7. [IpumeneHne onpenenéHHOro HHTErpata il BBIYUCICHUS 2
TJIONIAICH TUIOCKHUX (QUTYD.

8. BolnosiHeHue onepanuii HaJ MaTpULIAMH. 2

9. Pemenune CJIAY pa3nuuHbIMH METOJIaMU. 2

10. BrimonHenune onepanwii Hai KOMIUIEKCHBIMU YUCIIAaMH B 2
pa3nuyHbIX popmax.

11. PenreHne BEposSITHOCTHBIX 33/1a4. 2

12. CocraBiieHrEe CTaTUCTUYECKOTO pacIpeIesIeHNs] BIOOPKH, 2
MTOCTPOSHHUE THCTOTPAMM.

Bcero 24

IIpakTHyeckas padora Ne 1

Packpvimue paznuunvix neonpeodenénnocmeil
eab padoThI:
Ha xoHKpeTHBIX mpuMepax HAy4YUThCS BBIYUCIATH MPEACNbl ¢ PA3IMUHBIMU BUJAMHU
HEeoMnpeeIEHHOCTEH.
3HaHuA:
1. Onpenenenus npeaena GyHKIHUH.
Ymenus:
1. Brluucnenune mnpenenoB (QYHKIMI: pacKpbITUE HEONpeAeNIEHHOCTEH BUIA

0 [e)
[5; —; 00 — oo 1°°].
oo

Conepxanue padoTbl:

Tunwl Heonpedenénnocmeii u ux 6uobl
X3 w
1 mun Heonpeoenénnocms 6uoa [;]6 npeoeie
0,ecnmun < k
n n-1
- apx" +a,_1x +-+ay ) oo,ecmun >k
X—00 bkxk + bk_lxk_l + .-+ bo a

—n, ecaiun > k
by

Ipumepsl:

. 5 x+8 5
1) lim —2@1— = E(T.K. CTapuIre CTCIICHU YHUCIIUTEII U 3HAMEHATEId PaBHBI, TO

X— 00
AeM KO3 GUITUSHTHI TIPU CTAPIINX CTEIICHSIX X).

5 3x+8
2) lim —@r = 0o(T.K. cTapIias CTEIEHb YUCIUTEIS OOJIBIIE CTAPIIEH CTEIICHU
)x—>oo 2 1 ( p p

3HaMEHaTeJs)

2 mun Heonpedenénnocmo 6uda [9]6 npeoene lim 1x)
0 x—a g(x)



JI71s1 pacKpBITHS HEONPEACIEHHOCTH HEOOXOAMMO JIMOO Pa3NoXUTh YUCIUTEINb U
3HaMEHaTeNlb Ha MHOXKUTEIU, TUO0 YMHOXKUTh BRIPAXKEHHUE COJIepKallee KOPHU Ha

COIPSKEHHOE.

HpuMepm'

1) 1 X2-5x+6 _ [ ] _ —5x+6=0|_ G=2(=3) _ . (=2
>3 x2 9 X1 =2 x,=3 x-3 (x=3)(x+3)  x-3 (x+3)

2)lim V2x+3-3 _ [ ] (\/2x+3 3)(\/2x+3+3) im 2x+3-9

x—3 x—3 _>3 (x—3)(V2x+3+3) x—3 (x— 3)(\/2x—++3)
lim —2%=lim ——2%Y___}im =|=] =1
x—=3 (x=3)(V2x+3+3) x>3 (x—3)(vV2x+3+3) x—»3W+3 3+3

3 mun |-v111 3amevamenvhblil npeaeﬂ U OCHOB6HblE JKeUBAJIEHMHOCMU.

sin x
lim =1
x-0 X
[Tpu x—0 UMEIOT MECTO CJICAYIONINE HEOTIPEACIEHHOCTH
sinx~x tgx~x  arcsinx~x arctg x~x
2
X
1 — cos x~?ex —1~x In(1—-x)~x
IIpumepsbr:
. sin®3x [ ] B (3x)? _y 9x? 18
*201 — cos5x L0 xl—r}(I) (5 2~ x50 25x%2 25
2
" ln(l—x)_1 —X g -1 —1_1
xlir(l) x% —x xl—rf(l)x(x - 1) xlirtl) (x — 1) -1 B

4 mun |l -ou 3ameuamenvhsiii npeden
X

1 1
lim (1 + —) =elim(1+x)r=e
X x—0

|

3-2

3+3
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X—00
Hpumepsr:
o =3\t x—3 -1 x—3—x—1\*"
lim ( ) = lim ( ) = lim (1 + ) =
x—oo \X + 1 x—00 x+1 xX—00 x+1
g 4 xX+1\ 731 —(x-1) Cavis
=lim(1+57) =l ( (1) =amle) =
3anaHus 1/ NPaKTU4ECKOl padoThI:
Bapuanm 1 Bapuanm 2 Bapuanm 3
«3»
5x+2 3x— 8 4x+2
)Ijm 2043 a)|!m 4x a)l)![p 5x-1
. 3—-2x o 3x+5 6 1-8x
6)IX|£D x+1 )lem 2x+7 )lem 4x+5




B x -36 B) - X-5 B x -9
) I!m x—6 IEDS] X2—25 )I![p x-3
Do sin 2x r Dli X
)I)!Ep X )Ilm sin 3x )I!Ero1 sin 5x
2x . 1\* 1\°X

2 lim (1+2) ) lim (1-2) 1) lim (1+2)

X—00 X—00 X X— 00 X

«4»
3 3

a)“mw a)"mﬂ a)lim o x-1

>3 x +3x+3 wroox X1 ' +5x =2

3

6)|Im 3x 2x +3x+1 6)|Im x+3x 2 6)||m 4x 2x +3x-1

X—® 4x x 7X+8

X—®© x 2x +3x-1

Xoo x +2x +4x-2

—6x+8 . 2
B) [jm X -6:+8 B) |jm X —>*° B) |Im7
x—2 X 24 x—3 X -9 x—1 5x —4x-1
r tg4x sin 2x o h tgx
)I!m sin 3x )I!m sin 3x )I!m sin 3x
. 1\2* 1 \3* 1\
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X—00 -1 A)xl_r)rolo x + 1 A)xl_r)?o + 2
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X -1 P27 _8
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x—1 X_l )I)![I;] 3 )I)![)Tz-] X—2
2
&)1im 8) —3X +2x 5 2X —4X+5 5\ X +2x-3
X—>00 4 X3 -2 1 ) le_r)!;] X + 4 ) IXI_rIOI 300X —1000
2 _ B) |i 1 1-
o fim VX2l ) lim X X
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\/1+x+x —\/7+2x—x
2
X —2X
- 2X - 2X2 t 24X
. r ;
N lim SIN 5 )'!E'J _2X Dlim g z
x50 X2 n g x—0 Sln X
5x _1\3Xx 4x
1 lim (x_“) m) lim (x_l) lim 2x+ 1
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IIpakTnuyeckas padora Ne 2

Buvluucnenue npouszeo0HbIX C10HCHBIX PYHKYUIL U bICHLUX NOPAOKOB

ean padoThI:

[TpoBepuTh yMeHUSI HAXOKAECHUS MPOU3BOAHOMN CIOKHON (DYHKIIUU.

3HAHUA:

1. Onpenenenne Npou3BOAHON U €€ CBOMCTBA.

2. IlonsiTie CI0XHOU PYyHKIIUH.




3. ®opmyna BIUHUCICHUS TPOU3BOHOM CIOKHOU (PYHKITUH.
Ymenus:
1.Brruucienue npou3BOIHOMN 3aJaHHOM CIIOKHOM (QYHKLIHH.



Conepxanue padoTbI:
Tabnuua npou3e00HbIX OCHOGHBIX IIEMEHMAPHBIX PYHKUUIL:

Y e o1 1y _ 1
(x ):ax ' (a=0) (\/;)—2\/; (;j ==
. r T (t X)' _ 1
(sinx) =cosx (cosx) =—sinx g = o x
! 1 . 4 1 ’ 1
tgx) =— arcsinx) = arccos x) =—
(ctox) sin® x ( ) 1— X2 ( ) 1-x?
! 1 ! 1 M ! X
(arctgx) T (arcctgx) =T (a*) =a*Ina
’ 4 1 4 1
(e ) =€ (Inx) "X (log, x) ~xIna
OcHogHble nPABUNA HAXOHCOCHUS NPOU3EOOHOUL:
(c)' =0; (x)' =1; (uiv)'zu’iv’; (cu)’ =cu’; (uv)' =uv+uv'; (%) =uvv—2uv

Ilpouseoonasn cnoxcnoii hynkyuu
Ecmu y=f(u) nu=¢(x), Toy = f (go(x)) - CJI0Has (GYHKIMH, TOTAa €€ MPOU3BOIHAS

BBIUKMCIIAETCA 110 popMylie Y, = y/u!, TO €CTh (f ((p(x)))’ = f'(¢(x))¢'(x) . OT0 MpaBmIO

PacIpOCTpaHIETCs Ha IETMOYKY U3 JII0OOro KOHEUHOTo uncia qudepeHInpyemMbix
GYHKIHN: npou3600HaAsL CLONCHOU PYHKYUU PABHA NPOU3BEOCHUIO NPOUZBOOHBIX
@yHKYUll, eé cocmasiaouux.
Hpumepsr:
1.Haiitu npousBogHylo crnoxkuoit gpynxmun:y = In(x3 — 3x2 + 4x).
Honoxum y = Inu, rae u = x3 — 3x% + 4xnonyuum:
1
y' =y up = (In(x® —3x% + 4x))’ = (x3 —3x% +4x)' =
1 (3x7 — 6% + 4) 3x* — 6x + 4
= . X< — 6Xx =
x3 —3x2% + 4x x3 —3x% + 4x

o o X
2. .HaiiTi pou3BOHYIO CIIOKHOM GyHKIMU:Y = OS> p

X
Ionoxum y = u?,u = cosv, v = =, NONy4HM:
6

g p = 20 (—siny) o = 2 x(_x)l_l_x
YV =Yuc Uyt Uy = 2U sinv g = cos6 sm6 c = 6sm3

3aganus 1 NPAKTHYECKON padoThI:
Beraucnure npon3BOaHbIC CIOXKHBIX (DYHKITHI:
Bapmuanr 1



2x—1 1
2x+15) Y= (5x—1)3

1) y = cos (= 3x)2) y = VaZ +43) y = 27" 4) y = In
Bapwuanr 2

213
1)y =sin(2x* —3x+1) 2)y=cos3(2x—1) 3)y = (\/;+x:)

4)y = In(Inx) 5) y = edrctg 4x
Bapwuanrt 3

1)y = cos(3x? —4x) 2)y =sin®(1 —2x) 3)y = (x* — 2\/?)4
4)y =log,(2x—5) 5)y =e™*

Bapuanrt 4
—_ 1
Dy=tgx®—1) 2)y=5%"2* 3)y=3/(7-2x)2 4)y = —
x-1)?
5y =(5)
Bapuanr 5

1)y =ctg(2—x?) 2)y =In(cos(5x)) 3)y = Zi 4) y = cos(cosx)
5 y=+v3x—4

IIpakTuyeckasi padora Ne 3

Hccnedosanue pynkyuu ¢ nomouwipio npou3600HoIl
eab padoThI:
Hcnonb3ys cxemy uccienoBanus QyHKIIMN HAYUYUTHCS UCCIEA0BATh PYHKIIUU U
CTPOUTHUX IpadUKH.
3HaHuA:
1. TlonsTue 3xcTpeMyMoB PyHKIIMK B €€ TOUYEK meperuoa.
2. TlonsiTHE aCUMIITOT U UX KJIacCUUKAIIHSI.
Ymenus:
1.ITocTpoenue rpagukoB PyHKITHIA.
Conepxanue padoTbl:
Obwas cxema uccne008aHusi PyHKYuU u nocmpoeHue eé epaghuxa.
1. Haiigute obmacth onpeaeneHust QyHKITUH.
2. Uccnenyiite GyHKIMIO HA YETHOCTH UM HEYETHOCTb.
3. Haiinure Touku nepecedeHus rpaduka GyHKIUNA ¢ OCIMU KOOPAWHAT (HyITU
byHKIUN).
4. Haiinure mpoOMeXyTKH MOHOTOHHOCTH (DYHKITHH, €€ SKCTPEMYMBI.
5. Halinmute npomMexXyTKU BBIMYKJIOCTH rpaduka QyHKIUU, €€ TOUKUIepernoa.
6. Onpenenure HaTMYUE ACUMITOT.
7. Iloctpoiite rpaduk GyHKINH, UCTIOb3YS MOJYyUYEHHbIEC PE3YIbTaThIUCCIIEA0BAHUS.
HMpumep:



2
X
[loctpouts rpadguk GyHKIMU: Y = 1
1. D(y) = (=00, =1) U (=1; +0)
2. T.x. o0nacTh omnpezeneHuss He CAMMETPHUYHA OTHOCHTEIHFHO Havyasia KOOPAHHAT, TO
(GyHKIUS HE ABISE€TCA HA YETHOW, HU HEYETHOM (T.€. OOIIEero BUuaa).

3. Ilpu x=0, y(0)=0 — 3T0 enMHCTBEHHAs TOYKA MTEPECEUCHUS TpaPuKa ¢ OCSIMH

KOOpPJIMHAT.
4 y, _ (x2 )' _ x2) (x+1)-x2(x+1)’ _ x242x _ x(x+2)
x+1 (x+1)2 (x+1)2 (x+1)2
[MpupaBHsSIeM NPOU3BOIHYIO K HYJIFO U HAUJIEM KPUTHUECKUE TOUKH:
x(x +2) x=0
m =0=>x=-2
x #+—1

y'w
X

+ g
X=-2 —m. Max Ymax =y(2) = -4
X=0 — m. min ymin=y(0) =0
5. BprumcimM BTOPYHO NPOU3BOIHYIO U IPUPABHSIIEM €€ K HYJIIO:
; <x2+2x) (2 +2x) (x + 1)% — (6% + 22) ((x + 1)?)’
y = = =

(x + 1) (x + 1)*
Qx4+ 2)(x + 1% — (x? +2x)2(x + 1) _2(x+ D2 +2x +1—x2% - 2x)
B (x +1)* B (x + 1)*4
2
T+ 1)
2

(x+1)3

0
_i_
(VAR
Touek nmepernba y naHHou (QyHKIIMH HET.

6. OnpeenuM HaIUIue aCUMIITOT:
2

. X
a) lim — = oort.€. TOPHU30HTAJIBbHBIX ACHUMIITOT HCT.
x—o0o X+1

0) PaccMoTpuM 0IHOCTOPOHHUE TIPEAEbl B TOUKE X=-1:

x2 1 x>

. . 1
x—1>1—r£1—0x +1 [0_‘] - x—1>l—nll+ox +1 [0_+] =t
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T.x. B Touke x=-1QyHKIUA TepIUT OECKOHEUHBIN pa3phIB, TO rpaduk GyHKIHH
MMeEEeT BEPTUKAJIBHYIO0 aCUMIITOTY x=-1

B) Jlyis OThICKaHUS BEPTUKAIBHON acHMNITOTHIB BUjie Y=KX+b Berancium
CJIEYIOIUE TIPEEIbIL:

e SO x|
T e x _xg{alo(x+1)x_xl—r>§o(x+1)_

. " x2 - _x
b = lim (f(x) — kx) = lim —x | = lim -1
X—00 X—00

1

x+1 x—oox + 1
Takum oOpazom, npsimast Y=X-1 CJIy»KUT HAaKJIOHHON acUMMTOTON rpaduka.
7. Vicnonb3ys noJiydeHHbIE JaHHBIE, CTPOUM rpaduK QyHKIIUU:

—g=1D

iR

3anaHus 1J1M NpaKTHye Exoﬁ padoThI:

3AJIAYA 1
ITpoBecTu moHOE nccinenaoBanne Gpyukuun Y = f(X) u mocrpouTs ee rpaduk.
l.y=x3+6x%+9x+4 9.y =x3—6x2—15x — 8
2.y =x3+6x>—15x+ 8 10. y = x3 — 12x? + 45x — 50

3.y =x3+412x% + 45x + 50
4,y =x3—-3x2—-9x -5
5.y =x3 +3x% — 24x + 28
6.y =x3+3x2—9x +5
7.y = x3—3x%—24x — 28
8y=x3-6x2+9x—4

11



3AJIAYA 2
[Tposectu moaHoe ucciaenoBanue Gpyukuun Y = f(X)u moctpouts ee rpadux.

X> +2X +4 X> —AxX+7 x> —x-1
X+2 X—3 X+1
2 2 2
4.y:X 2X+9.5.y:X +3x+4.6.y:x 6x+10.
X—2 X X—3
2 2 2
7.y:X +2X+8.8y:X 2x+8.9.y:x 3x+6.
X+4 X—4 X—5

IIpakTHyeckas padora Ne 4

Buviuucnenue neonpeoenénnovix unmezpanoe ¢ ROMOULbIo 3amMeHbl NePeMEeHHOU
eab padoThbI:
Ha KOHKpeTHBIX MNpuUMepax HAY4YUThCS BBIUMCISATH HEOINPEICICHHBI HWHTETpal,
NpUMEHsISl TaOIHILy U CBOMCTBA MHTErPajiOB, HAXOJIUTh HEOMPEIENECHHBIN HHTErpaj C
MOMOIIBIO 3aMEHBI TEPEMEHHBIX.
3HaHusA:
1. TlonsTHE HEONPENENIEHHOTO UHTErPAJIa, €F0 OCHOBHBIX CBOMCTB.
Ymenus:
l. BplunciieHHE HEONPEAENEHHBIX MHTErPATIOB METOAOM HENOCPEICTBEHHOTO
UHTETPUPOBAHUS.

2. BoluucIeHre HEONPEIeIEHHBIX HHTETPAIOB METOIOM 3aMEHBI IEPEMEHHOM

Conepxanue padoTbl:
Tabauya unmezpanos

n+1 dX dX 1
" X _ B
dx = +C,(n#-1) | 7. |——=ctgx+C 13. = —arctgx+C
1.J.X -] ( ) ISIHZX Ia2+xz a
2. [dx=x+C 8. [tgxdx=Incosx|+C 14,
inle: dx 1 |a+Xx
3 I%ZIHHC 9. [ctgxdx=Injsinx +C — 2:£|n_a_x+c;
X X X a — X
_ 10. [e*dx=g"+C |
4. [sinxdx=—cos xdx . 15 | X __arcsinx +C
5. [cosxdx = sin xdx 11. [a'dx= Ina+c 1-x
dx d dx _ . 1
=tgx+C X 16. [ ———==arcsin=+C
6. ICOSZX g 12. Jl+ 7 = arctgx+C [ - a

HeHOCpeHCTBeHHOC HHTCI'PUPOBAHUE OCHOBaHHBIM Ha

3TO METOJ,
MPUMEHEHUHN TOXJIECTBEHHBIX MpeoOpa3oBaHUN MOABIHTETpadbHON (YHKIUHU, a
TaK)X€ OCHOBHBIX CBOMCTB HEOMPENIEICHHOTO MHTErpajia U TaOJIMYHBIX MHTETPaJIoB.
Hanbonee 4vacto uCHonb3ylOTCs ClEAyIOIIME MpeoOpa3oBaHUs MOJBIHTErPAIIbHOM

byHKIMY:



1)  nmemeHue yMcIMTENs HAa 3HAMEHATEb MOWICHHO;
2)  npuMeHeHHe (OPMYI COKPAMICHHOTO YMHOXKCHHUS,
3)  NOpUMEHEHHE TPUTOHOMETPUUYECKHX TOXKIIECTB.

IIpumep 1. Haiitu unrerpan I(3X2 +2X —5)dx

Pemienue.
j(3X2 +2x—5)dx=IBx2dx+I2xdx—j5dx: x® +x* —=5x +C.

. X2 +x-1
Ipumep 2. Halitu unrerpan IT dx

Pemenne. Pa3maraem moasiHTErpaibHy0 (PYHKIHIO HA cllaraeMble, e YHCIUTENh
ITIOYJICHHO HA 3HAMCHATCJIb.
J x> +x-1

3

dx P 3 1 1
" dx IX+IX dx _[x dx n\x\ X+ >+C

2X
3
IMpumep 3. Haiitu unTerpan I (1+ ex) dx

Pemenue. Bo3BoauM B Ky0 U MHTETpUPYEM KaKJI0€ ciiaraeMoe.

I(1+ e*fdx = j(1+ 3" +3e? +e¥ hix = jdx+3jexdx+3jezxdx+_[e3xdx =
—x+3e" + 26 e iC
2 3

2x3
dx
—4

Pemenne. Pa3nmaraem mnoasiHTETpadbHy!0 ApoOb Ha JBE ClIaraeMbIX IpOOH, JeIs

Ipumep 4. Hailitu uarerpan J

YUCIIUTCIIb ITIOYJIICHHO Ha 3HAMCHATCIIb.

[2 S gy - = Injx —4\——| X2 ¢,
X =4 X+ 2
2
Ipumep 5.Haiitu naterpan .[ dx
X*+5

Pemenue. BBII[GJ'H/IM B HEMPABWIBHOUN APOOU LETYI0 YacTh U MPABUIIbHYIO APOOb.
2
X X° + 5) 5
= | ~———dX 1- dx=|dx-5 =
J.x+5 J.x+5 I( x+j J. J.x+5

X
= x —+/Barctg— +C.
J5

MeTton 3aMeHbI IIepeMeHHOM (MeTO/1 MOJACTAHOBKH)

On sBnsieTcss ogHUM M3 HauOosiee APPEKTUBHBIX U PACIIPOCTPAHEHHBIX MPHEMOB
MHTETPUPOBAHUS, TO3BOJISIONINX BO MHOTHX CIy4asX YIPOCTUTh BIUYUCIICHUE UHTETpaa.
CyTp 3TOr0 MeEToma COCTOMT B TOM, YTO MYTEM BBEIAEHUS HOBOM IEPEMEHHOU
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MHTETPUPOBAHNS 33JaHHBI MHTErpaJl CBOJUTCS K HOBOMY MHTETPATy, KOTOPBIA JIETKO
BBIYMCIIAETCS HEITOCPEACTBEHHBIM UHTEIPUPOBAHUEM.

Ipumep 6.Boraucouts [(3x — 4)*dx

Pemenue.Jlannpiii uHTErpasl OyAE€T NPUBEAEH K TAOIMYHOMY, €CJIH CAENaTh 3aMEHY
nepeMeHHont = 3x — 4

t=3x—4 )
dt = (3x —4)'dx = 3d 1 1 1t
f(3x—4)4dx= (e 4y dx x:ft4-—dt=‘jt4dt=—-—+c
1 3 3 3 5
dx=§dt
_t5+C_(3x—4)5+C
15 7 15
2
Ipumep 7. Boruuciuts [ X: " dx

JlauHblli WHTErpan OyaerT npuBeACH K TAONMYHOMY, €CIIHM CJeNaTh 3aMCHY
nepeMeHHoit = x> + 8
, t=x°+8 1
X dt = (x3 + 8)'dx = 3x%dx Jdt 1 rde 1
3 dx = =—=—| —==-In|t| +C
x3+8 t 3) t 3

2d —1dt
X x—3

1
=§-ln|x3+8|+C

Mpumep 8. Borancuts [ ——

sin?x+4
Pemenne. Jlanubiii uHTErpast OyaeT npuBeAEH K TaOJIMYHOMY, €CJIM CACNIaTh 3aMEHY

MepeMEeHHOMt = Sin x

COS X dy = t = sin x B dt _1 t c
jsin2x+ 4 = de = (sinx)'dx = cosxdx| ftZ +4 Earctg §+
1 . sin x L
=garctg —
3ananus 119 NpaKTHYeCKoil padoThI:
Bapuanm 1 Bapuanm 2 Bapuanm 3
5 3
I(Z x —%/2x +5)dx j(x—l)(x+2)dx I(&_%jdx
X
X _ o 2X 2 2
'[32 2-3 dx jx2+1dx ,[X 23X+1dx
2" X -1 X
—sin® COS2X 2
.[1 -SIZ] de .[ 2522 x jtg xdx
SIn~ X COS™ XSIn™ X
fd—x Jd—x f\/8x — 9dx
(5 —3x)5 11 — 4x
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VX3 —1 x2+6

f e*dx f : 2 j e*dx
_ sinx cos“xdx R
e* +4 (e* —5)°

IIpakTnyeckas padora Ne 5

2
jx x2 —7dx X dx j xdx
X

Buviuucnenue neonpedenénnplx uHmezpanoe ¢ ROMoOwbI0 Memooa

UHMEZPUPOBCAHUSA NO YACMAM, UHMEZPUPOBAHUE DAUUOHATbHBIX QYHKUUIL
eab padoThbI:
Ha KOHKpeTHBIX mNpuUMepax HAYyUUTHhCS HAXOJUTh HEOMPEJENEHHbIH HHTErpal C
NOMOIIbI0  (POPMYJIBI HHTETPUPOBAHMUS TII0 YaCTsIM, a TaKXKe WHTETPUPOBATH
palnroHagbHble (DYHKITUH.
3HaHu.
1. TlonsTre HeomnpeneIEHHOTO UHTErPaJia, €r0 OCHOBHBIX CBOMCTB.
YMmenus:
1. Berunciienre HeonpeneIEHHBIX HHTETPAJIOB METOIOM UHTETPUPOBAHUSI TIO YACTSIM.

2. BrlunciieHre HEONpeIeIEHHBIX HHTErPAIOB OT PAlMOHATBHBIX ()YHKIIUH.
Conep:xxanue padoThi:
Memoo unmeepuposanusi no uacmsm CBOAUTCS K BBIYUCICHUIO HHTETpajiga Io
dbopmyie

Iudv = uv—jvdu

JInst BBIYKMCIICHHS WHTErpajia Mo 3TOi (opMmyse HEOOXOIUMO IOIBIHTEPATBHOE
BBIP@YKEHHE HCXOIHOTO HMHTErpajia MpeacTaBuTh Kak Udv. T.e. 4acTh BBIpaKECHHS
IPUHATH 32 U, a 9acTh - 3a dv.

IMpumep 1.BblUUCINTE HMHTETPal C HOMOIIBIO (HOPMYJIBI HHTETPUPOBAHHS 10

YACTSIM: IXZ In xdx

Pemenue:
[Tonoxum U=Inxdv=x?dxauddepenuupysu u uarerpupys dv moaydum:
dx X
du=—v=|x%dx="—
X 3

[loctossnHass CB 53TOM cilydyae HE CTaBUTCS; OHa OyJeT IMOCTaBlI€Ha B
OKOHYATEIILHOM pe3yJbTaTe, Kor/a OyneT HalJeH TaHHBIH UHTETpal.
OO6pamaemMcs Teneps K Gopmyiie HHTETPUPOBAHUS TI0 YACTSIM:

3 3 3 3 3 3 3
.[lenxdx:lnx-x__jx_.%zx Inx 1 Cax = X Inx_l.x_+C:x InX—X—+C
3 3 X 3 3 3 3 3 3 9
U=x% U'=2x . _
Ipumep 2. IXZ cos xdx = = x2 sin x—j2x-sm xdx =
"=cosx; V =sin x
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U=2x, U'=2 ,
_L/':sinx; V =—cosx| °SmX_<2X'(—COSX)—I2-(—cosx)dx)_

— X2 $iN X+ 2XCOS X — 2Sin X+ C:
U =arccosx; U’ 1
= y = —l—-- _1
Mpumep 3. | arccosx dx = J1— x2 | = x-arccosx —jx—z dx
=1 V =X 1=x
{BTOpOE CJ1araeMoe BBIYHCIIUM C TOMOILIBIO 3aMEHBI IIEPEMEHHO)
2
t=1-—Xx 1 1
—X Edt 1 t2 2
j—dx:dt:—Zde :j—:—-—+C: 1-x< +C
:L—X2 1 t 2 %
— xdX = Edt

B uTOTe MoJyyaeM | ArCCOSXdX = X -arccosx — v1-— x2 +C;

Humezepuposanue payuonaibHulx OpoOetioCyIEeCTBISETCS ¢ MOMOIIBI0 Pa3IoKCHHUS
Ha TIpOCTeHIIe ApOoou:
Ipumep 4.

I : X? +2X+6 .
x® —7x* +14x -8
Pemenne:
3HameHaTtelb Ipo0U pacKiIaibIBaeTCs Ha MHOKHUTEIH:
x3- Tx?+14x-8=(x-1)(x-2)(x-4)
Tak KaKk KaXIblil U3 JBYWICHOB BXOAUT B 3HAMEHATEIb B IEPBOM CTEIIEHH, TO JTAHHAS
IpaBUJIbHAs palMOHAJIbHAS ApOoOb MOXET OBITh IPEACTaBiIC€HAa B BHJIAC CYMMBI
POCTEUIINX TPOOCH:
X2 +2X+6 A, B C

(x-D(x-2)(x-4) x-1 x-2 x-4

OcB0oOOXTasICh OT 3HAMEHATEJS, TTOJTYIUM

X2+2X+6=A(X-2)(x-4)+B(x-1)(x-4)+C(x-1)(x-2)

CnenmoBartenabHO,
X2+2X+6=A(X?-6X+8)+B(x>-5x+4 )+C(x>-3x+2)
Crpynnupyem 4jieHbl C OIMHAKOBBIMH CTETICHSAMMU:
X?+2x+6=(A+B+C)x?>+(-6A-5B-3C)x+(8A+4B+2C)
CpaBHuBas k03(p(OUIIMEHTHI TPU OJIUHAKOBBIX CTENEHAX X, IOJYYUM CUCTEMY:
A+B+C=1
-6A-5B-3C =2
8A+4B+2C =6
N3 xoTopoit HalimeMA=3, B=-7, C=5.
Nrak, paznoxeHue paliioOHAIbHONW IpoOU HA MPOCTEHIIINEe UMEET BU/T
X* +2Xx+6 3 -7 5
= + +
(x=-D(x-2)(x—-4) x-1 x-2 x-4
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Takum oOpazom,
X* +2Xx+6 3dx —7dx 5dx dx dx dx
= + =3 -7 +5
J'x3—7x2+14x 8 -[ — -[x—4 jx—1 Ix 2 J‘x—4

3 5
=3In|x—]4—7|n|x—2|+5In|x—4|+C=In|(x_l) (X:A’) |+C
| x-27 |

%6
IMpumep S. Y
I X2 —x+1
[lon 3HaKOM MHTErpasa HempaBUIIbHAS pallMOHANIbHAs ApoOb. Beiienum nenyro yactb

ATOM APOOU MyTeM JCICHUS YUCITUTENS HA 3HAMEHATEb:
6
X 1
2—:x4+x3—x—1+ 5
X —x+1 X —=x+1

Boienym noiaHbIA KBaApaT B 3HAMEHaTelle MPaBUIIbHOM pallioOHaIbHOU Ipo0u:

2 2
X2 —x+1= x—1 —l+l: x—l +§.
2 4 2 4

BOBBpaIIIaSICL K HCXOJHOMY HHTCIpaJIbl, IIOJIYUYHUM:

| X4+X3—X—l+;2 dx=jx4dx+jx3dx—jxdx—j1dx+j dx > =
( 1) 3 1 2 \/§
X——| +— w_t ] L [V3
2 4 5 5
5 4 2 03 3 5 4 2 J3 3

3amanus AJ15 NPaKTHYECKOil padoThI:
Hnmezpuposanue no vacmsm
1. Ixsin xdx
2. I In xdx
3. I x2e*dx
Hnmeepuposanue payuonanviwix opodetl

x+2
L Ix(x 3)

2 J’ X +1 X
I (x=1D3(x+3)
3'I 8x® —216x+12 N
(Xx=2)°(x+2)
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IIpakTHyeckas padora Ne 6

Boiuucnenue onpedenénnvix unmezpanos
eab padoTbI:
Ha KOHKpEeTHBIX IIpuMEpax HAy4YHUTHCS BBIYUCIATHONPEACICHHBIM HMHTETpad,
NpUMEHsIsE TabJMIy U CBOMCTBAa MHTETPaOB, HAXOAUTh ONPEAEICHHBIM MHTErpai ¢
IIOMOILBIO 3aMEHBI [IEPEMEHHBIX U METOJIOM UHTEIPUPOBAHMUS 110 YACTAM.
3HaHus:
1. TTonaTHE ONpPENENEHHOIO UHTETPAJIA, ETO OCHOBHBIX CBOMCTB.
Ymenus:
l. Bpruncienue ONpeneN€éHHbBIX HWHTErpajoB  METOJOM  HEMOCPEICTBEHHOTO
UHTErPUPOBAHMUS.
2. BbluncreHre HEONMpeaeIEéHHbIX UHTETPAIoB METOIOM 3aMEHBI IEPEMEHHOM U I10
4acTsM.

Teop €éTH4YeCKHue CBeAeHu.

OnpenenéHHblil HHTETpasl BBIYUCISIETCS ¢ moMolbio hopmyisl HetoTona-JlelOnuna:
b

j F(x)dx = F(b) — F(a)
a
Ipumep 1
1
BrluncanTe onpeeaeH b HHTErpal .[(st +4x° —5x—2)dX.
0

Penrenue:

1 1 1 1 1 6 4 2
I(5x5+4x3—5x—1)dX:5Ix5dx+4jx3dx—5jxdx—zjdx:[52 £ 32X —ZXJ
0 0 0 0 0

4 2

6 4 2

(51, 41 520 ) o ,1
6 4 2 3

Ipumep 2

Brrarcnure onpeaeneHHbIi HHTETpai

BN —w |y
@,
S|

n| X<
pasd

Pemenne:
3 dx z T V4 V3 1-+/3

= —ctgq3 =—(ctg=—ctg=) = —— +1=""""X
lsinzx gxlz ( 93 94) 3 3
N
Mpumep 3

© g
5 X

Brraucnure onpeaeneHHbIN HHTErpa I R

0
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Pemenue:
i dx__ f dx __ 1arctg5
2 5 3 +x2 3 3

By B3 o1 17 1 . =«

=—arctg— —=arctg0 ==-—-=- 0=—.
o 3 3 3 36 3 18

5

. 3
Brruucnure onpeneeHHbI HHTETpa I(4 —x)"dx,
4

Pemenue:

(4= _@-5' @-4'_ 1 ,_ 1
—4 | 4 4 4 4’

4

i(4—x)3dx =

Memoo unmezpuposanus no yacmsm.
MeTo1 MIHTErPUPOBAHHUS 10 YACTAM PEILIAET OUCHb BAXKHYIO 3aJ]1a4y, OH MO3BOJISIET

HHTETPUPOBATH HEKOTOPbIC (PYHKIIMU, OTCYTCTBYIOIINE B
Tabnure, mpou3BecHUEYHKIUH, a B PsI/Ie CIy9YaeB — U YaCTHOE.

JlaHHBIH METOJ TO3BOJISIET CBECTH HMCXOJHBIA OIMpPEAEICHHBIA MHTErpan K Ooiee
OpOCTOMY BHIY JIMOO K TAaOJUYHOMY HMHTErpainy. DTOT METOJl HamOojiee 4acTo
MPUMEHSCTCS, €CJIM TMOJBIHTErpaibHast (GYHKIUS COICPKUT Jorapu(MHUCCKHE,
MOKa3aTeNIbHbIC, 0OPATHBIC TPUTOHOMETPUUICCKHE, TPUTOHOMETPUUYECKUE (YHKIINH, a
TaK)Ke UX KOMOWHAIIHH.

Ecmu dynkimn U= U(X) 1 V = V(X) IMEIOT HEMPEPhIBHbIE MPOU3BOIHbBIE HA OTPE3KE

[a;b], To umeer mecTo popmyIia HHTErPUPOBAHHUS IO YACTSIM:
b b

Judv = uv|? - fvdu

a a
Camoe CJI0KHOC, 4YTO €CTb B 3TOM MCTOAC — 3TO IIPABHUJIIBHO OIIPCACIINTDb, KAKYIO

4acTh MOJLIHTErPATBLHOTO BEIPAKEHUs OpaTh 3a U, a Kakylo 3a dv

PaccMOTpUM CTaHAAPTHBIE CITYYaH.

e Jlnn  wummterpanoB  Buma | P(x)e®dx,  [P(x)sin(ax)dx  wm
[ P(x) cos(ax) dx, rne Pn(X) - MHOTOUNEH, a— uncio0. Y 106HO npuHATL U=P(X), a 32
dv 0603HAYNTH BCE OCTANBHBIE COMHOKUTEIH.

e MUnrerpansr Bupa [ P(x)Inxdx, [P(x)arcsinxdx, [P(x)arccosxdx,
[P(x)arctgx dx, [P(x)arcctgx dx. Ymo6mo mpuusts P(X)= dv, a 3a UBce
OCTaJIbHBIE COMHO>KUTEITH.

e Unrerpansl Buna [ sinbx -e®dx, [cosbx-e®™dx, tne a u b uucna. 3a u
MOKHO TIPUHATH GYHKIHIO U = e,

IIpumep 5. Boraucnuts | 12 xe* dx

Pemrenue.
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2 2

u=x = du=dx

jxexdx=|x x=xex|§—jexdx=
etdx=dv 2v=-ce

1 1

=2el—e— e¥|2=2e?— e— e?2+ e = eZ.

Ipumep 6.Borauciuts |, On xsinx dx

Pemennue.
™ 2
. u=x =>du=dx
jxsmx dx = | _ = —xcos x|g + jcosx dx =
sinxdx =dv = v = —cosx
0 1

=-—m-(—1)+ 0+ sinx|} =m.
Hnmezpuposanue 3amenot nepemennoll (100CmanoseKoli).

b .
Ilycte nns wuHTErpana fa f(x)dx ot wuHenpepsiBHOWH (YHKIMH Cle/laHa

nojcraroBka X = @(t).
Ecnu: 1) dynkims X = ¢(t) u ee npoussogHas x' = ¢/(t)nenpepsiBusl npu te[o;P];
2) MHOKeCcTBOM 3HaueHui ¢pyHkiuu X = @(t) npu te[o;B] sBusercs orpesok [a;b]
3) ¢(a) = ane(B) =b, o

b B
jf(x)dx = ff((p(t)) <@/ (O)dt = Flp(®)]l5 = Flo(B)] — Flp(a)] = F(b) — F(a)

Otmetum, uto: 1) [Ipu BeIYMCICHUN ONPENENEHHOTO UHTErPajia METOIOM 3aMEHBI
IIEPEMEHHON BO3BpaIaThCs K CTApOil IEpeMEeHHON He TpeOyeTcs;

2) 4acToO BMECTO MOACTAaHOBKHU X = () mpuMeHsIOT moacTaHoBKy t = g(X);

3) He craemyerT 3a0bIBaThb MEHSTH TMpPEACNIbl HMHTETPUPOBAHUS TIPU 3aMEHE
NEPEMEHHBIX.

Aneopumm 8b14UCIEHUAONPEOETIEHHO20 UHMeZPAaNd MemMOOOM NOOCMAHOBKU:

1. Onpenenstot, K KaKOMy TaOJIMYHOMY MHTETpaly MPUBOAUTCS JAaHHBIA HHTETPAI

(npenBapuTENBbHO NPEOOPA30BAB MOABIHTETPATLHOE BBIPAKEHUE, €CIIU HYKHO).

2. Ompenensior, Kakyl0 YacTh MOJBIHTETPAIBHON (DYHKIIMM 3aMEHUTh HOBOM

MIEPEMEHHOM, U 3aMMCHIBAIOT ATY 3aMEHY.

3. Haxomsar nuddepennmans o6enx dyacTeld 3amucu U BhIpaXaroT AuddepeHIuan

CTapoil MepeMeHHOU (WM BhIpaXkKeHUe, cojiepxaniee 3ToT auddepeHnnan) yepes

muddepeHnran HoOBOW MEPEMEHHOM.

4. Haxonsat HOBBIE IPEAEIBI MHTETPUPOBAHUS.

5. IIpou3BoAsT 3aMeHY MOJT UHTETPATIOM.

6. Haxonst moydeHHBIN HHTETpal.

Ilpumep 7.Borauciuts [ 45 xVx? —16 dx
dt

Pemrenue. 3amena: t = X2 -16; dt= 2x dx; dx= —
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Haiiném HOBBIE Tpeensl uaTerpupoBanus. Ipu X= 4, a= t(4) = 42 -16 =0; x= 5,
B=t(5) = 5% -16 =9.
ITonygaem:

3
) 3
ffx\/xz — 16 dx = ff%\/f dt = %f;t? dt = %%2 = —t\/_| =— -9vV9 = 9.
2 lo
Ipumep 8.Berauciuts f:%

Pemenne. 3amena: t=v2x + 1+ 1,.
—1)2— 2_
t-1=vZx+ 1, 2x+1= (- 12 x = S22 = 222 dx= (t-D)t.

Haiiném HoBbIe ipesensl uaTerpupoBanus. [Ipu x= 0, a= t(0) = 2; x= 4, p=t(4)=4.

ITonygaem:
4 4
x dx (t2—2t) (t—l) 1J
=-|(t-2)(t—-1Ddt =
J V2x+1+ 1 j 22( ) )

4
= jtz 3t+2dt—1 e 3t2+2t 4—
2 ( ) —2\3 2 2_
1

=z(?—24+8)—5(“6+4)

3amanus AJ15 NPAKTHYECKOil padoThl.

Bapuanr 1.

1. a)!(3x7— —2x):ix 6).}(1—x)4dx B). j(4X3 —3x2):|x

2. Tpu nomouw GpopMyJIbl HHTETPUPOBAHKS 10 YACTSIM BBIYHUCIMTE HHTETPAJIBL:
3 el

a) J@ xcosdx dx; 6) [, xin(1 + x)dx
4

3. Beruucnure uHTErpasbl ¢ MOMOIIBIO 3aMEHBI IEPEMEHHOM:

xdx

1
a) f—l \/5—4x;

Bapwuanr 2.

6) [, 3x(1 — x)dx

1.a). Jl‘(x2 —x)jx 0). Jl‘(7—5x)dx B). T(l—Zx)“dx.

2. ITpu momomu (hopMyITbI HHTETPHPOBAHKS MO YACTAM BEIYHCIIHTE HHTETPATIBI:
3 n
a) [, (x — 3)e *dx; 6)[: x*sinx dx
4
3. BEIYMCIIATE HHTETPATIBI ¢ TOMOIIBIO 3aMEHBI IEPEMEHHOH:
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9 d 3
a) [, \/%; 6) [, x(3 — x)7dx

IIpakTHyeckas padora Ne 7
Ilpumenenue onpedenénnozo unmezpana 01 6bl4UCICHUA NI0UAOETl N1OCKUX
duzyp
eab padoThbI:
1. HayyuThcs BBIUUCTATH ONPEEIEHHBIE HHTETPAJIHI.
2. [To3HAaKOMUTBCS C TIOHSATUEM KPUBOJIUHEHHOM Tparenuu
3. Ha KOHKpeTHBIX mpUMepax HAYYUThCS HAXOJIUTh IUIONIAAb KPUBOJIUHEHHOM
Tpaneuuu
3HaHus:
1. TTonsTHE ONpENENEHHOIO UHTETPAIA.
2. CpoiicTBa ONnpeIeIEHHOr0 HHTErpaa.
3. OCHOBHBIE METO/IbI BBIYUCIIEHUS ONPEAEIEHHBIX HHTETPAJIOB.
4. TloHsiTMe KPUBOJIMHEINHON Tpanenuu
5. MeTo bl BEIYUCIICHUS TIIOIA I KPUBOJIMHEHHON Tparneuu
Ymenus:
1. Berurciienue onpeenéHHbIX HHTErPAJIOB.
2. Beruncnenue mionaayu KpUBOJIUHEHHOW Tparenuu
Conep:xxanue padoThi:
KpuBonuneitnoi Tpanemnueii (puc. 1) Ha3pIBatoT GPUrypy, KOTOpasi orpaHUYCHa:

A
Y y=y(x)
CBEpXYy - rpad)uKOM HENPEPHIBHOM
bynxumn y=y(X)
cau3y — ocbto OX (y=0)
> X% clieBa — IpsAMOit X=a
a b crpaBa — IMPSMONX=D
Puc.1

I'eoMeTpruuecknii CMBICT ONPEAEIEHHOTO UHTETPAJIA B TOM, YTO €r0 3HAYCHUE PABHO
IO COOTBETCTBYIOLIEW KPUBOJIMHEWHON TPATIELIUH:

S = j y(x)dx (1)

PaccmoTpum paznuuHbie METOJIbI BEIYUCICHUS IUIONIAICH TIIOCKUX QUryp.

Ipumep 1. BeraucauTs miomaab miIocKou Gurypel, OrpaHUYEHHON JTMHUSMU:
y=x*—2x+2,X=-1, X=2 u ocero OX.

Pemienuie: nannas gurypa (puc. 2) npeacTtaBisieT co00M KPUBOIMHEHHYIO TPAIEIHIO,
mo3TOMY €€ IIonaab Beraucisiercs mno gopmysne (1).
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Y
A
y=x>-2x+
2 X3 2
S :J.(x2 —2X+2)dx = =— —xz‘ +2x|i =
) 3|,
3 3
=(2——ﬂ}(22 — (1P )+ (2-2-2-(-1) =
3 3
> =3-3+6=6.
-1 2 X
Puc. 2
OTtBeT: 6 KB.€I.

[Mycts y=F(X) — HenpepriBHAs GyHKIUs pu Xe [a, b], rpaduk koTopoit pacmonoxen
Huxke ocu OX (puc. 3). 3naueHue onpeAeIéHHOro HHTErpayia OyJeT OTPUIIATEIBHBIM,
TIOATOMY JIJIsl pacuéTa miomaan 0epéM 3HaYCHHE HHTETpaIa Mo MOIYJIIO.

Y A .
a o S = j f (x)dx
N e
y=f(x)
Puc. 3

IIpumep 2. BoraucauTs TII0Ma1b MI0CKOH GUTYpBI, OrpaHUYEHHOUN TpadukoM
GyHKIMH Yy =Xx* —5x+6u ocsro OX,

Pemenue: nannas ¢urypa (puc. 4) pacnonoxxera Hrwke ocu OX, mo3ToMy IpUMEHUM
bopmyiy (2).

2 I sx2l 3
v ) S=_[(x2—5x+6)dx:— ~2 46X =
A y=X" -5x+ 5 , 2,
3 3 2 2
\_/ (53022 o
\<//3 X 19 25 38-75+36 1l 1
3 2 6 6| 6
Puc. 4 OrtsBert: 1/6 kB.€.

IIpumep 3. BorauciauTh miomaab miocKou GUrypel, orpaHuYeHHON rpadukamMu
GyHKIMHA y =X +11 y=—x+3.
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Pemienuie: nannas gurypa (puc. S)npeacrabiseT cOOOH pa3HOCTh KPUBOJTMHEHHBIX

Tpaneuun

AGcuucchl TOUEK NEPECEUEHUsT HaX0IUM T10 YepTexXY: X1=-2 1 Xo=1.

1 1
S = j(— X + 3)dx — I (x2 +1)dx . MO>HO 3amicaTh 10/ OJUH UHTErpall:
e )

A

]_

Y
y=x"+1 1 1
S:I(—x+3—(x2+1))dx:I(Z—x—xz)dxz
-2 2
f 21 31 ) _ )
i :2x|12—x— “2 =(21-2(-2)- )
‘ - 2 > 3 I 2 2
i [ y=-X+3 3 3
hid _(L_ﬂ}ﬁ_(_%_\g:‘g
| > 3 3 2 2
2 ) 1 X
pe. > Ortser: 4,5 kB.e1I.

IIpumep 4. BerauciauTh 110a1b MI0CKONW GUTYPHI, OTpaHUYEHHON TpaduKkamMu

GyHKIMHA y=X*+11 y=—X+3, ¥ KOOPJHHATHBIMUA OCSMH.

Pemenue: nannas ¢urypa (puc. 6) npeacTaBiseT co00il CyMMy KPUBOJIMHEHHBIX

1

3
Tpanenuii S=S;+S,, re S, = J‘(x"Z +1)dXH S, = j(— x +3)dx . [Tomyuum dopmyy:

1

A 1 3 X31 . X23
S= (x> +1ldx+ | (- x+3)dx =" +x —=—
y:X2+1 !;( +>j+.].j( +) 30+|0 21+
+3x|f:
1 0 32 71®
—x+3 = |4@-0)-| > —= |+(3-3-3.1)=
[ o |t
> 1 1
0 ; 3 X :§+1—4+6=3§
Puc. 6 OTBeT: 3%KB.€I{.

3ananus 119 NPaKTHYeCKOil padoThI:

3aoanue 1 Bvluuciume onpedenénnvie unmespavl.

Bapuant 1 Bapuanr 2 Bapmuanr 3
4 3 8
1
f (\/E — T) dx J(Zx —1)(3x + 5)dx f VYx(x + 1)dx
x
1 2 0
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m

4
f 2x sin xdx
0

™

2
J 5x cos xdx
0

0

f x%dx
R (x3+1)

cos x * sin®xdx

O Y—— w3

1

fx(x2 —3)%dx

0

3aoanue 2 Bviuucaums niowaou ucyp

Bapuanr 1
A Y A Y
y=x 4 y=dx-x"
) 5
ol 1 4\ [y
Bapwuanr 2
LY ,
y=-x+5
i
: l _
yx3 2 0 1
Bapuant 3
A Y .
y=x-4 y=xfx
2 X X
y=-x+3x

IIpakTuyeckas padora Ne 8

Buvinonnenue onepayuii nao mampuyamu

ean padoThI:

Ha KOHKPCTHBIX IMPUMEPAX HAYUUTHCSA BBIIIOJIHATH OIICPAIMU HAJl MaTPpHUILIAMU.
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SHAHMA:

1. Onpenenennss MaTpuUbl U ONEPALUI HAJ MATPULIAMH.
Ymenus:

1. CnoxeHnue, BBIYUTAaHUE, TPAHCIIOHUPOBAHUE U YMHOXKEHHE MATPULL.
Conepxanue padoThbI:

TeopeTnueckue cBeeHNsl K NPAKTUYeCKOil padoTe

Martpuueii pa3MepoM nXM  Ha3bIBaeTcsl  NPSIMOYrojbHas  TabiMua,
COCTaBJIECHHAas M3 N M YUCEl W UMEoulas n CTpoK M m cToibuoB. Yucna aij,
COCTaBJISIOLINE MAaTPHUILy, HA3bIBAIOTCS DJIEMEHTAMU MATPUILBI

a,y  Qp . Qg

Ay Oy .o Ay,
A=(aij)=

aml amz (Zmn

Marpuiy A' Ha3bIBAIOT MIPAHCHOHUPOSAHHOUTIO OTHOIICHWIO K MaTrpuie A,
€CJIM OHa IMOJIy4YeHa M3 MaTPHIIBI A 3aMEHOM CTPOK 3TOM MaTpHIlbl €€ CTOJIOIaMu, |,
HA00O0POT, CTOJIOIIOB CTPOKAMH.

d11 dp; ... Ay
AT = 8 dyp ... Ap =<ij)n><m
Qn 8 8mn
1 0 -1 12
[Tpumep, Az(z s 4],AT: 0 -3
1 4

KBagpaTHass maTpuila Ha3bIBaeTCsl TPEYrOJIbHOM, €CIIM BCE €€ DSJIEMEHTHI,
pa3MeNIeHHbIE HaJ| TJIaBHOW IMAaroHasibko (0] HEl), paBHbI HYJIIO, T.€.

A1 Ay 93

A=| 0 ay, ay| - 6EpPXHAA Mpeyco/lbHaAd mampuyda,
0 0 ag
a, 0 O

Ay =|lay a, O |— HUICHAA Mpey2onbHaAs Mampuya.

83 8z dgs
Marpuna, Bce DJJIEMEHThl KOTOPOM PpaBHBI HYJI, HAa3bIBACTCS H)JIE80U
Mampuye.
bll

b
Martpuia-cTpoka A=(ay;,ap,....a,), MAaTpUIa-cToI0el B=|

by

Onepamm HaJl MaTpHIIaMHU.
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1) Ilycts MaTpuiibl A, 4 B, ,0dHMHAKOBOM pazmepHOCTH. CyMMON MaTpull A u
B Haszvleaemcs mampuya C,, TOH XK€ Pa3sMEPHOCTH, Ka)XIbIi 3JIEMEHT KOTOpOH
PaBEH CyMME COOTBETCTBYIOIIUX 3JIEMEHTOB MAaTpULIbL A U B.

c;; =a; +b; I BCEX i H j.

2) Pasnocmvio mampuy A, UB,, OJUHAKOBOH Pa3MEPHOCTU HA3bIGAECHICS
mampuya C,,, TOHW XK€ Pa3MEPHOCTH, KaXKIBIA JJIEMEHT KOTOPOM paMeH pPa3HOCTU
COOTBETCTBYIOILMX JIEMEHTOB MaTpPHULIbL A U B.

c; =a; —by I BCEX i H j.

3) Ilpoussedenuem mampuy A HQ HUCLO A HA3BIBACNCS MAMPUYAC , KaXKIbIi
DIIEMEHT KOTOPOM PaBeH c; = Aa.

4) Matpuily A MOXHO YMHOXXHUTh Ha MaTpuily B (A-B=C) JIUIIb B TO CIIydae,
KOI'JIa YKMCJIO CTOJIOLOB IEPBOM MATPUIBI A, PABHO YUCJIO CTPOK BTOPOM MaTpHUIbI

Buis> T-€ Anp-Bug =Cpg- LIpU DTOM KOXKIBIA 3JIEMEHT MATPHULBI-POU3BEIACHUS C

onpeienseTcs Tak:
by
b,.

J

Cij :(ail aiz ain)' =ai1b1j +ai2b2j +...+ainbnj ’ HJ-.[;I BCGX | H J .

by
T.e., o1eMeHT ¢; paBeH CyMMe NPOU3BEIEHUM DJIEMEHTOB i -ii CTPOKHM MaTPHIIbI

A Ha COOTBCTCTBYIOIIUEC DJICMCHTEI j-T'O CTOJ'I6I_Ia MaTpHlibl B .

Haiiti nmponsBeieHne MaTPHIIBI-CTPOKH M MaTPUIIBI-CTOJIOIIA:
Hpumep 1.
2
1 —3)-(4) =5.2+4(-3)-4=10-12=-2,

4
2)(1 -1 3)| 3 |=1-4+(-1)-3+3:(-2)=4-3-6=-5,

0
3
4)(-2 0 5 1) _04 =(~2)-3+0-(-4)+5-0+1.5=-6+5=—1,
5
0
2
5)(7 -1 0 2 -3)| 8 |=7-0+(-1)-2+0-8+2-(-4)+ (-3)-(-2)=—2-8+6=—4.
~4
-2
MMpumep 2
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Jlmd 3amaHHBIX MaTpull A,B, C HAaWTA MaTpulbl 3A+2B, C', AB, BA, C'B,

AB+E, BA-4C.
2 3 -4 1 0 3 1 -1 0
A=|-1 -1 3|,B=[3 -1 1|,KR=|3 -1 2
1 -2 5 1 2 0 -2 0 -3
Pewenue

2 3 -4 1 0 3 6 9 -12

1.1) 3a+2B=3./-1 -1 3 [+2|3 -1 1|=|-3 -3 9 |+

1 -2 5 1 2 0 3 -6 15

2 0 6) (6+2 9+0 -12+6) (8 9 -6
+/6 -2 2|=|-3+6 -3-2 9+2 |=|3 -5 11]|;
2 4 0) (3+2 -6+4 1540 ) (5 -2 15
1 -1 0) (1 3 -2
1.2)Cc"=3 -1 2| =[-1 -1 0 |;
-2 0 -3 0 2 -3
2 3 -4\(2 3 -4
1.3) A2=A-A=[-1 -1 3 |[-1 -1 3 |=
1 -2 5)l1 -2 5
2:243-(-1)+(-4)1  2-343-(-1)+(-4)-(-2) 2-(-4)+3-3+(-4)-5

-|1)2 (1)( >+31 (1:3+(0)-(9+3-02) (2)-(-4+(-1)3+35)-
1-2+(-2)-(-1)+51  1-3+(-2)-(-1)+5:(-2)  1-(-4)+(-2)-3+5-5
4 3-4 6-3+8 -8+9-20) (-3 11 -19
—-2+1+3 -3+1-6 4-3+415 |=| 2 -8 16 |,
2+2+5 3+2-10 -4-6+25) (9 -5 15
2 -4\ 1
14)AB_-1 -1 3 [[3 -1 1|=
1 -2 5Jl1 2 0

2-1+3-3+(-4)1  2.0+3-(-1)+(-4)-2  2-3+3-1+(-4)-0

=|(-1)-1+(-1)-3+3-1 (-1)-0 ( )( 1)+3:2 (-1)-3+(-1)-1+3-0 |=

1-1+(-2)-3+5:1  1.0+(-2)-(-1)+5-2  1-3+(-2)-1+5-0
2+9-4 -3-8 6+3 -11 9
=|-1-3+3 1+6 41,

1-6+5 2+10 3-2
1 0 3)/(2 3 -4
15) B-A=[3 -1 1||-1 -1 3 |=
1 2 0J{1 -2 5
1-240-(-1)+3-1  1-3+0-(-1)+3-(-2)  1-(-4)+0-3+3-5
=3-2+(-1)-(-1)+1-1 3-3+(-1)-(-1)+1:(-2) 3-(-4)+(-1)-3+1:5|=
1-2+2-(-1)+01  1.3+2:(-1)+0:(-2)  1-(-4)+2-3+0-5

2+3 3-6 —-4+15 5 -3 11
=[/6+1+1 9+1-2 -12-3+5|=(8 8 -10].
2-2 3-2 -4+6 0 1 2

[TomuepkHeM emie pas, 4TO AB = BA.
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1 3 -2)(1 0 3
16) cC"-B=|-1 -1 0 |3 -1 1|=
0 2 -3){1 2 0
1-143-3+(-2)1  1.0+3-(-1)+(-2)-2  1-3+3-1+(-2)-0
=| (-1)-1+(-1)-3+0-1 (=1)-0+(~2):(-1)+0-2 (-1)-3+(-1)-1+0-0|=
0-1+2-3-3-1 0-0+2-(-1)-3-2 0-3+2-1-3-0

1+49-2 —3-4 3+3 8 -7 6
=/ -1-3 1 -3-1|=|-4 1 -4|;
6-3 -2-6 2 3 -8 2

3aganus IS NPaKTHYeCKOH padoThl.

3aoanue 1. J1ns matpuil A,B, C BBIYUCIIUTD:

1)3AT -48B, 2)2BT +5A, 3) AB +5E,
4) Ac+2B",5)cB-2A", 6) (CT )Z —4E , ecId
NTEE 5 3 10 1
=l 5 o o0 B=[-1 1]Cc=[2 1 -2
2 -3 120

3aoanue 2. ]I Mmatpuil A,B, C BBIYUCIIUTD:

1)5A-2B+3C, 2)2AT —3cT +BT,
3)AB-BA, 4)A2-B?, eciiu
2 3 4 1 -4 3 0 -2 2
A=|-2 0 -1|,B=|-1 0 1/|,C=|1 -5 5
1 05 0 1 -2 3 1 -1

3aoanue 3.Haiitu mpou3BeICHUE MATPUII;

1) 1 2N-2 4} 2)(2 -1} [1 1J;
-3 4)(3 1 2 -1
1 3)(9 6). > 4o 5y,
3, 6)(—3 2}’ RIEN '(3 4]’
31
2 -1 3\(1 3 1 -1
5[4 2 of ; 6)a 2 -3){4 -1 3|,
-1 1 1)l-1 2 6 0
52 4 2 -2 2\(-21 2
N1 - —3—5—4;8)111.21—2
13 0 2 2 -2)(-21 2

IIpakTuyeckas padora Ne 9
Pewenue CIIAY paznuunvimu memooamu
ean padoThI:
1. HayuuTbcs pemiath cUCTEMBbI JIMHEHHBIX ypaBHeHUI MeToaoM Kpamepa.
2. HayuwTthcs pemaTh CUCTEMBI TUHEHHBIX YPAaBHEHUN MATPUYHBIM METOJIOM.
3. Hayuuthcs pemats cucTeMbl TMHEHHBIX ypaBHEHUH MeTonoM ["aycca.
3HaHus:

29



1. TlonsTHE CUCTEMBI TMHEHHBIX YPaBHEHU.
2. Marpuunsiii Meto, Metoq Kpamepa u I"aycca.
Ymenus:

l. Pemenue cucteM JIMHEHHBIX YpPaBHEHHWW MAaTPUYHBIM METOJIOM, METOJIOM

Kpamepa u I'aycca.
Conepxanue padoTbi:

Cuctemoil u3 TpEX JMHEWHBIX YPAaBHEHHUM C TPEMS HEHU3BECTHBIMM HAa3bIBACTCS

A X, +appX, +a3X; = bl
CHUCTEMA BUA:{ A, X, +8,,X, +8yX, =b, (1)
Qg X FAzp X, +A53X; = b3

1. ®opmynsl Kpamepa aJist pelieHnsi CUCTEMBI JIMHENHBIX YPaBHEHMIA:

(B A A
A A A
all a‘lZ a13 bl alZ alS all bl a13 a11 a12
rae A=1a, 8, ay[,A;=b, a, ag/A,=ay b, aylA;=a, a,
a3l a32 a33 b3 a32 a33 a31 b3 a33 a31 a‘32
2x+3y+z=1
IIpumep: Pemmts cucremy <x+y+z=0 wmerogom Kpamepa
x—y=1

BeruucisieM onpenenuTeny CUCTEMBI:
2 3 1 |2 3 1

A=l 1 1=]-1 -2 0:1-(—1)“3-_11 _i‘:1+2:3¢0,
1 -10 |1 -10

1 3 1 1 3 1

A,=0 1 2= 1 1|=1-(-D"*. ! 1]J=—1+4:3,
1 -10 p -4 -1 -4 -
2 11 |2 1 1

A,=[1 0 1=]-1 -1 0=1-(—1)1+3-_11 ﬁ=—1+1=0,
110 (1 1 0
2 3 1 |2 3 1

A, =[1 1 0=|1 1 0=1-(-n*3. ! 1‘:—4+1=—3.
1 -11 |-1 -1 0 -1

UYToOBl TONYyYUTH OMpeAeNuTeNs A;, Mbl 3aMEHWIN B ompejenutene A mepBbii

CTONOEI] Ha CTOJIOEI] M3 CBOOOJHBIX YJICHOB; 3aMEHssl B ompenenutene A 2-oi

cTosidelr Ha cTosbel] U3 CBOOOIHBIX YJIEHOB, MOJIydyaeM A, ; aHaJIOTMYHBIM 00pa3oM,

3amMeHsst B ompenenutene A 3-umit cronber; Ha cToOeIl W3 CBOOOIHBIX YJICHOB,

nonyyaeM A,. Pemienue cucteMsl:
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A

A

3
. 3 777 A3 A3
Omeem: (1; 0, -1)
2. 3anuuem cuctemy (1) B MaTpuyHOM BUAE AX = B, TOrJa pElICHUE ULIEM B

BUC: X = A'B (IIpU yCIIOBHH, YTO MaTpHLa A- HEBBIPOXKACHHAS, T.¢. |A#0).

2x+3y+z=1
Ipumep:Pemuth cuctemyXx+y+z=0 ¢ NOMOIIBIO OOPATHON MaTPUIILI
Xx-y=1
2 3 1 x 1
OOo3HaunM A={1 1 1|X=|y|B=|0
1 -10 z 1
2 3 1
A=l 1 1=0+3-1-1-0+2=3%0
1 -1 0
Haiinem maTpumy A7
1 -1 3 1 31
A — _1l+l. =1’ A — _12+1' =_l, A — _13+1. =2’
11 ( ) 1 O‘ 21 ( ) 1 0 31 ( ) 11
11 2 1 2
A — _1 1+2. =1’ A — _1 2+2. =_1’ A — _1 2+3. =_1’
12 ( ) 1 O‘ 22 ( ) 1 0 23 ( ) 1
1 1 2 1 2 1
A — _11+3. =_2’ A — _13+2. =5’ A — _13+3. _1’
13 ( ) 1 _1‘ 23 ( ) 3 _ 33 ( ) 3 1
1 -1 2 X 1 -1 2)/(1 3 1
a1 1 1
Azgl—1—1,Torz[ay:§1—1—1-0=50:
-2 5 -1 z -2 5 -1)\1 -3 -1

Omeem: (1, 0; -1)

[Ipomecc pemieHUs CUCTEMBI JMHEHHBIX anreOpanyecKuxX YpaBHEHUU TIO
MeTofy ['aycca coCTOMT U3 IBYX 3TAmoB.

llepgviti sman (MpsAMON X0/ METOJIa) — CUCTEMA MPUBOAUTCS K TPEYTOJIbHOMY

BUY.
Bmopoti  oman  (oOpaTHbBIi  X0I) —  HEU3BECTHBIC  OMNPEACISIIOTCS
MOCJIEAOBATEIBHO, HAYMHAS C TTOCIETHETO HEU3BECTHOTO U 3aKAHYMBAs MIEPBBIM.
2x—4y+3z=1,
Hpumep: Pemuts cucremy: <3x—y+5z =2,
X—2y+4z=3.
Pemenue:
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1. BeimumeM pacimpeHHy0 MAaTpUIly CUCTEMBI U IPUBEAEM €€ K TPEYTOJIbBHOMY
BULOY:

2 4311 (1-24;3x(-2) x(-3) (1 -2 4,3 1-2 4 3
3-15 |2 |~|2 -43|1 ~|0 0 -5|-5|~[0] 5 -7-7
1-2413) (3-15]2 05-7[-7 0 0 11

MOJIyYeHHAs] pacllMpeHHas MaTpulla HMMEET paHI pPaBHBIA TpeM r(ﬂ): 3, pasr
MaTpUIBl CUCTEMBbI TaKXke paBeH TpeM, [F(A)=3 © YUCIO HEW3BECTHBIX N=3,
CJIeI0BaTEeIbHO, CUCTEMA OIpPENIENICHHAs, T.€. UMEET €IMHCTBEHHOE PEILICHHUE.

2. 3anuceiBaéM YypaBHEHME, HMCIOJIb3YS IOCIEAHIO CTPOKY NIPUBEIEHHOU
matpuipl:  z=1.
W3 BTOpOIi cTpoku: Sy-7Z = -7, T.X. Z=1, mo Y= 0.13 TpeTheil ctpoku: X- 2y +4z=3,
T.k.Z=1 y=0, tox = 1.

Omeem: (-1,0,1)

X, +3X, —4x; —4x, =-10
Hpumep:Pemnts cucremy: 2X, — X, = X3 — X, =1
3X; — X, — X3 —3X, =2

1. Bemumem paCcIIUpPCHHYIO MAaTpUIy CUCTCMBI U IIPUBCIACM €€ K TPCYT'OJIbBHOMY

BUTTY:
1 3 =4 =4 =10 =(-2)q =x(-3) 1 3 —4 —=4|=10
4=2 -1 -1 -1 | -—.|+ \~ 0 =7 7 71 21 xé
3 -1 -1 3| 2 0 —10 11 0| 32
1 3 -4 —4|-10 13 -4 —4]-10
0 -l 1 | 3 | =x(-10) 0} _([’ (L 1 3
._-|+ 0 0 (l’\)_l 2

0 -10 11 9| 32

MOJy4YE€HHas pacIIMpeHHas MaTpulla HWMEET pPAaHI PaBHBIM TpeM r(ﬂ)z?,, paHr

MaTpHUIBI CUCTeMBI Takke paBeH TpeM, F(A)=3. IIoCKOIbKy paHT pPaccCMOTPEHHBIX
MaTpull paBeH 3, a YUCJIO HEU3BECTHBIX MEPEMEHHBIX 4, T. €. I=3< n= 4, TO JejlaeM
BBIBOJ] O HEOIPEJEICHHOCTH JaHHOW CUCTEMBI JIMHEWHBIX ypaBHEHUU (T.e. cucrema
nMeeT 0ECKOHEYHOE MHOKECTBO PEIICHUH ).

bazucHbiMM  TepeMEHHBIMM  OYyAYT  X;,X,,X; (COOTBETCTBYIOUIUME 3THUM

NEPEeMEHHBIM KO3()QHUIMEHThl HAaXOAATCA B YIrOJKaX CTYNEHEK TpPeyroJbHON
MaTpHIIbl), @ IEpeMeHHast X, 0ynet cBobonuoit. [Iycts x, = C, Torna
U3 TPETbEU CTPOKU MPUBEAEHHON MATPULIBL: X; — X, =2 = X; —C=2=X,=2+C
13 BTOPOU CTPOKHU: — X, + X3 + X, =3=>—-X, +2+C+C=3=x,=2C-1
W3 TIEPBOM CTPOKH: X, + 3X, — 4%, —4X, =-10=x, +3(2C-1)-4(2+C)-4C=-10
X, +6C—-3-8-4C-4C=-10=>%, =2C+1
OtBet: (2C+1; 2C-1; C+2; C), CeR

32



3ajaHus 1JIA NPAKTHYECKO padoThl.

Pemmth cucTeMBl JMHENHBIX YpaBHEHUU

Kpamepa:
3%, —2X, +5%; =7
1) <7x +4x,-8x,=3
S5X, —3X, —4x, =-12
3%, —4X, +5%, =18
2) 12% +4x, —3X, =26
X, —6X,+8x,=0
X, +X,+X; =6
3) {2% +X%,—% =1
3X =X, + X, =4
X, +2X, +3%, =8
4) {4x +5x,+6%, =19
X, +8x%, =1
3%, +2X, + X, =8
5) 2% +3X,+ X%, =-3
2X + X, +3X%, =-1

Pemuts cuctemsl MCTOAOM Faycca:

X, +3x, +4x; +5x, =3,

1 4 5x,+2x,—5x,—3x,=—1, 54
Tx,—5x,+3x;+x, =4
X, —x,+3x,—2x, =4,

2 < 2x,+x,—x,+3x, =5, 6 1
4x,+3x,—2x,—x,=2.
x, +2x,—2x,-2x,=0,

34 2x,—3x,+x,—-5x,=3, 7
3x,—x,—x,—4x,=3.
X, —x,+x,—x, =1,

493 2x, +x,+3x, =4, 8 4
3x, +2x, +4x,—x, =35.

a) MaTpPUYHBIM METOJO0M; 0) METOJIOM

X +2X, +3%X;, =4
6) |2x +6x,+4x,=-6
3x, +10x, +8x, =8
—3X, +4X, + X, =17
7) 2% +%X,—% =0

—2X, +3X, +5%;, =8
X, +2X, —3X, =—3
8) {-2x +6x,+9x, =-11
—4X —3X, +8%, =2
3%, + X, — %, =10

9) <-3x +3x,+2x,=8

SX, +2X, +8X; =-1

2% +3X, +2%,=9
10) < x +2x,—3x, =14
3%, +4X, + %, =16

x, +3x, —x;+2x, =5,
—2x,=-7,

3

2x,—2x, +4x, -3x,=-9.

X, +x,—3x s

X, +2x,—3x,+2x,=2,
2x,—3x,+2x,-3x,=-5,

4x, —x, —4x,+x,=-1.

X, +2x,—x,+3x, =35,
3x, —4x, +3x; +2x, =2,

2x,+x,—2x,+4x,=4.

X, —2x,+5x, —3x, =0,
2x,—2x, +2x, +2x, =5,
Sx,—8x,+17x,—19x, =5.
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IIpakTuyeckas padora Ne 10

Boinonnenue onepayuii Ha0 KOMNIEKCHbBIMU YUCAAMU 6 PA3IUYUHBIX POpMaX.

esab padoThI:

HayuuTbcsd  BBINOJNHATH  ONEpAallMd  HAJa  KOMIUIEKCHBIMM ~ YHCIAMH B
anredpanyecKkor U TPUrOHOMETpUYECKON (hopmax.

3Hanus:

1. TIoHATHE KOMIUIEKCHOTO YHUCJa.

Ymenus:

1. BrimonHenue omnepanuii HaJl KOMIUIEKCHBIMU YHCIIaMH B ajreOpandyeckoil u
TPUTOHOMETpPUYECKON (hopmax.

2. PemieHne KBagpaTHBIX YPABHEHHM C OTPULIATEIbHBIM TUCKPUMUHAHTOM.

Conepxanue padoTbI:

Yucno Buna z = a + if8, rae a, - AeHCTBUTENbHBIC YUCIA, al- MHUMAas CIUHHUIIA,
ompenensiemMas PaBEHCTBOM: (% = —1, Ha3bIBACTC KOMAIEKCHLIM HUCTIOM. Q-
JEUCTBUTENbHAS YacTh KOMIUIEKCHOTO 4YHCNA, [f- MHUMAas YacTh KOMILJIEKCHOTO

quciia.

MoyneM KOMIUIEKCHOTO uucia z = a + if :|z| =/ a? + B?

Yucna z = a + iff Uz = a — i} Ha3BIBAIOTCS CONPANCEHHBIMU.

Hnst Toro, 4TOOBI cCiroJCUMb UM 8blYeCMb JBA KOMIUIEKCHBIX YHCIA B
anredpanueckoid (opmMe HYKHO COOTBETCTBEHHO CIIOKHTh WM BBIYECTh HX
JEUCTBUTENBHBIC U MHUMBIE YaCTH.

Ipumep: Haiitu cymmy u pa3HocTb uncen: z; = 1 — 20 z, =3 +1

zZ1+2z2,=(1-2i) + B+i)=A+3)+(2+1D)i=4—-1i
z21—2,=(1-2i)— B+i)=1-3)+(-2-1)i=-2-3i

Jlnst Toro, 4ToOBl yMHOMKCUMDB JIBA KOMILJIEKCHBIX YHCJIa B alreOpandeckoit ¢popme
HY’KHO TIEPEMHOKHTH MX KaK MHOTOUJIEHB] M YUeCTh TIPH 3TOM, 4To i2 = —1.

Hpumep: Haiitu npoussenenue uncen: z; = 1 —2i z, =3 +1i

z,2,=(1-2i)-B3+i)=3+i—-6i—2i*=3-5i+2=5-5i

JIisi HaXOKJIEHHUSI YaCTHOTO KOMIUIEKCHBIX 4YUCeN Zy = 4 + i/ Uz, = a, +if,

Z
CHadajla 4YHCINTCIIb W 3HaMCHATCJIb I[pO6I/I Z—IYMHO)KaIOT Ha COIIPAKCHHOC
2

3HAMEHATEI0 YUCII0Z, = Ay — i35, @ 3aTeM MPOU3BOIST OCTATLHBIC ICHCTBHSI.
Hpumep:Haittn vacthoe uncen: z; =1—2i z, =3 +1i
zy _ 1-2i (1-2i)(B-i) _ 3—-6i—i+2i* 3-7i-2 1-7i 1 7

= = =——-——i=0,1-0,7i
Zy 3+i (3+i)(3-i) 9—i2 9+1 10 10 10 ’ ’

3anmuch KOMIUIEKCHOTO YHCJIa B BHJE Z = a + (b Ha3bIBaeTCs anreOpandecKoi
dbopmoii 3anucu KOMILIEKCHOTO uncia. Yacto ObiBaeT yaoOHa apyras ¢opma 3amnucu

KOMILIEKCHOrO yncina. Ilycts z = a + bi,r = |z| = Va? + b?ug = argz. Toraa no
ONPENENEHHIO APTYMEHTA UMEEM:

34



a

_ _Cl
Y Ry COSP=7 a=rcose
b ) . b =>'{b=rsin<p
Sll’l(p—\/a2:-|_b2 Sll’l(p—;

Orcrona nonyuaercs Z = a + bi = r(cos ¢ + ising)

Takas ¢opma Ha3pIBaeTCsI TPUTOHOMETPUYECKOW (HOPMOI 3amucu KOMILIEKCHOTO
yucia. Kak BugHO, 17151 TOro, 4yToObl MeperTu oT anredpanveckoil popMbl 3amucu
KOMIIJIEKCHOTO YKCJa K TPUTOHOMETPUUYECKON (opMe, HY’KHO HAWTU €ro MOIYJb U
OJIH U3 apryMEHTOB.

IIpumep3anucars uncno z = 1 — V3is TPUTOHOMETpPUUYECKON (hopme.

, 2
Haitném Moayib 3Toro gucia:|z| = (12 + /3 = 2 AprymeHT JaHHOrO 4ucia

cos @ =

N |-

HaxXoJUuTCA U3 CUCTCMBI

sing = ey

. A
3Ha‘{I/IT, OIWH U3 apryMCHTOB 4YMCJIa Z = 1-— \/§lpaBeH — E

[Tonyuaem: z = 2 (cos (— g) + isin (—g))

YMHOXEHHE, JelIeHNe, BO3BEICHUE B HATYPAIBbHYIO CTETICHb M W3BICYCHHUE KOPHSI
M3 KOMIUIEKCHBIX YHCEN B TPUTOHOMETPUIECCKOU (hOpMe OIPENEISIOTCS CIEAYIONUM
obpazom:

eciu Z; = (COSe +ising,) , z, =r,(Cosgp, +ising,) . To
1) 232, =11, (Cos(py + @) +isin(ey +@,));
z, T .
2) Z_l = r—l(cos(gol — o) +isin(py —p,)), ecnn 1, 20
2 2
eciu Z=r(cosg+ising) neN 1o
3) 2" =r"(cos(ng) +isin(ng)) ;
4) Wz = W(COSM+ isiannkj, k=0,12,..n-1
n n '
B oTBeT 3amuCHIBAIOTCS TJIaBHBIC 3HAUCHHS apryMEHTa MOJYYEHHOTO Pe3y/bTara,
3aKJIFOYCHHBIE B TIPOMEXYyTKe (—77; 7] .
IIpumepBrINONHUTH NEUCTBUS HA/l YMCTIAMU B TPUTOHOMETpUYECKOU popMme:
a) Z; * Z3;0) z—l; B) Z,°, eciut z, = 3(cos75° + isin75°) u z, = 2(cos15° + isin15°)
2
a)z, - z, = 3(cos75° + isin75°) - 2(cos15° + isin15°) =
=6 (cos(75° + 15°) + isin(75° + 15°)) = 6(c0s90° + isin90°) = 6i
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z; __ 3(cos75°+isin75°)

3 * *
6)2 ~ 2(cos15°+isin15°) - E(COS(750 — 15°) + isin(75° — 15°)) =
_§( 600+600)_§ l‘l‘ﬁ _§+3\/§
= (cos isin =c|z+5i) =g+

B)Z,® = (2(60315° + isinlS°))6 = 26(cos(6 -15°) + isin(6 - 15°)) =
= 64(c0s90° + isin90°) = 64i
HpnMepHaﬁmm
[IpencraBum B TpuroHomeTpuyeckoi popme — 16:

Haiiném Moaysib aToro ymcna:|z| = \/ (—16)? + 02 = 16 ApryMeHT JaHHOIO YUCIa

cosQ = — 1—6 =-1
HaXOAUTCA U3 CUCTEMBbI

: 0
sing=—=0
Y= 16
3HAYUT, OUH U3 APTYMEHTOB 4Kcia Z = —16paBeH 1.

[Monyuyaem: z = 16(cos m + isinm).

Haiinem KopeHs: ‘{/T6=i/16(cosn + isinm) = 2 (cos mr2mk | isi n+2nk)

+ i1Ssin

Havinem pasnuunbie KOpHU:

n+0 w+0 T T V2 2
k=0:>zo=2<cos 2 + isin )=2(cosz+lsm—)=2 —+i—=

4 4 2 2
=V2+iV2
T+ 21 T+ 27 3 3
k=1=>21=2<cos + isin )—2(cosT+iSinT)
V2 2
=2< +z—>:—x/§+ix/§
2 2
L =2 2( n+4n+” 7I+4-7t) 2( 57T+__ 57T)
= @ = —_— —_— —
Zy cos 2 isin 2 cosS 2 isin 2
V2 V2)
=2-——i—|=—V2-iV2
2 2
T+ 6r T+ 61 7T 7T
k—3:>z3—2(cos + isin )—2(cosT+isinT)
N
=2(——i—|=V2-iV2
2 2
3aianus A1 NIPAKTHYECKO padoThl.
Bapuant 1 Bapuanr 2 Bapmuanr 3

1. Haiitn cymMy, pa3HOCTb, IPOU3BEICHUE U YACTHOE KOMILIEKCHBIX YHCEI
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Zl=_2_3i Z1=3_2i Zl=_3+4‘l

Z, =1+ 2i Zyp =2—1 Z, =1+ 3i
2. Beraucantb
l'14- _ l'15 _ i16 i18 + i19 _ l'20 i16 _ i17 + i18

3. Pemuth ypaBHEeHHE
x2+2x+2=0 x?—4x+13=0 x>+ 18x+82 =0
4. BBINOJHUTH ICUCTBUS HAJl YMCIIAMU B TPUTOHOMETpUYECKOU (popme:

zZ
a) z1 * Z3;0) Z_li B) Zp"
2

7z, = 2(cos5° + isin5°) 7z, = 2(cos15° + isin15°) 2z, = 5(c0s160° + isin160°)
Z, = 3(cos40° + isin40°) | z, = 10(cos105° + isin105°) | 2z, = 2(cos20° + isin20°)
n=3 n=3 n=6

5.BBITIOTHUTE IEHUCTBUS B TPUTOHOMETPHUECKOH (hopMe U MPEICTaBUTh Pe3yIbTaT
B TPUTOHOMETPUYECKOM U anredpanyeckoi popmax

(i>_4 2v3 - 20\’ ((V3-i)(-1+ i))6
—e-a <V§+i>

6. HaiiTu 3HaueHust KopHei

-1 V81 V8i

3

IIpakTuyeckas padora Ne 11
Pewenue gepoamnocmuuix 3a0ay

eab padoThI:

Ha KOHKpeTHBIX NpHUMEpaxX HAYUYUTHCS BBIYUCIATH BEPOSITHOCTH CIy4ailHBIX
COOBITHH.

3HaHuA:

1. [TonsiTue Ciy4aitHOTO COOBITHS.

2. Knaccuueckoe ornpeeseHue BepOsITHOCTH.

Ymenus:

1. Boluucnenne BEPOATHOCTH  CIYy4aWHOTO COOBITUST C  MPUMEHEHHEM
KOMOWHATOPHBIX (POpMyIL.

Conepxanue padoThbl:

1. Pa3memienust

PaccmoTtpum mpocteiiiiivie MOHSTHS, CBA3aHHBIE C BHIOOPOM M PACHOJIOKEHUEM
HEKOTOPOTO MHOXECTBA OOBEKTOB.

[loacueT yucna cnoco0OB, KOTOPHIMU MOKHO COBEPIIMTH ATH JIEUCTBUS, YaCTO
MPOU3BOAUTCS IPU PELICHUH BEPOSTHOCTHBIX 3a]1a4.
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Onpeodenenue. PazmerienneM u3 N siementoB mo K(K<n) wHaswpiBaeTcs Jroboe
YIOPSIOYCHHOE TMOJMHOKECTBO M3 K3JIEMEHTOB MHOXECTBA, COCTOSIIETO U3
Npa3aIu4HbIX 3JIEMEHTOB.

Ipumep.Crenyromue mociaeqoBaTEILHOCTH UMP ABISIOTCS Pa3MEIICHUSIMHU 110 2
aJieMeHTa U3 3 3JIeMEeHTOB MHOkecTBa {1;2;3}: 12, 13, 23, 21, 31, 32.

3amMeTuM, 4TO pa3MelIeHUs OTINYAIOTCS TOPSIKOM BXOSIIUX B HUX AJIEMEHTOB U
ux cocrtaBoM. Pasmemienus 12 u 21 comepkatr oAMHAKOBbIE LU(PPHI, HO MOPSAOK HX
pacnoyiokeHust pazinyeH. [loaTroMy 3Tu pa3MeleHns CYUTAIOTCS Pa3HbIMHU.

qI/ICJIO paSJ'II/IIIHBIX paBMeH_[eHI/Iﬁ 3 N DIEMEHTOB IIO k0603HaqaeTc;1 Agl/l
n!
(n—k)!

BRIUMCIISIETCA 1O (hopmyme: Ak = , raen! = 1-2-..-(n- 1)n(uutaercs «n—

dbakTopuam).

2. IlepecTaHOBKH

Onpeoenenue. TlepecTaHoBKaMU H3N3JIEMEHTOB HA3BIBAIOTCS TAaKUE pa3MEIEHUs
U3N3JIEMEHTOB, KOTOPBIE PA3JIMYaIOTCS TOJIBKO PACIIOIO0KEHUEM JIEMEHTOB.

Yucno nepectaHoBOK M3N3aeMeHTOBPhBeIuncisieTcss mo gopmyse:Py=n!

IIpumep.CxronbkuMu  ciocobamMud MOTYT BCTaTb B OYepeab S5 4YelloBek?
KonnuectBo cnocoO0B paBHO YHCIY TNEPECTAaHOBOK M3 5 DIIEMEHTOB, T.€.
Ps=5!=1-2-3-4-5=120.

3. Coueranus

Onpeoenenue. CoveTaHUsIMH M3N3JIEMEHTOB MOKHA3BIBAIOTCS Takue pa3MelIeHUs
M3NAJIEMEHTOB TIOK, KOTOpBIE OJHO OT JPYroro OTJIMYAIOTCS XOTS OBl OJHUM
HJIEMEHTOM.

Uncno pasIMuHBIX COUYeTaHHWi H3NdneMeHToB nokobosHavaeTcsaCr perumcisercs
n!

k'(n—k)!

ITo onpenenenuto 0!=1.

o popmyme:CF =

JInst coueTaHuil CrIpaBeUIMBLI CIEYIOIINE CBOMCTBA:

1. Ci=~

9 cr=cit

3 chi=ch=!

4. Cr+C% = Cha

Ipumep.Nmerorcs 5 uBeTkoB pazHoro 1seta. Js Oykera BeiOUpaercs 3 LBETKa.
Uncno pa3nnuHbIX OYKETOB 10 3 I(BETKA U3 5 paBHO: C3 = % = 10.

4. CoObITHS
[To3Hanue NelCTBUTENIBLHOCTH B €CTECTBEHHBIX HAayKaX MPOUCXOJUT B Pe3ysibTaTe
UCIIBITAHUM (SKCTIEPUMEHTA, HAOIIOICHUH, ObITA).
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Hcnvimanuemun  ONBITOM — HA3bIBA€TCA  OCYILIECTBICHUE  KAaKOrO-HUOYIb
OIPEJINIEHHOI0 KOMILJIEKCa YCJIOBUM, KOTOPBIM MOXKET OBITh BOCHPOU3BEAEH CKOJIb
YTOJHO OOJIBIIOE YHUCIIO Pa3.

CnyuauinblMHA3bIBAETCA COOBITHE, KOTOPOE MOXKET MPOU30MTH WM HE MPOU30UTH
B PE3YJIbTATE HEKOTOPOI'O UCTILITAHUS (OIBITA).

Takum oOpa3om, COOBITHE pacCMaTPUBAETCS KaK PE3yJIbTAT UCIIBITAHUS.

IIpumep.bpocanue MoHeThl — 3T0 ucnbiTanue. [losiBneHue opaa npu OpocaHUU —
cOOBITHE.

HaGnrogaemble HamMu COOBITHSL pa3iMyaloTCAd IO CTEMEHHM BO3MOXHOCTH UX
MOSIBJICHUS U TI0 XapaKTepy UX B3aUMOCBSI3H.

CoObITHE Ha3BIBACTCIOOCMOBEPHbIM, €CIHM OHO OO0S3aTeNbHO MPOU30MAET B
pe3yNbTaTe TaHHOTO UCTIBITAHMUS.

IIpumep.Tlonyyenue cTyJ€HTOM MOJIOKUTEIBHON WIIM OTPULIATEIILHONM OLICHKU Ha
HK3aMEHE €CTh COOBITHE JOCTOBEPHOE, €CIIHM IK3aMEH MPOTEKAET COINIACHO OOBIYHBIM
paBHUJIAM.

CoObiTHE HAa3bIBACTCIHEBO3MOICHLIM, €CIIM OHO HE MOXET TPOU30HMTH B
pe3yNbTaTe TaHHOTO UCTIBITAHMUS.

IIpumep.M3Bneuenne u3 ypHbl Oeynoro mapa, B KOTOPOM HAXOISATCS JIUIIb
[[BETHBIE (HEOeIbIe) maphl, €CTh COOBITHE HEBO3MOKHOE. OTMETUM, YTO MPHU IAPYTUX
YCIIOBUSX ONBITAa MOSABICHHS] OEJIOr0o Iapa HE MCKIIYAETCS; TaKUM 00pa3oM, 3TO
COOBITHE HEBO3MOKHO JIMIIIb B YCIOBHIX HAIIETO OMBITA.

Jlanee ciyuaiinplie cOOBITHS OyeM 0003HaYaTh OOJIBIIMMU JJATHHCKUMHU OyKBaMH
A,B,C... lloctroBepHOe cOOBbITHE 0003HAYNM OYKBOH (2, HEBO3MOXKHOE — .

JIBa WM  HECKOJIBKO COOBITHM  HA3BIBAIOTCAPABHOBO3ZMOINCHLIMUB — JTAHHOM
UCIIBITAHUH, €CIIM MUMEIOTCSI OCHOBAHMSI CUMTATh, YTO HU OJIHO U3 ITUX COOBITHI HE
ABJISIETCSL 00Jiee BO3MOYXKHBIM MJIM MEHEE BO3MOXKHBIM, YEM JIPYTHE.

IMpumep.Ilpu ogHOM Opocanum WrpayibHOW KocTu mosiBneHue 1, 2, 3, 4, 5 u 6
OYKOB - BCE€ OTO COOBITUS PAaBHOBO3MOKHBIE. [Ipemnmonaraercsi, KOHEYHO, 4YTO
UrpajibHasi KOCTb M3rOTOBJIEHA M3 OJHOPOJHOIO MaTepuaia U UMEET IMPaBUIbHYIO
bopmy.

JIBa CcOOBITHS  HAa3bIBAIOTCSIHECOGMECMHbIMUB ~ JTAHHOM  HCHOBITAHUM, €CIIU
MOSIBJICHHE OJHOTO W3 HHUX UCKIIOYAET MOSBICHUE APYroro, HUCO8MECHHbIMUB
MIPOTHUBHOM CJTy4ae.

Ipumep.B smuke UMeErOTCS CTaHAAPTHBIE M HECTaHJApPTHBIE JeTanu. bepem Ha
yaady OJHY JnAeTaib. [losiBleHHMe CTaHJapTHOM JeTaau HCKII0YaeT MOsIBICHUE
HECTaHJAPTHOM JeTaii. ITU COOBITUS HECOBMECTHBIE.

Heckonbko coObITuil 00pazyroTnoiHy0 epynny coOulmuiiB JAHHOM HCIIBITAHUH,
€CJIM B Pe3yJIbTaTe 3TOTO UCIBITAHUS 00A3aTEILHO HACTYIUT XOTsI Obl OHO U3 HUX.
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IIpumep.CoObiTus U3 npuMepa oOpa3yloT MOJHYIO TPYIIY PaBHOBO3MOXHBIX U
MONapHO HECOBMECTHBIX COOBITUH.

JIBa HECOBMECTHBIX COOBITHS, 00pa3yIOLMX MOJIHYIO TPYMIy COOBITUN B JaHHOM
UCIIBITAHUH, HA3bIBAIOTCS TPOTUBOIIOIOKHBIMU COOBITHSMHU.

Ecniu onHo w3 HHMX o0003HaueHO uepe3A, TO Jpyroe NpHUHATO 0003HAYaTh
yepesA(untaercs «HeA»).

Ipumep.Ilonaganue u npomax MNpUd OJHOM BBICTpENE IO UMM - COOBITHSA
MIPOTUBOIOJIOKHBIE.

5. Kinaccuueckoe onpenesjieHue BEPOSITHOCTH

Beposamnocmuv cobbimus— yrciieHHas Mepa BO3MOXHOCTH €0 HACTYIUJICHUS.

Co0bITHEeAHA3bIBACTCAO.1A20NPUAMCINEYIOWUMCOOBITUIOB, €Clu BCIKUN pas, Korja
HACTyMaeT coObITuEA, HACTyIaeT U COObITHED.

CoObiTusiA1,A42, ...,An00pasyroTcxemy ciyuaes, €CIIA OHU:

1) paBHOBO3MOXKHBI;

2) monapHO HECOBMECTHBI;

3) 006pa3yroT MOJIHYIO TPYIIITY.

B cxeme cnyyaeB (M TOJNBKO B O3TOM CXeMe€) HMEET MECTO KIACCUYECKOe
omnpenaencHrue BepoITHOCTHP(A) coObITHSIA. 31ech CllydaeM Ha3bIBAlOT KaKI0€ W3
COOBITHH, TMPUHAMJICKANIUX BBIJCICHHON TIOJHON TpyIe paBHOBO3MOXHBIX U
MOTTAPHO HECOBMECTHBIX COOBITHIA.

Ecaun— umcio Bcex CJIy4yaeB B CXE€ME, alM— 4YHuCJIO CIy4acB, 6JIaPOHpPI51TCTByIOHlPIX

m
COOBITHIOA, TOBeposmuocmob coovimusAonpenensercs paseHCTBOM: P (A) = —.
n

N3 onpeneneHns BEpOATHOCTH BBITEKAIOT CIEAYIONIUE €€ CBOWCTBA:

1. BeposTHOCTH TOCTOBEPHOT'O COOBITHSI paBHA €IUHUIIE.

2. BepoaTHOCTh HEBO3MOKHOTO COOBITHSI paBHA HYIIIO.

3. BeposTHOCTh CIydyallHOTO COOBITHUSI €CTh MOJIOKHUTEIHHOE YMCII0,3aKITI0UEHHOE
Mexy Hysem u equHuein0 <P(A)< 1.

6. Onepanuu Hajx coObITUsAIMH. Teopema ci10:KeHHSI BEPOATHOCTEI

CymMmoi, win OOBEIUHEHHEM, HECKOJbKHUX COOBITHH Ha3bIBae€TCS COOBITHE,
COCTOSIIIEE B HACTYIJICHUU XOTS OBl OHOTO W3 ITHX COOBITUH (B OJTHOM U TOM K€
WCIIBITAHUH).

IIpumep. bpocatorcs nBe wurpanbHble KocTH. IlycThb coObITuEACOCTOUT B
BBIMQJICHUA 4 OYKOB Ha | KOCTH, a COObITHES— B BBHINIAJICHUU S OYKOB Ha JIPYrou
kocTu. CoObiTusAuBcoBmecTHbl. [loaToMy coObiTHEA+BCOCTOUT B BBHIMAJACHUHM 4
OYKOB HA MEPBOM KOCTH, WIM 5 OYKOB Ha BTOPOW KOCTH, WM 4 OYKOB Ha IMEPBOM
KOCTH ¥ 5 OYKOB Ha BTOPON OAHOBPEMEHHO.

Ipumep.CoObiTueA— BoIUrphIN 10 1 3aiiMy, cOObITHEB— BBIUTPHIII 10 2 3aiMy.
Torna coObiTneA+B— BBIMTPHIN XOTS Obl IO OJHOMY 3aiiMy (BO3MOKHO IO JIBYM

cpasy).
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[IpousBeeHUEMUIIN TIEPECEUEHUEM HECKOJIBKMX COOBITHI HA3bIBAETCS COOBITHE,
COCTOSIIIIEE B COBMECTHOM IIOSIBIICHUM BCEX 3TUX COOBITHH (B OJHOM U TOM XK€
HCTIBITAHUN).

Ipumep.CoObiTusiAuBecoctoar B ycnemHoM npoxoxaenun [ u Il Typos
COOTBETCTBEHHO MpHU TMOCTYIUICHUM B HMHCTUTYT. Torga coObiTued XBCOCTOUT B
YCHEIIHOM MPOXO0KIEHUU 000UX TYPOB.

Teopema. Eciiu coobrtusAi(i= 1, 2, ...,N) momapHO HECOBMECTHBI, TO BEPOSTHOCTh
CYMMBbI COOBITUH paBHA CYMME BEPOATHOCTEN ITUX COOBITHI:

P(A1+A42) =P(A1) +P(A452)

Ecnmu coObitusiA1u42 COBMECTHBI, TO BEPOSATHOCTH CYMMBI JBYX COBMECTHBIX
coObITuii paBHa: P(A1+A2) =P(A41) +P(A2) — P(A1%A>y).

8. YcioBHas BepossTHOCTDH. Teopema yMHOKEeHUsSI BEPOATHOCTEN

VYcinoBHOW — BeposATHOCTBIOP(B/A)  Ha3bIBaeTCsl  BEPOSTHOCTH  COOBITHS B,
BBIUKCIICHHAS B MPEATON0KEHUH, YTO COOBITHE A YK€ HACTyIUIIO.

Teopema. BeposiTHOCTH COBMECTHOrO TOSIBICHHMS JABYX COOBITUH paBHa
IPOU3BEICHUIO BEPOATHOCTEH OJHOTO M3 HUX Ha YCJIOBHYIO BEPOSITHOCTH APYroro,
BBIUMCIICHHYIO B MIPEANOI0KEHUHU, YTO MEPBOE COOBITHE YKE HACTYIIUIIO:

P(A-B) = P(A)-P(BIA).

JIBa cOOBITHSI Ha3bIBAIOTCS HE3aBUCUMBIMH, €CIIU MOSBICHHUE JIOOOT0 M3 HHUX HE
HU3MEHSAET BEPOSATHOCTD MOSBICHUS Apyroro, T.e.P(A) = P(A/B)

Ecnu cobsrtusduBue3aBucumsl, ToP(A'B) = P(A)-P(B).

3amaHus AJ19 NPaKTHYECKOil padoThI:

1. B xopoOke Haxomarcss M+2 cuHux, N+3 KpacHbIX 1 2N+1 3eIeHbIX KapaHaaIiei.
OnHOBpeMEHHO BBIHUMAOT M+3n+2 kapanpamiei. HailTm BeposSTHOCTH TOT'O, YTO
cpeau HUX Oyner M+1 cuaux u N+1 KpacHbBIX.

2. B mepBoii ypHe HaxoaaTcsa M+2 mapoB 0eIoro M N mapoB YEpHOTO I[BETA, BO
BTOpOi — M+n Oemoro u M cuHEro, B TpeTheld — N+3 Oemoro u M+1 kpacHoOro
uBeTa. M3 mepBoii 1 BTOpOM ypHBI HayJauy M3BJIEKAIOT MO OJHOMY IIapy U KJIAaayT B
TpeThto. [lociie 3Toro u3 Tperpeld BBIHUMAKOT OAWH wmap. Halitn BepoATHOCTH TOTO,
YTO OH OKAXKETCS OCJIBIM.

3. BeposATHOCTH moOmajaHusl CTPEJKAa B MHIIEHb MPU OJHOM BBICTPEJIE paBHA
m+n

——— . llpousBogutcs n+4 BeicTpena. HallTu BepoOATHOCTH TOrO, 4YTO OH
m+n+2
MIpOMaxHeTCsl He OoJiee ABYX pas.

4. Kaxnplii n30upaTeab HE3aBUCMMO OT OCTaJbHBIX H30MpaTesnci, oTmaéT CBOM
rojioc 3a kaHaugata A ¢ BepostHocThio 0,1(m+n) u 3a kanaumata B — ¢
BeposiTHOCThIO  1-0,1(m+n). OueHuTh BEpPOATHOCTH TOTO, 4YTO B Ppe3yjbTaTe
rojiocoBaHus Ha uzbupareiabHoM yuacTtke (5000 uzbupareneit) onuH U3

KaHJIUJIaTOB OIICPCANT APYTOTO:
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a) poBHo Ha 1900 ronocos; 0) He Menee, ueM Ha 1900 ronocos
Tabmuma 1 (Be1OOp mapameTpa m)

A |0 1 2 3 4 5 6 7 8 9
m |1 2 3 4 5 1 2 3 4 5

IIpakTHyeckas padora Ne 12
Cocmaenenue cmamucmuueckoz2o pacnpeoesienus 6bl0oOpKu, nocmpoenue
2UCMOZPAMM

eab padoThI:

HayuuTbcs CTpOUTH CTATUCTHYECKUM PsAJT BBIOOPKH U TUCTOTPAMMBI.

3HaHusA:

1. TlonsiTHie O BELIOOPOYHOM HCCIICIOBAHHH.

2. IlonsaTHe o IpeACTaBICHUN CTATUCTUUECKUX TAaHHBIX.

YMenus:

1. TlocTpoeHue CTaTUCTUYECKOTO psA/ia U TUCTOIPAMMBL.

Conepxanue padoTbl:

IlpeamMeT MaTeMaTHYECKONW CTATUCTHKHA COCTABIIIOT pa3paboTka METOA0B
pErucCTpaly, OMUCAHUS W aHAJIM3a CTATUCTUYECKUX DKCIEPUMEHTAIbHBIX JaHHBINU,
MOJIy4aeMBIX B Pe3yJIbTaTe HAOIIOICHHS CITyJalHBIX SIBJICHUH.

YcTaHOBJIEHHE 3aKOHOMEPHOCTEM, KOTOPBIM MOJYMHEHBI MAaCCOBBIE CIIy4YalHbIE
SBJICHUSI, OCHOBAHO Ha M3y4YEHUU METOJAMH TEOPUU BEPOATHOCTEH CTATUCTUYECKHUX
JAHHBIX, T.€. PE3yIbTATOB HAOIIOACHHUS.

B maTeMaTtnueckoil CTaTUCTUKE pacCMaTPUBAIOT IBE€ OCHOBHBIX 3aJa4H:

1) TlepBas 3ama4ya COCTOUT B TOM, YTOOBI YKa3aTh CIIOCOOBI cOOpa U TPYIITHPOBKA
CTaTUCTUYECKUX CBEJEHUW, TMOJIYyYEHHBIX B pe3yJibTare HaOJNIOJACHUN WU B
pe3yabTaTe MOCTABICHHBIX IKCIEPUMEHTOB

2) Cocrout B pa3pabOTKE METOJOB aHaJM3a CTATHCTUYCCKUX JAHHBIX B
3aBUCUMOCTH OT lene uccnenoBanus. Croa OTHOCATCS:

a) OIIEHKAa HEWU3BECTHOW BEPOSITHOCTU  COOBITHS; OLIEHKAa [apaMeTpoB
pacupeneneHusi, BHI KOTOPOrO HEW3BECTEH; OIEHKAa 3aBUCUMOM  CIIyYallHOM
BEJIMYMHBI OT OJTHOM MIJTM HECKOJIBKMX CITYYalHBIX BETUYNH

0) mpoBepKa CTATUCTUUYECKUX TUIOTE3 O BUJI€ HEU3BECTHOTO PACIPEACIICHUS WU O
BEJIMYMHE MMAPAMETPOB PACTIPEICIICHUS, BUJL KOTOPOTO HEU3BECTEH.
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N3yuenne TeX WIM HHBIX SBJICHUH METOJAaMU MAaTEeMaTUYECKOW CTaTHUCTUKU
CIy’>KaT pelieHue MHOTUX BOIPOCOB, BBIABUTAEMBIX HAyKOW W MPaAKTUKOU
MpaBUJIbHASL OpTraHU3allUs TEXHOJIOTMYECKOT0 Mpoliecca HauboJIbIlIe 1e1eco00pa3Hoe
IJITAHUPOBAHUE U TPOYEE.

N Ttak, ocHOBHas 3ajaya MaTeMaTHYECKOW CTAaTUCTUKH COCTOUT B CO3JIaHUU
MeTOZI0B cOopa 1 00pabOTKU CTATUCTUYECKUX AAHHBIX JJISI MOJTYYECHHUS HAYYHBIX U
MPAKTUYECKUX BHIBOJOB.

I'enepajbHast 1 BHIOOPOYHAS COBOKYIIHOCTD.

COBOKYITHOCTh BCE€X OOBEKTOB, MOJUYMHEHHBIX JAHHOMY MPHU3HAKY, Ha3bIBACTCS
reHepajibHONl COBOKYNMHOCTHIO. UHCIIO TaknxX OOBEKTOB HA3BIBACTCS O00BEMOM
reHepaJibHON COBOKYITHOCTH.

[TycTe TpeOyeTcss u3y4yuTh COBOKYMHOCTH OJHOPOJHBIX OOBEKTOB OTHOCUTEIHHO
HEKOTOPBIX KAYECTBEHHBIX MJIM KOJWYECTBEHHBIX MIPU3HAKOB, XapaKTepU3yIOIIue dTU
o0bekThl. Hampumep, ecnu uMeeTcss mapTHs JeTajied, TO KaueCTBEHHBIMU
NPU3HAKAMU MOJXET CIIYXKHUTh CTaHJAAPTHOCTHh JETaIeH, a KOJIUYCCTBEHHBIM -
KOHTPOJIMPYEMBIN pa3Mep JIeTalu.

OOBIYHO W3 BCEW COBOKYMHOCTH OTOHUPAIOT OTPAaHUYEHHOE YHCIO0 OOBEKTOB,
KOTOpO€ U3Yy4aloT TaKyl CIy4ailHO OTOOpaHHYI0 COBOKYIHOCTb, HAa3bIBAIOT
BbIOOPOYHOI COBOKYIHOCTHIO WY BHIOOPKOIA.

Br16opka, 10CTaTOYHO XOPOIIO OMUCHIBAIONIASI BCIO T€HEPATbHYIO COBOKYITHOCTD,
HA3bIBAETCS penpe3eHTATUBHOM. (s TOro, 4roObl MO JAHHBIM BBIOOPKH MOKHO
OBLIO TOCTATOYHO YBEPEHHO CYJIUTh 00 MHTEPECYIOIIEM HAC MPU3HAKE, HEOOXOIMMO,
YTOOBI

00BEKTHI BBHIOOPKHU TMPABHIBHO €TI0 MPEICTABIUIM, T. €. BbIOOpKAa JOJDKHA OBITH
pENpe3eHTaTUBHON ( PEACTABUTEILHOM).

Jlns  monydeHHe penpe3eHTaTUBHOW BBIOOPKHM HEOOXOAMMO ,4TOOBI  BCE
O0TOOpaKEHHBIE PJIEMEHTHI UMEIOT OJAMHAKOBYIO BEPOSITHOCTh TOMACTh B BHIOOPKY. B
ciaydae OonbIIoro 00bEMa TeHEepabHOW COBOKYITHOCTH HCIOJB3YIOT TaOIHILY
ciy4aitHbeix yucen. Hanmpumep, 4yToObl BbIpa3uTh 2000b€KTOB U3 MPOHYMEPOBAHHOMN
T€HEPaJIbHOW COBOKYITHOCTHA MOXHO 3anucaTh 20 CIy4yalHbIX YUCEII.

DNEMEHTHI X1, X2,.. XnCIy4ailHO oNaBlIMe B BBIOOPKY HA3bIBAIOTCS BapUAHTaAMH, a
X KOJI-BO N — 00beM BbIOOpKU. OTOOpaHHBIC SJIEMEHTHI PACIONaraioT B TOPSIKE
Bo3pacTtanus. Takas mocien0BaTeIbHOCTh HA3bIBAETCSI BAPUALIMOHHBIM PSJIOM.

Pa3HoCcTh MeXIy MaKCUMaJIbHbIM M MHHUMAJbHBIMU 3JIEMEHTAMH HAa3bIBACTCS
pa3mMaxom BHIOOPKH.

Cpenu N-311eMEHTOB BEIOOPKU MOTYT OBITh BCTPEYATHCS MMOBTOPSIOIIUECS.

Hanpumep x1 — N1 pas, xo — N2 pas; Xn, — Ny pa3. Yucna Ny, N2, Nn Ha3bIBAIOTCA
4acTOTaMU BapUaHT.
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PacrnonokeHHOe B TOpS/IKE BO3pacTaHUs BapUaHT MOCIECIOBATEIBHOCTH Iap
YHCes, COCTaBJICHHAas W3 BapWaHT W WX YactoT (X1;N1), (Xz;N2) Ha3bIBaeTCA
CTaTUCTUYECCKHM PSAJOM WM CTAaTUCTUYCCKHM pachpejeiieHdeM. I[lpu  3tom
MOJIB3YIOTCS TAOTMYHON 3aIHChIO:

Xi X1 X2

N N1 Ny

Ilpumep: 3amucath BapUALMOHHBIA PsIi W CTATUCTHYECKOE pachpecieHue
BBIOOPKM M3 uKciia y4eOHBIX JHEH B rojay, MPOMYIICHHBIX MO OOJIE3HU CTYICHTaMHU.
OnpenenuTs pa3Max BHIOOPKHU:

5,0,3,7,0,1,0,5,0,5,2,10,2,0,7,2,4,7,7,4

1) Haiigem o6bem BeIOOpKHU: N=20

2) 3anuiieM BapHaIllMOHHBIA PSII:

0,0,0,0,0,2,2,2,3,4,4,5,5,5,7,7,7,7,10,10

3) 3ammieM CTaTHCTHYECKOE paclpe/ieiCHue:

Xi 0 2 3 4 5 7 10
Ni 5 3 1 2 3 4 2

4) Omnpenenum pazmax Beioopku: Z=10-0=10

[Tpu GonbiioM oO0beMe BBHIOOPKH JIJISi YNPOIICHHUS €€ BBIYUCICHHS €€ DJIEMEHTHI
OOBEUHSIOT B pa3psijbl, MPEIACTaBIsAsi B BBHIOOPKY B BHJIE TPYNIHPOBAHHOTO
CTaTUCTHYECKOTO psiga. JIJisg 3TOro BCe COAEpIKAIIMecs 3JIEMEHTHhI pa30uBaroT Ha K
UHTEPBAJIOB PABHOW JIJIUHBI.

I'padmueckue nmpeacraBieHUsi CTATUCTUYECKOH COBOKYITHOCTH

IHosMron u rucrorpamma.

B mensx HamISIIHOCTH  CTPOAT  pa3iWyYHble TrpaduKd  CTATHCTHYECKOTO
pactipeneneHus. OHM MO3BOJISIIOT JIy4llle MPEICTaBUTh XapaKTEp pacnpeiesICHUs
AJIEMEHTOB BBIOOPKH, a MHOT/IA U CAENIAaTh MPEAIOJIOKEHUS O 3aKOHE pacpeIeSICHHs
TE€HEPAIIbHON COBOKYITHOCTH.

OcHOBHBIE IOHATHS.

Psax pacnpeneneHuss — 3TO psAJl 4YUCEN, B KOTOPOM 3HAUYEHUE H3Y4aE€MOIO
Mpu3HaKa (BapuaHTa) PacHoJIOKEHbl B OMpelesieHHOM mnopsiake. JInbo B mopsiake
BO3pacTaHus, TM00 B nopsake yosiBaHusl. Hapsny ¢ Bapuantamu psii pacnpeieseHui
BKJIIOYAIOT B YacTOThl (BEJIMYMHBI, IOKA3bIBAIOIIME CKOJBKO pa3 Kaxaas u3
BAPUAHTOB BCTPEYAIOTCS B JAaHHOM COBOKYMHOCTH). CyMMa 4acTOT paBHa 00bEMY
COBOKYMHOCTHU. Takum 00pa3om, psii pacrpeeIeHUs COCTOUT U3 BapUaHT U 4acToOT.

44



B 3aBucMMOCTM OT IpPEPBIBHOCTH M HEMPEPBIBHOCTH BapbUPYIOLIErO0 NPHU3HAKa
pAOBl  pacnpeneneHus yAOOHO TPEACTaBiIATh B BUAE JIBYX pPa3HOBUIHOCTEM:
AUCKPETHOI0 M BAPMALMOHHOI0 (MHTEPBAJIbHBIX)

JIuCKpeTHBIN psig NpeacTaBisieT cOO0H psii MPEPHIBHBIX YUCEN.

Hanpumep: pacupeneneHue ceMen 1o YUCIly YJICHOB.

IIppu  HempepbIBHOM  BapualMM  paclpeleiieHHEeM  IMpPU3HAKa  Ha3bIBACTCS
MHTEPBAJIbHBIM.

Hanpumep: pacnpeznenenrue coBxo30B 001acTu o % BBINOJHEHUIO TUIaHA.

[Iycth M3 reHepanbHOM COBOKYNMHOCTHM U3BJIeYeHa BbIOOpka. Habmiomaembie
3HAUEHUs x;- HA3bIBAIOT BapUaHTaMU, n;- YUCJIa HAOMIOACHHUS 4acTOTaMH, n = Y, n;-
0o0beM  BBIOOPKM, OTHOIICHUS YacTOT K OOBEeMYy BBIOOPKHM  Ha3bIBACTCS

OTHOCHUTEJIbHBIMH YACTOTAMH W, = %

IIpumep. CocraBuTh pacnpesesieHusi OTHOCUTENBHBIX YacTOT, €CIU 3a/aHo
pacnpeziesieHue 4acToT BEIOOPKH 00beMa.

n=20
X 2 6 12
n; 3 10 7
Pemenue. Haliném oTHOCUTEILHBIE YACTOTEI.
ng 3
M= T 20 x; 2 6 12
10
w2 =50 w; 0,15 0,5 0,35
7
W3 = %

0,15+0,5+0,35=1 .
CyMMa OTHOCHUTEIBHBIX YaCTOT PaBHA €AMHHUIIE.
B nensix HarmsgHOCTH CTPOSIT pa3inyuHble IPAPUKU HOMUCOH U 2UCTOSDAMMA.

IToTMrOHOM YaCTOT HA3bIBAETCS JIOMAHasl JUHUS BEPIIUHOW, KOTOPOU SIBISFOTCS
ToukH ((x1,11), (X2,13) ... (X 1) ONpPENENSIEMBIE DIEMEHTAMU CTATUCTHYECKOTO PSJIa.
Jlnst ero mocTpoeHUs 10 OCH aOCIMCC OTKIIAIBIBAIOT BApHAHTHI X;, a IO OCH OpAUHAT
COOTBETCTBYIOIIAA UM YAaCTOTa ;.

[TocTpoeHHBIE TOYKH COCTUHAIOT OTPE3KAMU MPSIMBIX.

I'mcTorpammoii 4acTOT Ha3bIBaeTCs CTyNEHYaTass (Qurypa CoCTaBICHHAs W3
NPSIMOYTOJILHUKOB TMOCTPOEHHBIX HAa HWHTEPBANIAX TaK 4YTO IUIOMIAJb KaXJI0ro
NPSIMOYTOJIbHUKA YMCJICHHO paBHA 4aCTOTE BApUAHTHI PACHOJIOKEHHON B CEpEeAUHE i
nHTEepBaja. To ecTh IIOMaAb TUCTOIPAMMBI YaCTOT paBHA 00HEMY BBIOOPKHU

Hpumep.IlocTpoUTh NOJUTOH ¥ THCTOTPAMMY YaCTOT.

JlaHo BpeMsi HENENIbHOW 3arpy3kKu JJIEKTPUUYECKUX AyXOBbIX MikadoB S50-Tu
00CIeOBaHHBIX MPEANMPUATHN OOIIECTBEHHOTO MUTAaHUS B Yacax.
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38 60 41 o1 33 42 45 21 53 60

60 52 47 46 49 49 14 57 54 59

77 47 28 48 58 32 42 58 61 30

61 35 47 72 41 45 44 56 30 40

67 65 39 48 43 60 54 42 59 50

Pazo0beM psij pacnipeienieHust Ha 7 UHTEPBAJIOB, ONPEEIUM pa3Max BbIOOPKH.
77-14=63
63

Haiinem nnuny nntepBana.h = — = 9

['panwutst Cepenuna X;
HUHTCPBAJIOB HHTCPBAJIOB
1 14-23 18,5 2
2 23-32 27,5 3
3 32-41 36,5 6
4 41-50 45,5 17
5 50-59 54,5 10
6 59-68 63,5 10
7 68-77 72,5 2

YTo0OkI IIOCTPOUTH TUCTOTpAMMY HaﬁHéM OTHOCHUTCJIIBHBIC YaCTOTHEI.

18
16
14
12
10

O N A O ®

14-23 23-32 32-41 41-50 50-59 59-68 68-77
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3ajanus 1 NPAKTHYECKOH padoThI:

154 1219 |16,5 (16,8 |[193 [219 (14,7 |198 |204 |21,3 |11,8
17,2 153 |19,7 (14,7 |178 |125 (145 |185 |195 |17,5 |18,6
19,2 |16,8 |20,5 (208 |16,2 (10,1 18,1 |20,2 (17,2 |19/4 |19,
23,3 13,2 |143 195 |15,7 |21,1 [184 |238 |196 (17,8 |19,3

[Ipy u3MeHeHUH IuaMeTpa BajuKa Iocie HUTM(GOBKH ObUIa MOJy4YEHa Cleayrolas
BBIOOpKA:

HOCTpOI/ITB rucTorpaMmy 4acCTtoT, MPpCABAPUTCIIBHO IMMOCTPOUB PALA CTATUCTUUCCKOTO
pacrnpcaciicHus, COCTOFIIJ.IPIIZ N3 CCMU UHTCPBAJIOB.
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