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AKT COI'/TACOBAHUA
Ha MeTOoJM4YeCKHe PEeKOMEHJAIHU IO BBHINOJHEHHI) NPAKTHYECKHUX PadoT mo y4deOHOI
aucuunanne «MareMaTHKa» COCTABJEHbl ISl CTYA€HTOB O4YHOH ¢opMbl 00y4eHUs
CIenMaJbHOCTH cpeaHero mnpodeccuoHaabHoro oodopazoBanuss 38.02.01 DxoHomMuka u
Oyxrajarepckuil yuer (mo orpacisim), paspadorannbix npemnogasarejem I'BIIOY «lO:xHo-

Ypaabcknii rocyiapcTBeHHbIH TeXHUYeCKUH KoJuteqx» Makapenko O.U.

Metoauyeckie pEKOMEHIAIMM [0 BBIMNOJHEHHIO MPAKTUYECKHUX pabdoT Mo y4eOHOi
mucuurniauHe «MaTemaThKa» COCTaBi€Hbl [JJi CTYJEHTOB OYHOH (opMbl 00ydyeHHUs, B
COOTBETCTBHH C paboveil mporpaMMoil yaeOHOH THUCIUILTHHBI.

Hacrosimue Meronuueckue pexkoMeHaanMu paccyuTanbl Ha 20 4acoB, 00€CIeUrBarONINX
MOATOTOBKY  KBAIM(DHUIIMPOBAHHBIX  CHEHMUAINCTOB  CPEIHEr0 3BeHa MO  MpodeccHusm
SKOHOMUYECKOTO MPOQHIIS.

ABTOpOM paszpaboTaHa CTPYKTypa METOJMYECKHX PEKOMEHJAIMi 10  BBIMOJHEHHIO
MPAaKTUYECKUX paboT, MOCIEA0BATEILHOCTh BBHIOJHEHNS MPAKTUYECKUX 33aJaHHUN, HEOOXOIUMBIN
TEOPETUYECKHIl MaTepuan, coAepaHHe MPAKTUYECKUX PaldOT, a TakkKe MepeueHb KOHTPOJIbHBIX
BOIIPOCOB I10 Ka) 10 padorte.

KoHTpoinb u oneHKa pe3ylbTaTOB BBINOJHEHHBIX MPAKTHUYECKUX paboT 1o yueOHOU
aucHuIinHe «MaTeMaTHKay OCYIECTBIISIETCS Pa3IndYHbIMU (OpMaMHi U METO/IaMHU.

MeToauyeckie pEeKOMEHIAIMM TI0 BBIMOJHEHUIO TPAKTUYECKUX pPAadOT 1O  Yy4eOHOM
aucrumniauHe «MaTemMaTHKa» MOTYT OBITh UCHIOJIB30BaHbI B 00111€00pa30BATENbHBIX YUPEKICHHIX
CIIO nns crtynmeHTtoB ouHOWM (opmbel 00ydeHuss  cneruanbHocTH — 38.02.01 DxoHOMHMKA U

Oyxraiatepckuil yuert (1o oTpacisim).




HOACHUTEJBHASA 3AIINCKA

MeToauueckne peKOMEHAALNH 0 BBIITOJIHEHUIO TPAKTUYECKUX PadOT 1Mo yuyeOHOM
aucuuiimHe «Martematrka» npeaHazHaueHbl Ui 00ydaroluxcs N0 CHeUaTIbHOCTH
38.02.01 Dxonomuka u oyxranrepckuid yuet (PI'OC 2018).

[IpakTHueckue 3aHATHS SBIAIOTCS BaXKHBIM 3JIEMEHTOM Y4eOHON AUCUUIUIMHEL. B
MPOLIECCE BBIMOIHEHUS MPAKTUYECKUX paboT 0Oydaromuecs CHUCTEMaTH3UPYIOT U
3aKPEIUISIIOT MOJIyYEHHbIE TEOPETUUECKUE 3HAHMS, Pa3BUBAIOT MHTEIUIEKTYaJIbHbIE U
npodeccuoHanbHble yMEHHs, (HOPMHUPYIOT SJIEMEHTHl KOMIETCHUUH OymayIux
CIELUATIMCTOB.

Meronuueckue peKOMEHIAMK IPEJHA3HAYEHbl I OPraHU3alMK BBITOIHEHUS
INPAKTUYECKHUX paboT 1o yueOHOM quciuminie «MareMaTukay.

[Iporpammoii yueOHOM TUCUUILTMHBI «MaTtemMaThka» IpeayCMOTPEHO BBIIIOJIHEHHE
12 mpakTHdeckux paboT, HampaBJICHHBIX Ha (OPMHUPOBAHUE IIEMEHMO8
Cedyruux KOMnemeHyuii.

OK OI. BriOupaTth cnocoObl pemieHHsl 3afady NpOoPECCUOHATBHOM JAESTENbHOCTU
IIPUMEHUTENBHO K Pa3JIMYHBIM KOHTEKCTaM;

OK 02. Ucnonp30BaTh COBPEMEHHBIE CPEACTBA MOMCKA, aHAIM3a U WHTEPIPETALUN
uHpopmaruu U UHPOPMAIMOHHBIE TEXHOJOTUM JJIi  BBIMOJHEHUS  3a1a4
poheCCUOHATIBHON JIEITEIIbHOCTH

YMEHUUL:

- pemaTh NPUKIAIHbIE 33a]a41 B 00J1aCTH MPOPECCUOHAIBHON AESTENbHOCTH;
000011eHUe, CHCTEMATH3ALMIO, YIJIYy0JIeHHe U 3aKpeIIeHue 3HAHUIL:

- 3HaUYCHHE MaTEeMaTUKU B MPOGECCUOHANTBHON JESITEIIbHOCTH U TIPU OCBOCHHH
IIICC3;

- OCHOBHBIC MaTeMaTHYE€CKUE METObI PEIICHHUs MPUKIIAIHBIX 337]a4 B 001aCTH
poheCCHOHAIBHON JISITEIIbHOCTH;

- OCHOBHBIEC TOHSTHS M METOJbl MaTeMaTUYECKOrO aHajin3a, IUCKPETHOM
MaTeMaTUKH, JIMHEHHOW aireOphl, TEOPUU KOMIUICKCHBIX YHCEN, TEOPUH
BEPOSATHOCTEN U MATEMATUYECKON CTATUCTUKMU;

- OCHOBBI HHTETPAIBHOTO U MU PepeHIINaTEHOTO UCYUCIICHHUS.

JIM4HOCTHBIE Pe3yJIbTATHI Kox imuHocTHBIX
peaindanuu nporpaMmbl BOCIIUTAHUA pe3yJbTaToB
(Oeckpunmoput) peain3aluM MporpamMmbl
BOCIIUTaAHUA

[IposiBnsromnid M AEMOHCTPUPYIOIIMM YBaOKEHHE K IIIOIAM Tpy.Ia,
OCO3HAIOIIMK I1IEHHOCTh coOcTBeHHOro Tpyna. Crpemsmmiics K
(GbopMHpOBaHHIO B CETEBOW Cpeie JIMYHOCTHO U MPO(ecCHOHATBHOTO
KOHCTPYKTUBHOIO «1IM()POBOTO cenar.

JIP 4

Oco3HaromMii  NPUOPUTETHYKD  LEHHOCTh  JIMYHOCTH  YEJIOBEKa;
yBaXKalOIUKA COOCTBEHHYIO W UYXKYIO YHUKAJIbHOCTb B PAa3IUYHBIX JIP 7
CUTYyallUsX, BO BceX POpMax U BUAAX JESTEIbHOCTH.
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JInuHOCTHBIE pe3yJIbTaThI
peau3anuu NporpaMmMbl BOCIUTAHMS,
onpeiesieHHbIE 0TPacieBbIMU TPeOOBAHUSIMU K /1€J10BBIM Ka4eCTBAM JIMYHOCTH

['oTOBBINT COOTBETCTBOBATh OXKHUJAHUAM pabOTOJATENCH: MNPOEKTHO-
MBICISAIIHH, 3((EKTUBHO B3aUMOJECHUCTBYIONIMM C YiIeHAMH KOMaHJAbI U
COTPYAHMYAIOIIMM C JPYTMMHU JIIOABMH, OCO3HAHHO BBIIOJIHAOLIUI
npodeccuoHanbHble  TpeOOBaHHUS, OTBETCTBEHHBIM, IYHKTYaJIbHbIN, JIP 14
IUCUUIUIMHUPOBAHHBIN,  TPYHONIOOWBBIM, KPUTHYECKH  MBICISIINH,
HaLIEJICHHbIN HAa JOCTUKEHNE NOCTABJICHHBIX LIEJIEH; JEMOHCTPUPYIOIIHNI
poeCCHOHATILHYIO )KU3HECTOUKOCTD

B MeTonnyeckux yka3aHHUsIX K BBIIIOJHEHUIO IPAKTUUECKUX pabOT CONEPIKUTCS
MHCTPYKLHUS C YETKHM aJIropuTMoM Xoaa pabotel. Kaxpas mpaxkTuueckas pabota
BKJIFOYAET KPATKUN TEOPETUUECKUI MaTepHuall, IPUMEpPHI 3a/1a4 U HAOOp 3aJaHuil.

XoA BbINOJHEHHS NPAKTHYECKON PadoThI
[IpakTueckre pabOThl HEOOXOAWMO BBINOJHATH B CIEHUAIBHBIX TETPAASIX C
yKa3aHHUEM HOMEpa, TEMbI, LieJIeil pabOThl.
Xoo pabomui:
1. Tlo3HaKOMHUTBCS C TEOPETUYECKUM MaTEPUAIOM

2. CpenaTh KpaTKuil KOHCIEKT TEOPETUYECKOTO MaTepuaia B pabodynx TETpamsix
(OCHOBHBIE TIOHSTHSI, ONIPEAEICHUs, (POPMYJIbI, TPUMEPHI)

3. B Terpamsx s mMpakTUYECKHX paOOT BBIMTOJHUTH CAMOCTOSITETBHYIO paboTy
WM PEeIIUTh HOMEpa, KOTOpPbIE YKa3aHbl B padoTe.

4. Cpatb npenoaaBaTellio TeTpaau i MPaKTUYECKUX padoT.

Kpurepuu oneHuBaHusi NPAKTHYECKUX PadoT

OmeHnka «5» CTaBUTCS, €CIM BEPHO M paruoHanbHO pemeHo 90%-100%
MpelaraéMbIX 3aJJaHui, JOMYCTUM | HEAOUET, HEMCKAXKAOIIUN CYTH PEIICHUS.

Ounenka «4» craBurcs npu  OezommbouHoM pemennn 80% mpengaraeMbix
3aJIaHUMN.

Ouenka «3» cTaBUTCS, ecid BbINoJHEeHO 70% mpensiaraeMbiX 3aJaHu, JOMYCTUM
1 Hepouer.

Ouenka «2» - pemeHo meHe 70% mnpeasiaraeMbIx 3a/IaHHil.

Ilepeyenb npakTuyeckux padbor

Ne paGotsr HaumeHoBaHMe NpakTHYECKUX paboT Kon-Bo
4acoB
1. BeimmonHenue  omepanuii  HaJ  KOMIUIEKCHBIMH — YHMCIIAaMH B 2
pazIuYHBIX (hopmax.
2. Brrancnenue panra MaTpHIbL.
3. Pewienne cucreM TMHEHHBIX YPAaBHEHUN PA3IMYHBIMUA METOAAMU 2
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4. PackpsiTHEe pa3iInyHBIX HEOIPEIEIEHHOCTEN 2

5. BoeruricnieHue TPOM3BOAHBIX  CIOXKHBIX (YHKIIUH ¥ BBICIIUX 2
TIOPSITKOB

6. HccnenoBanue GyHKIIUH C TTOMOIIBIO TIPOU3BOTHOM. 2

7. Bbruuciienue HeornpenenéHHbIX HHTETPAIOB 2

8. Boruncnenue onpeaeIEHHBIX UHTETPaIoB. [Ipumenenue 2
OTIpeNeIEHHOr0 MHTEerpajia Uil BBIYMCICHUS IUIOMIAEH IUIOCKUX
¢uryp

9. Pemenne nugdepeHnnanbHbIX ypaBHEHHUH 2

10. Pemenre BeposITHOCTHBIX 3a/1a4. 2

11. CocraBiieHHE€  CTATUCTUYECKOTO  pachpeiesieHus  BBIOODPKH, 2
MIOCTPOCHHUE THCTOTPaAMM.

12. Pemenne 3amay JuHEHHOro MNPOrpaMMHUPOBAHUS TIpadUUECKUM 2
METOI0M

BCEI'O 24

IIpakTuyeckas pabora Ne 1

Boinonnenue onepayuii Ha0 KOMRIAEKCHOIMU YUCTIAMU 6 PA3TUYHBIX (OpMax.

eab padoThI:

HayuyuTbcst  BBINOJNHATH  ONEpalMd  HAJd  KOMIUIEKCHBIMM  YHCJIAMU B
anredpandeckoil U TPUTOHOMETPUUECKOM (popmax.

3HaHus:

1. IToHATHE KOMIIJIEKCHOTO YKCIIA.

Ymenus:

1. BrimonHenue omnepanuil HajJ KOMIUIEKCHBIMH YHUCJIAMHU B alreOpanyeckoud u
TPUTOHOMETpHUUECKON (popmax.

2. PemeHune KBaJpaTHBIX YPAaBHEHUH C OTPULIATENBHBIM JUCKPUMHHAHTOM.

Conep:xkanue padoTbi:

Yucno Buga z = a + iff, rae a, f- NelCTBUTENIBHBIC YKCIa, al- MHUMAs €IUHUIIA,
ompezienseMas pPaBEHCTBOM: i2 = —1, Ha3bIBACTCA KOMNJIEKCHHIM — YUCTOM.QL-
JEHUCTBUTEIbHAS YacTh KOMIIEKCHOTO 4YHWCJa, [3- MHHUMas YacTh KOMIUIEKCHOTO
qucia.

MoaynieM KOMILUIEKCHOTO uncia z = a + if:|z| = J/a? + B?

Yucnaz = a + iff u z = a — i} Ha3BIBAIOTCS CONPANCEHHBIMUL.

Jis  TOoro, 4YTOOBI cClOJMCUMb UMU BblYeCmb JBA KOMIUIEKCHBIX 4YHClIa B
anreOpandeckoil (popmMe HYKHO COOTBETCTBEHHO CIIOKHUTh WJIH BBIYECTh WX
JEHUCTBUTEIHHBIC U MHUMBIC YACTH.

IIpumep: HaiiTu cymmy u pa3HOCTb uucen: z; = 1 —2i z, =3 +1

z1+2,=(1-2i) + B+i)=14+3)+(2+1D)i=4—-1i
z1—2,=(1-2i)— B+i)=1-3)+(-2-1)i=-2-3i



JIy1st TOTO, 9TOOBI YMHOMCUMDB TBA KOMIUIEKCHBIX YMCia B anrebpandeckon ¢opme
HYKHO IIEPEMHOKHTh MX KAK MHOTOUJIEHBI U y4eCTh IIPH 3TOM, uTo0 i2 = —1,
IIpumep: Haiitn nponsBenenue uncen: z; = 1—2i z, =3 +1
z1°2,=(1-2i) - B3+i)=3+i—6i—2i?=3-5i+2=5-5i
JI1st HaXOXKACHUST YaCTHOTO KOMITJIEKCHBIX YHCEN Z; = @ + I U Z, = a, + i,

zZ
CHadaJla 4YUCIUTCIb W 3HAMCHATCJIb I[pO6I/I Z—l}IMHO)KaIOT Ha COIIPsAKCHHOC
2

3HAMEHATEIIO0 YUCII0Z, = A, — i35, @ 3aTeM MPOU3BOAT OCTAIBLHBIC ICUCTBUS.
Ilpumep: Haiitn yactHoe uncen: z; =1 —2i z, =3 +1i
z; _ 1-2i _ (1-2i)(3-i) _ 3-6i—i+2i® _3-7i-2 _1-7i _ 1 7

= =—-——1i=0,1-0,7i

Z, 34i (3+D)(3-0) 9-i2  9+1 10 10 10

3anuch KOMIUIEKCHOTO 4ucia B BUAE Z = a + ib Ha3pIBaeTcs anredpandeckoin
(dbopmoii 3arMcy KOMIUIEKCHOTO yncia. Yacto ObiBaeT yao0Ha apyras popMa 3anucu
KoMILIeKcHOro uucia. Ilycts z = a + bi,r = |z| = Va? + b?u¢@ = argz. Torga no

OIIPCACIICHUIO apTYMCHTA UMCCM!
a

(cosp = —— -
o2 va? + b? OS¢ =1 a=rcosge
_ b = _ b :{b=rsing0
Sin = — Sin = —
v va? + b? v r

Ortcrona nony4daercs z = a + bi = r(cos ¢ + ising)

Takas (opma Ha3pIBa€TCS TPUTOHOMETPUUECKON (POPMOIl 3aIUCU KOMIUIEKCHOTO
yucna. Kak BugHO, 111 TOro, 4yToObl MepeiTy oT anredpandeckoil opMbl 3amucu
KOMILJIEKCHOT'O YHCJIa K TPUTOHOMETPUUECKO (opMe, HY’KHO HaWTHU €ro MOAYJb U
OJIVH U3 apTyMEHTOB.

Ipumep:3anucats uncio z = 1 — +/3iB TpuroHoMeTpHuecKoii Gopme.

f 2
Haiiném momyns storo umcia:|z| =.,/12+4++/3 =2 AprymMeHT AaHHOrO dHCIA

cos @ =
HAXOIUTCS U3 CHCTEMBI 7

sing = -5

N | R

. A
3HAYKT, OJIMH U3 apIyMEeHTOB uncna z = 1 — v/3ipaBen — 3

s . . T
[Tomywyaem: z = 2 (cos (— 5) + isin (— 5))
YMHOXKEHHUE, IEJICHUE, BO3BEICHUE B HATYPAJIbHYIO CTEIIEHb U U3BJICUYCHUE KOPHS
13 KOMILUIEKCHBIX YUCE B TPUTOHOMETPUUYECKOU (OpME OTPEEISIOTCS CIeAYIOIUM
obpazom:

ecn Zy = (COSe +ising,) | Z, =r,(COsep, +ising,) to

1) 212, =, (cos(p +@,) +isin(p +¢,)) ;
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r .
2) Zé(COS(qol—(02)+ISIn(§01—(02)), ecm I #0;

Zy
ecmn Z=r(cosg+ising) , ne N, 1o
3) z" =r"(cosfip) +isin(ny));
4) Yz = W(cosmﬂsin Mj k=012,..n-1
n n '
B oTBeT 3amuchIBarOTCs TIaBHBIC 3HAUCHUS apTyMEHTa IMOJyYeHHOTO pe3yibTara,
3aKJIFOYCHHBIC B TPOMEXyTKe (—7; 7] .
IIpumep:BbIIOTHUTD JEHCTBUS HAl YHCIAMU B TPUTOHOMETPUYECKON (hopme:
a) Z1 * Z,;0) i—l; B) Z,°, ecnmt z, = 3(cos75° + isin75°) u z, = 2(cos15° + isin15°)
2
a)z, * z, = 3(cos75° + isin75°) - 2(cos15° + isin15°) =
=6 (cos(75° + 15°) + isin(75° + 15°)) = 6(c0s90° + isin90°) = 6i
z; _ 3(cos75°+isin75°) _ 3 o o . . o__ 1reoV) —
6)Z2 = P (Cosis +isimis) — 2 (005(75 15°) + isin(75° — 15 )) =
3 <1 V3 ) 3 3V3.
= —1

3
= E(cos60° + isin60°) = AR + 2

B)z,® = (2(cos15° + isin15°))° = 26(cos(6 - 15°) + isin(6 - 15°)) =
= 64(c0s90° + isin90°) = 64i
Ipumep: Haiitu V-16
[IpencraBuM B TpuronomeTpudeckoit popme — 16:

Haiiném Moxyts atoro uncnia:|z| = 1/(—16)2 + 02 = 16 AprymeHT 1aHHOTO YHCIA
16

Cosp =——= -1
HAXOJIUTCS U3 CHCTEMBI _ 0
sing = — = 0
3HA4YUT, OJIMH U3 apTYMEHTOB 4Kclia Z = —16paBeH 7.
[Monyyaem: z = 16(cosm + isinm).
Haiinem kopens: V—16=1/16(cos  + isinm) = 2 (COS ZE2TK L isin n+2nk)

Hainem pasnuyHbie KOpHU:

n+0  mw+0 T W V2 2
k=0=>zo=2(cos 2 + isin 2 )=2(COSZ+lSan)=2<7+l7>
=V2+iV2
m+2n @ w+2n 3 3m
k=1=>zl=2<cos 2 + isin 2 >=2<COST+lSlTlT>
=2<—\/7§+i§>=—\/§+i\/§



m+4n = w+A4n 50 . 5m
k= =2 (cos + isin ) =2 (cos— + isin —)
4 4 4
=2 ( l—) —V2 -2
n+67r . mteér Tt UIm
k=3=>2z,=2 (cos + isin ) =2 (cos— + isin —)
4 4 4
V2 V2
= (——i—>=\/§—l\/_
2 2
3amaHus I CAaMOCTOSTEILHOM padoThI:
Bapuanr 1 Bapuant 2 Bapuant 3
1. Halitu cymMy, pa3HOCTb, IPOM3BEICHUE U YaCTHOE KOMIUIEKCHBIX YHCEN
Z2=1+Zl Zz=2_l ZZ=1+31‘
2. Berunciantb
i14 _ i15 _ i16 i18 + i19 _ l'20 i16 _ i17 + i18

3. OHpeI[eJ'IHTB, IIpU KaKUuX ,HCIZCTBHTGJIBHBIX 3HAYCHUAXXHUYKOMIUICKCHBIC YHCJIa

Zq M Z;0yIyT paBHbI

=v2 + 10y + xi
z, =1—i+x%

z; = y? — 10y + 2xi
Z, =1—2i+x%i

= y2 + 9y — 2xi
Z, =2 — 30+ x?i

4. Pemuth ypaBHEHUE

X2 +2x4+2=0

—4x+13=0

x*+18x+82=0

5. Pemuth ypaBHeHUE

lz| +z=2+1i

z—|z| =4+3i

z2+ )z =0

6. BeImomtHUTE TeWCTBHS HA/T YUCIAaMH B TPUTOHOMETPHUUIECKOH opMme:

Z
a) zy * Z;0) i; B) Zp"

7z, = 2(cos5° + isin5°)
z, = 3(cos40° + isin40°)
n=3

7z, = 2(cos15° + isin15°)
z, = 10(c0s105° + isin105°)
n=3

7z, = 5(cos160° + isin160°)
z, = 2(c0s20° + isin20°)
n=6

7. BBIOTHUTH NEWCTBHS B TPUTOHOMETPUIECKOHN (hOpME U MPEACTABUTH PE3yJIbTaT
B TPUTOHOMETPHUUECKON 1 ajredpandeckoit popmax

-4

)

1—-1i
2—121

(=

23 — 2i
V3 +i

(5:0)

((V3-i)(-1+ i))6

8. HaiiTu 3HaueHMns KOpHEH

V-1

V81

V8i

IMpakTnueckasi padora Ne 2
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Buviuucnenue panza mampuyt
eab padoThI:
Hay4yuTbcs BBIYMCIATE paHT MaTPUIIBI.
3HaHusA
IlonATHE paHra MaTpULIBL.
MeTo/bl BEIYMCIICHUS! paHTa MaTPUIIBI.
Ymenus:
1. Beruncienue paHra MaTpUIbI.
Conep:xkanue padorbl:

DneMeHTapHbIMU MPEe0OpPa30BaAHUSIMU MATPUIIBI HA3BIBAIOTCS CIEAYIOLIUE:

1) mepecTaHoBKa CTPOK (CTOIOIIOB);

2) YMHOKEHHE CTPOKH (CTOJIOA) HA YUCIIO, OTIMYHOE OT HYJIS;

3) npuOaBiieHHE K HJIEMEHTaM CTPOKH (CT0Ji0la) COOTBETCTBYIOIIUX 3JIEMEHTOB
ApYroil CTpoku (cToa01a), MpeABAPUTEILHO YMHOXKEHHBIX HA HEKOTOPOE YHCIIO.

Ilycts B MaTpuue A pazmepa mxnBblOpaHbl IPOU3BOJIBHO k cTpok u k cTonbnoB
(k<min(m,n)). 31eMEHTHI, CTOAIIME HA MIEPECEUCHNN BHIOPAHHBIX CTPOK U CTOJIOIIOB,
o0pa3yloT KBaJpaTHYIO MaTpully mopsijaka k, ompenenuTesnb KOTOPOW Ha3bIBAETCS
MUHOPOM K—T0 mopsiika MaTpuIlsl A.

MakcuMallbHBIM TOPSIIOK T OTJIMYHBIX OT HYJISI MUHOPOB MaTpHIlbl A Ha3bIBAETCHA
ee PaHIroM, a J00il MUHOP MOPSAJIKA I, OTJIUYHBIA OT HYJS - 0a3UCHBIM MUHOPOM.

OcHOBHBbIE MeTO/Ibl BHIYHMCJIEHHSI PAHTa MATPULIBI:

Metoa oxkaiiMiIslOIIUX MUHOPOB. [1ycTh B MaTpuie HaiiieH MUHOp K-ro nopsiaka
M, otnuunsbIit oT Hysst. PaccMoTpum nutibs Te MuHOpPHI (k+1)— T0 mopsaka, kKoTopele
comepxkaTr B cebe (OKalMIIsIFOT) MHUHOP M: eciii Bce OHHM paBHBI HYJIO, TO PaHT
MaTpuIlsl paBeH K. B mpoTuBHOM ciydae cpenu OKaMIISIFOIIIUX MHUHOPOB HaueTCs
HenyseBoil MuHOP (k+1)—T0 mopsiaka, ¥ BCst poLierypa MOBTOPSETCS.

MeTtoa 3JieMeHTAPHBIX NMPeo0pa3oBaHWii OCHOBAH Ha TOM, YTO 3JIEMEHTapHbIC
npeoOpa3oBaHus MaTpULbl HE MEHSIOT ee paHra. Mcmnomis3ys 3Tu nmpeoOpa3zoBaHus
MaTpUIly MOXKHO TPHUBECTH K TaKOMYy BHJy, KOTJa BCE €€ DJIEMEHThl KpOoMe
a11,822,...,ar (r<min(m,n)), paBabl HyJt0. ClieTOBAaTEIHLHO, PAHT MATPHUIILI PABEH T.

IIpumep 1. HaliTu METOJIOM OKalMJIEHUSI MUHOPOB PaHT MaTPHUIIbI

1 2 -1 -2
2 4 3 0
-1 -2 A& 6

Pewenue. Haunnaem ¢ MUHOpOB 1-ro mopsiaka, T.e. C 3JIEMEHTOB MaTpulbl A.
Bri6epem, Hanpumep, MUHOD (37eMeHT) M1 = 1, pacnonoKeHHbIi B IepBOil CTPOKE U
nepBoM ctonome. Okalmiisas MpU MOMOIIM BTOPOM CTPOKM U TPETHEro CTOjOIa,

1 -1 .
roiaydyaeM MuHOp M, = | 5 3 | =5, ommmuneli ot Hyns. [lepexoaum Temepp K
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MUHOpaM 3-To nmopsAaka, okaitmisromuM My, VX Bcero aBa (MOXHO J00aBUTH BTOPOU

1 2 -1 1 -1 -2
CTOJIOCI] WM 4YeTBEPTHI). Brruncnsem ux:| 2 4 3[=0,]12 3 0]=
-1 -2 6 -1 6 6

0. Takum oOpa3om, Bce OKANMILIIONIME MHUHOPBHI TPETHErO MOPSIKAa OKa3aducCh
paBHBIMU HYJ0. PaHr MaTpuisl A paBeH JByM.
(2 3 5-3 —2>
Ilpumep 2 Havitn panr matpunbld = (3 4 3 —1 -3 |.
5 6 =13 -5
Pewenue. I3 BTOpOii CTPOKHU BBIUTEM MEPBYIO U MEPECTABUM ITH CTPOKHU:
11 -2 2 -1
2 3 45 -3 -2
5 6 -1 3 -5

Tenepp W3 BTOPOM M TPEThEM CTPOK BBIUTEM TIEPBYIO, YMHOXKEHHYIO
COOTBETCTBEHHO Ha 2 M 5:
1 1 -2 2 -1
o1 % -7 0
o1 % -7 0

U3 TPEThEN CTPOKH BBIYTEM NEPBYIO; NOJIYUHM MaTpUllyB:
11 -2 2 -1
o 1 % -7 0
o 0o 0o 0 0

KOTOpasi SKBUBAJEHTHA MaTpuile A, TaKk Kak IOJy4YeHa M3 HEE C IOMOIIbIO
KOHEYHOTO MHOKECTBA DJIEMEHTapHbIX mpeoOpazoBaHuil. O4YEeBUIIHO, UYTO paHT
Matpuilsl B paBeH 2, a cnenoBaTenbHO, U 1(A)=2.
3aaHus I CAMOCTOATEIbHOI Pad0ThI
Boruucaums pane mampuybi:

BapuanTt Ne 1 BapuanTt Ne 2 Bapuant Ne 3
1 -3 70 3 -2 12 3 6 09
<—2 5 OZ) 1.(—3 2 —1—2) 1.(—1 —2 0—3)
-1 2 72 9 -6 36 0 4 40
1 3 0 2 3 1 1 4 2
2 7 3 2 [—1 2 2 3 -2 -1
1 4 3 0 7 5 1 2 4
0 1 3 2 10 6 -2 =5 7

IIpakTuyeckas pa6ora Ne 3
Pewenue cucmem nuHeliHbIX YyPAGHEHUT PA3TUYHBIMU MEMOOAMU
Hean padoTsi:

1. Hayuutbcs pemaTh cUCTEMBI JIMHEWHBIX ypaBHEHUN MeTo10M Kpamepa.
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2. HayuuTbcs pemars CHCTEMBI JIMHEMHBIX YPABHEHUN MAaTPUYHBIM METOJOM.

3. Hayuutbcs pemiats cucTeMbl ypaBHEHU MeToIoM ["aycca.
3HaHus:

1. [ToHsATHE CHCTEMBI TMHENHBIX YPABHEHUM.

2. Martpuunslii Mmetog u meton Kpamepa.

3. Meron 'aycca nis permieHus CUCTEM JTMHENHBIX YPABHEHUN.
Ymenus:

1. Pemenne cucteM JNHMHEHMHBIX YpPAaBHEHH MATPUYHBIM METOAOM U METOJOM
Kpamepa.
2. PellieHuEe CUCTEM JIMHEHMHBIX YPAaBHEHUN MaTPUYHBIM METO10M ["aycca.
Conep:xanue padoTbi:
CucreMonl W3 TpEX JIMHEWHBIX YPAaBHEHUM C TPEMs HEU3BECTHBIMU HA3bIBACTCS
ay X, +a;,X, +a3X; =,
CHCTEMA BHJIA: { 8,,X, +8,,X, + 855X, =b, (1)
83X, +a5X, + 83Xy =Dy

1. ®opmynsl Kpamepa miia permeHnst CUCTEMBI TMHENHBIX YPABHEHUM:

LA A A
1 A ! 2 A ! 3 A
a‘11 alZ a13 bl alZ a‘13 all bl a‘13 a‘11 a‘12 bl
THE A=18, 8y, &, A= bz 8y Ayl A, =ay bz Ay Ay =8, Ay bz
a3l a'32 a33 b3 a32 a'33 a3l b3 a'33 a31 a32 b3
2Xx+3y+z=1
Ilpumep: Pemuth cuctemy <x+y+z=0 MeromoM Kpamepa
X—y=1
Beruuciisiem onpenennTeny CUCTEMBI:
2 3 1 |2 3 1 1 _9
A=1 1 1=-1 -2 0=1-(-)*°. . 1‘:1+2:3¢o,
1 -1 0 1 -1 0
1 3 13 1 3 1 11
A= 1 1=0 1 1|=1-(-p* ]J=—1+4=3,
1 -1 0 [0 -4 -
2 1 14 (2 1 1 1
A,=|1 0 1=|-1 -1 0o|=1-(-1*3. . 1‘:—1+1=0,

110 (1 1 0
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2 3 1 |2 3 1 _
A,=[1 1 0=[1 1 o=1-(-n*. 4‘:—4+1=—3.
1 -11 |-1 -1 0

YT1oObl TONYYHTh ONPEICIUTENb A,, Mbl 3aMCHUIM B ompeaenuTtene A mepBblii
cronber] Ha cToj0ern W3 CBOOOMHBIX HYJICHOB; 3aMEHsS B ompenenauresne A 2-oi
CTOJI0eIl Ha CTOJIOEI] U3 CBOOOAHBIX WICHOB, MOJIydaeM A, ; aHAJIOTUYHBIM 00pa3oM,
3aMeHsisE B ompenenutene A 3-uil cromber; Ha cTONOCI W3 CBOOOJHBIX UJICHOB,
nonydyaeM A,. PemeHne cucremsr:
x1=ﬁ=§=1;x2=ﬁ 0 _;x, =83 -3

A 3 A 3
Omeem: (1; 0; -1)
2. 3anurrem cucremy (1) B MaTpudHOM BUie AX = B, TOT/a PEIICHHE UIIEM B BHIC:
X=47"B (upu yCIOBHM, 4YTO MaTpula A- HEBBIpOXKICHHAA, T.e. |A#0

2x+3y+z=1
).IIpumep:Pemmthb cucteMy<X+y+z=0 C IOMOIIbIO OOPATHOI MaTPHUIIBL.
Xx—-y=1
2 3 1 X 1
O6o3nauum A=1 1 1|X=|y|B=|0
1 -1 0 Z 1
2 3 1
|N=1 1 1=0+3-1-1-0+2=3=%#0
1 -1 0
Haiinem maTpuiy 4~
1 -1 3 1 3
A :_11+l. :1 A :_12+1_ :_1 A :_13+1' :2
11 ( ) 1 0‘ ' 21 ( ) 10 ' 31 ( ) 1 y
11 2 1 2 1
A :_11+2. :1 A :_12+2. :_1 A :_12+3‘ ——
12 ( ) 1 O‘ ) 22 ( ) 10 ' 23 ( ) 1 1 '
1 1 2 1 2 1
A — _1 l+3. :_2 A — _1 3+2_ :5 A — _1 3+3. :_1
R e T A i A e
1 1 -1 2 X 1 1 -1 2 1 L 3 1
A'==| 1 -1 -1|, torga Y|=3 1 -1 —1-0:5 0 |=|0
-2 5 -1 z -2 5 -1)(1 -3 -1

Omeem:(1; 0; -1)

12



3. [Iporecc pemieHnst CUCTEMBI TUHEHHBIX aIre0panyecKux ypaBHEHHM MO METOAY
['aycca cOCTOMT M3 IBYX 3TaIlOB.
Ilepeswiii oman (IpsIMON X0 METOJ1a) — CUCTEMA IPUBOJUTCS K TPEYTOJIBHOMY

BUTY.
Bmopoti  sman  (0OpaTHBIi  XOA) —  HEU3BECTHBIC  OMNPEACIISIOTCS
MOCJIeI0BATEIHHO, HAUMHAS C TIOCIEIHEr0 HEM3BECTHOTO U 3aKaHYMBAsI TIEPBBIM.
2x—-4y+3z =1,
Ilpumep: Pemmute cucremy: <3x—y+5z =2,
X—2y+4z=3.

Pemenue:

l. Beinmumiem paclIUpEeHHYIO MATpHIly CHUCTEMBI U MPUBEIEM €€ K TPEYTrOJIbHOMY
BHULY:

2 -4 311 (1-24;3\x(-2) x(-3) (1 -2 4,3 1-2 4 3
3-1512 (7|2 -43|1 "0 0 -5|-5|" 015 -1-7
1-2413 3 -15]2 0 5-71-7 0 0 1

MOJlyuYeHHAsl pacIIMpeHHas MaTpulla HMMEEeT paHT paBHBI TpeM r(ﬂ): 3, panr
MaTpHIIBI CHCTEMbI Takke paBeH TpeMm, F(A)=3 W 4YHCIO HEU3BECTHBIX N=3,
CJIEIOBATENIbHO, CUCTEMA ONIPEJICTICHHAs, T.€. UMEET €AUHCTBEHHOE PELLICHHE.

2. 3anMchiBaeM YpaBHEHHE, HCIOJIb3YyS MOCIEAHIO CTPOKY NPUBEAEHHON
Marpunpl: Z=1.
W3 BTOpOIL cTpoku: Sy-7z = -7, T.x. Z=1, mo y= 0.U3 TpeTrbeit cTpoku: X- 2y +4z=3,
T.k.Zz=1 y =0, Tox = 1.

Omeem: (-1,0,1)

X, +3X, —4x, —4x, =-10
IIpumep:Pemuthb cuctemy: 2X, — X, — X3 — X, =1
3X; — X, — X3 —3X, =2

l. Beimumiem paclIMpEHHYIO MATPHIy CHUCTEMBI M NPHUBEIEM €€ K TPEYTrOJIbHOMY

BUIY:
1 3 -4 —4|-10] x(-2)9 x(=3) | 3 -4 —-4|-10
d=[2 -1 -1 =1 l -J+ \~ 0 =7 7 71 21 xé
3 -1 -1 3| 2 0 -1 11 9| 32

3 | x(-10) ‘ (| \,‘ 1 1] 3
+ e —a
-—-I 0 0 4 -1 2
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MOJy4YEHHAs] PACIIMPEHHAs] MaTpUlla HMEET pPAHr PaBHbIA TpPEM r(ﬂ)z 3, pasr
MaTpHIBl CUCTeMbI Takke paBeH TpeM, I'(A)=3. IToCcKOIBbKY paHr pacCMOTPEHHBIX
MaTpUIl PaBEH 3, a YUCJIO HEU3BECTHBIX MEPEMEHHBIX 4, T. €. r=3< n= 4, TO JIenaem
BBIBOJI O HEOIPEICIICHHOCTH JAaHHOW CUCTEMBI JIMHEWHBIX YpaBHEHHH (T.e. cucTeMa
uMeeT 0ECKOHEYHOE MHOXKECTBO PEIICHUH ).

basucHbpiMM  mepeMeHHbIMH  OYAYT X, X,,X; (COOTBETCTBYIOIIHE AITUM
nepeMeHHbIM KO3(P(GUIMEHTHl HAXOIATCA B YrolKax CTYNMEHEK TPeyroJbHOU
MaTpulibl), @ IepeMeHHas x, 0yaeT cBoooaHoi. Ilycts x, =C, Toraa

Y3 TPETHEU CTPOKU MPUBEAEHHON MATPULIBL: X; — X, =2 =X, —C=2=>X,=2+C

U3 BTOPOU CTPOKH: — X, + X3 + X, =3=> X, +2+C+C=3=X, =2C-1

U3 [IEPBOMCTPOKU: X, + 3X, — 4xX, —4x, =-10=x, +3(2C -1)-4(2+ C)-4C=-10

X, +6C—3-8—-4C—-4C=-10=x, =2C+1

OtBet: (2C+1; 2C-1; C+2; C), CeR

3aaHus I CaMOCTOATENbHON PadoThI:
Pemuts cucremy: a) merogom Kpamepa; 0) meTo1oM 00OpaTHOM MaTpUllbl;

3X, —2X, +5%; =7 X, +2X, +3%X, =4
1) 7x +4%, —8%, =3 6) <2x +6x,+4x,=-6
S5X, —3X, —4x, =-12 3x, +10x, +8x, =-8
3x, —4X, +5%, =18 —3X, +4X, + X, =17
2) 2%, +4x, 3%, =26 7) 12x +X%,—% =0
X, —6X, +8%; =0 —2X, +3X, +5X, =8
X +X,+X; =6 X, +2X, —3%; =3
3) 2% + X, — X, =1 8) {-2x +6x,+9x, =-11
3% =X, + X, =4 —4X, —3X, + 8%, =2
X, +2X, +3%, =8 3% +X, =X, =10
4) 4x, +5Xx, +6x, =19 9) <-3x +3x,+2x,=8
7% +8X, =1 SX, +2X, +8%x; =-1
3%, +2X, + %, =-8 2% +3X, +2%, =9
5) 2% +3X, + X, =3 10) | x +2x,—3x, =14
2% + X, +3%; =-1 3%, +4x, + %, =16
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Puemmts cucremy meronom I'aycca:

x, +3x, +4x,+5x, =3, x, +3x, —x;+2x, =5,

1 ¢ 35x,+2x,-5x,-3x,=-1, 54 %, +x,-3x;,-2x,=-7,
Tx, —5x,+3x,+x,=4. 2x,—2x, +4x;, - 3x,=-9.
X, —x,+3x,—2x,=-4, X, +2x,-3x,+2x, =2,

29 2x,+x,—x;+3x, =5, 6 § 2x,—3x, +2x;-3x,=-5,
4x, +3x,-2x,—x,=2. 4x, —x,—4x; +x,=-1.
X, +2x,-2x,—2x,=0, X, +2x,—x,+3x,=35,

3 4 2x,-3x,+x,-5x,=3, 74 3x,—4x,+3x,+2x, =2,
3x,—x,—x,—4x,=3. 2x,+x,—2x,+4x, =4.
X, =X, +x;—x, =1, X, —2x,+5x,-3x,=0,

40 2x,+x,+3x, =4, 8 { 2x,—2x, +2x, +2x, =5,
3x,+2x,+4x, —x, =3. 5x,—8x, +17x;—19x, =5.

IIpakTnueckasi padora Ne 4

Packpvimue paznuunvix Heonpeoeaénnocmeil
eab padoThI:
Ha xOHKpeTHBIX MpuMepax HAyYUTHCS BBIUUCISITH MPEACHbl ¢ Pa3IUYHBIMU BUIAMU
HEOMPECIEHHOCTEM.
3nanus(aKkTyanu3amnus):
1. Onpenenenus npeaena QyHKIUU.
YMeHus:
1. Boluucnenue mnpenenoB (QYHKIUN: paCKpbITHE HEOMNpENeIEHHOCTEH BHIa

0 oo 0

Conepxanue padoThbI:
Tunwt neonpedenénnocmeii u ux 6U0bl

. oo
1 mun Heonpeoenénnocms 6uoa [;]6 npedeine

0,ecnun < k

n n—1
. a,x" +a,_1x +--t+ay ) oo,ecun>k
k k-1 —)a,
X—00 bkx + bk_lx + + bo b_’ ecsiun > k
k

Ilpumepor.
. 5 x+8 5
1) lim S = E(T.K. CTaplIre CTENECHU YUCIUTEIN U 3HAMEHATENS1 PaBHBI, TO
X—00

MM KO3 GUITUEHTHI IPH CTAPITUX CTENCHSX X).
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. 5@3x+8 <
2) lim e - oo(T.K. CTapIiasi CTENEHb YUCIUTENsl OO0JIbIIE CTapIlel CTeTICHU

X—00

3HAMEHATEJIS )

2 mun Heonpedenénnocmo 6uoa [ ]6 npeoene lim — 1)
x—a g(x)

I[JIH PACKPBITHUA H€OHp€I[€JIéHHOCTI/I HCO6XO,ZIHMO 0o Pa3JI0KUTb YUCIINTCIIb U
3HaMCHATCJIb Ha MHOXXHNTCIIN, h1%(e10) YMHOKHUTD BBIPAKCHUC COACPKAIICC KOPHU Ha

COMPSIKEHHOE.

prwepbl.‘

1) lim —5x+6 _ [9] _ —5x+6=0 (x-2)(x-3) _ (x 2) [
x-3 xz 9 X1 =2 x5 =3  x-3 (x-3)(x+3) x—>3 (x+3) 3+3

2)lim V2x+3-3 H (\/2x+3 3)(V2x+3+3) 2x+3-9 _
x_>3 x-3 ﬁg (x—3)(V2x+3+3) _xl_Ig(x—B)(\/Zx+3+3)_

lim 2x—6 —lim 2(x-3) —lim _ [ 2 ] _1
x—3 (x=3)(V2x+3+3) x>3 (x—3)(V2x+3+3) x—>3\/2x+ 343 3+3] 3

3 mun |-v1il 3ameuamenvrulil npeden U OCHOBHbBIE IKBUBANECHMHOCTIL:
sinx

lim =1
x->0 X
[Ipu x—0 UMEIOT MECTO CIEAYIONINE HEOMPEAECTIEHHOCTH:
sinx~x tgx~x  arcsinx~x arctg x~x
2
X
1 — cos x~?ex —1~x In(1-—x)~x
Ilpumepeol.
. sin? 0 (3x)? . 9x* 18
*201 — cos5x cosSx [0] P (5x)2 B 252 ~ 25
2
y In(1 —x) y —X y -1 _—1_1
xl—r}(l) X% —x xl—r}(l)x(x—l) x—I}(l)(x—l)_—l_

4 mun |l -oti 3ameuamenvuvlil npeden
X

1 1
lim (1 + —) =elim(1+x)r=e
X x—0

X— 00
Ilpumepeol:
C(x =3 x—3 = x—3—x—1\""
lim ( ) = lim ( ) = lim (1 + ) =
x—oo \x + 1 x—00 x+1 x—>00 x+1
. —4 x-1 . —4 x_+41 ¥ (x X _ —4x+4 A
=l (e 5)  =tm{ (e 55) =l =
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3amaHus I CaMOCTOSATEILHOM padoThI:

Bapuanum 1 Bapuanm 2 Bapuanm 3
«3»
. 5x+2 a 3x-8 i Ax+2
lim 5,73 )|!£T2] 4x+2 )I,!EQ 5x—1
. 3-2x 6 3x+5 6) lin 1-8x
6)le££] x+1 )I,!ED 2xX+7 )IXIIIJ 4x+5
. -5
B x -3 B)lim — B X -9
)I!m x—6 x5 X2—25 )I![D x-3
r sin 2x r Dl X
)|!£TO] )I,!LTO] sin 3x )IED(;] sin 5x
. 1)2% . x _ 1) 5%
1) lim (1 +—) n) lim (1 —- 1) lim (1 +—)
X— 00 X X—00 X X—00 X
«4»
) fim X253 8)fim X 45 @)lim 1
i X +3x+3 w2 x 46 oLy +5x-2
3y -2y +3x+1 43x-2 452 43x—1
) 22 Olim -t 6)lim X —2x 3

X0 4x x —-7x+8

X—® x 2x +3x-1

X2y +2x +4x—-2

B) ljm x -5+8 B) lim X ~5:+6 B) lim X"
x—>2 X —4 X3 x -9 x>l 5x —4x-1
) lim _t94x sin 2x r tgx
)I!m sin 3x )|!LT0] sin 3x )I!m sin 3x
. 1 2x 1 3x 1 5x
n) lim (1 +— : ( _> ; ( _>
«5»
3
a x -1 X' -27 . X-8
)Ilm X—1 )I"Tsl -3 a)llrrzl X—2
2
6),,mw 6)lim X 4+ &) iy X273
) 4ex+y -2 B) lim \/1+X+X \/1 X+ X
» lim lim ==
7 \/1+X+X2—\/7+2X—X2
X2—2X
z : 2)(2 t “4x
T .
)I!m . zé r)l)!m g 2X
x—0 X n 5 Sln
5x 4\ 3X 4x
,Z[) lim (x+1) H) lim (x_l) ) im 2x+1
x—00 \X—2 x—00 \X+2 A x—00 \2X — 2
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IIpakTHyeckas padbora Ne 5
Bviuucnenue npou3zeo0HvIX C10HCHBIX PYHKUUIL U 8bICUIUX NOPAOKOE
eab padoThI:
[IpoBepuTh yMEHUS HAXO0XKICHUSI IPOU3BOHON CIIOKHON (DYHKIIHUH.
3HaHus:
1. Onpenenenne Npon3BOJHON U €€ CBOMCTBA.
2. Ilonsatue cnoxxHOM (HYHKITUH.
3. ®opmyra BEIUUCICHUS TPOU3BOTHON CIOKHON (QYHKITUU.
Ymenus:
1.Berumcienue mpou3BOIHON 3a1aHHOM CIIOKHON (DYHKITHH.
Conep:xanue padoTbi:
Taonuya npou3600HBIX OCHOGHBIX IJ1IEMEHMAPHBIX QYHKUUIL:

v 1 1y 1
(x )=ax ' (a=0) («/;)—2\/; [;] =—2
(sin x)' = COS X (cosx)’ =—sinx (tgx)' T
cos” X
' ] ' ' 1
tgx) =— arcsinx) = arccosx) =-—
(ctgx) sin® x ( ) 1-x2 ( ) 1-x°
' 1 ’ < ' «
(arctgx) = (arcctgx) =i (a ) —a*lna
' 4 1 ! 1
(e ) =€ (Inx) X (log, x) ~xIna
OcHogHble nPagUIa HAXOHCOCHUS NPOU3BOOHOIL:
(c) =0; (x) =1; (u£v) =u'+Vv'; (cu) =cu’; () =uv+u'; (%) =UVV_ZUV

Ilpouszeoonasn cnoxicnou pynkuuu
Ecmu y=f(u) m u=¢p(x), 10y = f(p(X))- cnoxnas ¢pyHKiuH, TOr1a & mpou3BOIHAS

BBIUUCIAETCA 110 GOPMYIIE Y, = y/u!, TO €CTh (f (go(x))), = f'(¢(x))¢'(x). D10 mpaBu0

pacnpocTpaHsieTcsi Ha IeNOoYKy U3 J000T0 KOHEYHOTro yncia AuddepeHImpyeMbix
(GYHKITUN: npou3800HASL CLONCHOU PYHKYUU PABHA NPOU3BEOEHUIO NPOU3BOOHBIX
QyHKYUL, eé cocmasuaoujux.

Ilpumepeor:

1. Haiit mponsBoanyto cnoxHoit pyakiuu:y = In(x3 — 3x2 + 4x).

[onoxum y = Inu, rae u = x3 — 3x2 + 4xnonyuum:

18



|
y' . =y ue = (In(x® = 3x% + 4x)) = " (x3 —3x% +4x)' =

B 1 (3x7 — 6x 4 4) = 3x2—6x+4
"~ x3—3x2 4 4x x x ~ x3 —3x2 + 4x

o w X
2. .HaiiT npoM3BOAHYIO CJI0KHON QYHKIMH:Y = OS> p

X
[onoxum y = u?,u = cosv,v = <, TIOTy4uM:

. L, _ 1 oy 1 1 x
Y, =V Uy Uy =2u-(—sinv) rin 2COSE' (—smg) g = "gsing
3aganus 11l CaMOCTOSAITEIbHOM PadOThI:
Brraucnure npous3BoaHBIC CIOKHBIX (DYHKITHIA:
Bapuanrt 1
1) y = cos (% — 3x)2) y =/xZ + 43) y = 297¢sinx® g) = |p Z:S) y = (5xi1)3
Bapuant 2

1)y =sin(2x> —3x+1) 2)y =cos3(2x—1) 3)y = (\/}+xzz)3 4)y =
In(Inx) 5) y = e®ctg 4x

Bapuanr 3

1)y = cos(3x? —4x) 2)y =sin®(1 —2x) 3)y = (x* - 2\/§)4 4)y =
log,(2x —5) 5)y = e™*°

Bapuanr 4

)y=tg(x*-1) 2)y=5""353)y=3/7-2x)? ) y=—=5)y =

In3x
x-1)2
)
Bapuant 5

1)y =ctg(2 —x?) 2)y =1In(cos(5x)) 3)y = 2?1c 4) y = cos(cosx) 5)y=
Nerr:

IIpakTuyeckasi pa6ora Ne 6

Buviuucnenue neonpedenénnplx unmezpanos
eab padoThI:
Ha koHKpeTHBIX mNpuUMepax HAYYUTHCS BBIYUCIIATH HEONMpPEACTICHHBIN HHTErpall,
MIPUMEHSISl TAOJUIlY U CBOMCTBA MHTErPAJIOB, HAXOIUTh HEOMPEACICHHBIN HHTErPa C
MTOMOIIIBIO 3aMEHBI TIEPEMECHHBIX.
3HaHud:
1. TlonsiTue HEeoNpeAEIEHHOTO UHTErPasia, €0 OCHOBHBIX CBOWCTB.
Ymenus:
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l. BplunciieHHe HEONPENENEHHBIX HMHTErPATIOB METOJOM HEMOCPEACTBEHHOTO
UHTETPUPOBAHUSL.
2. Boluncienre HeOnpeneaéHHbIX HHTETPAIOB METOIOM 3aMEHBI IEPEMEHHON
Conep:xkanue padorbl:

Tabauya unmezpanos

g Xn+1 C 1N |7 j dx =ctgx+C 13 j dx ! arctgx+C
x=2—+C,(n%=— == , ==
1. IX ) ( ) sinx 8.2+X2 a
2. [dx=x+C 8. [tgxdx=In|cosx|+C 14.
_Inki dx 1 la+x
3 jﬁzlnmc 9. [ctgxdx=In|sinx/+C _ 2:2_|nf+c
X < . a-—X a [a—X
_ 10. [e*dx=¢"+C |
4. [sin xdx =—cosxdx . 15. [ _ — arcsin x+C
5. [cosxdx = sin xdx 11. [a"dx= Ina +C vi=x
dx dx 16 j—dx —arcsin 2 +C
6. [ ——=togx+C = arctgx+C e a
CoS X 12. -[1+X2 a—Xx
HenocpeacTrBeHHOe HWHTErPHPOBAHME — 53TO METOJ, OCHOBAaHHBIA Ha

IPUMEHEHUN TOXJIECTBEHHBIX IPEoOpa3oBaHUN MOABIHTErpaNbHOM (QyHKUIMHU, a
TaK)K€ OCHOBHBIX CBOWMCTB HEOIPEJEICHHOIO MHTErpana M TaOJMYHBIX MHTETPAJIOB.
Haubonee wacto ucnosib3yroTcsi cleAyroliue MpeoOpa3oBaHMs MOJBIHTErPaIbHON
byHKUHHA:

1)  nmeneHuwe yMCIMTENS Ha 3HAMEHATEIb MOWICHHO;

2)  npumeHeHHue (GOpMYIT COKPAIIEHHOTO YMHOXKEHUS;

3)  UpUMCHEHUE TPUTOHOMETPHUYCCKHUX TOXKICCTB.

IIpumep 1. HaiiTn unTerpan J.(BX2 +2X —5) dx

Pewenue.

I(sz +2x - 5)dx :I3x2dx+j2xdx—j5dx =x>+x*—-5x+C.

. X% +x-1
IIpumep 2. Halitn nHTerpan IT dx

PeweHue. Pa3naraeM HOI[LIHTeraJ'IBHyIO (1)yHKHI/I}O Ha cllara€MmbIC, IOCJIA
YUCIIUTCIIDb ITOYJICHHO HA 3HAMCHATCJIb.

2
,[7)( +x-1

3

21 et e 7L e L
" dx—7.[x+.[x dx .[x dx =71In|x| St tC

2X
3
Ilpumep 3. HaliTn uHTETpa I(l+ ex) dx

Pewenue. Bo3BoauM B Ky0 U HHTETPUPYEM KaKJ10€ ClIaraeMoe.

'[(1+ e fdx = j(1+ 3" +3e? +e¥ hix = jdx+3jexdx+3jezxdx+jeaxdx =
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= X+ 3e* +§e2X +le3X +C.
2 3

dx

Ilpumep 4. Haiitn unTerpan IZ 2
X —

Pewenue. Paznaraem nojapIHTerpaibHyIO ApoOb HA JIBE cllaraeMbIX JpoOH, Aems
YUCIIUTENh TOWICHHO Ha 3HAMCHATECIIb.

J- 2X—3

x* —4

X—2
x+2

dx = +C.

mh —4——|

2

Ilpumep 5.Haititu naTerpa I dx

x> +5
Pewenue. Bpiaenum B HENpaBWIBHOM ApOOM LIETYH0 YacTh U MPABUIBHYIO
IpoOb.

Jo g[S (1 o faos] 2 -

X
= x —+/5arctg —— + C.
J5

Metoa 3amMeHbI IepeMeHHOM (MeTo/I OACTAHOBKH)

OHn sBrsiercss onHUM U3 HauOosee 3(PPEKTUBHBIX U PACHPOCTPAHEHHBIX MPUEMOB
MHTETPUPOBAHUSL, TIO3BOJISIOIIMX BO MHOTUX CIIy4asiX YIPOCTUTh BBIUMCIICHUE UHTErpaia.
CyTp 3TOro Meroma COCTOMT B TOM, 4YTO IIyTeM BBEICHHS HOBOW IEPEMEHHOM
WHTETPUPOBAHUS 3a/IaHHBI MHTETPAl CBOAUTCS K HOBOMY HMHTErpaly, KOTOPBIA JIETKO
BBIUHUCIISIETCS] HEMOCPEICTBEHHBIM HHTETPUPOBAHHUEM.

IIpumep 6.Boraucnuts [(3x — 4)*dx

Janublii uHTErpan Oyner NpuBeAEH K TaOIMYHOMY, €CIU CIeNaTh 3aMEHy
nepeMeHHot = 3x — 4

t=3x—4
dt = (3x —4)'dx = 3d 1 1 1 ¢t°
f(3x—4)4dx= (3x —4)dx * =ft4-—dt=—ft4dt=—-—+6
dx = ~dt 3~ 3 35
3
t5
(3x — 4)°
=15 t¢

JlaHHBIA WHTerpan OyJeT NpHUBEAEH K TaOIMYHOMY, €CJIM CHENaTh 3aMeHy
nepemenHoiit = x3 + 8
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t=x3+8

1
x? = (3 "dx = 3x2 Sdat dt 1
j dx = dt = (x° +8)'dx =3x%dx| _ [3 i+
x3+8 5 1 t 3Jt 3
xdx=§dt

1
=§-ln|x3+8|+C

ITpumep 8. BEIMUCIUTE f

2x+4
JlaHHBIA WHTETpa 6yzleT npuBeACH K TAOJWYHOMY, €CIH CJeNaTh 3aMCHY

MEpEMEHHOUE = Sin X

COS X dy = t = sinx B dt _1 t c
fsinzx + 4 X = dt = (sinx)'dx = COSde| B f t2+4 Earctg §+
_ 1 . sin x +C
= Earc g >
3ajanus QI NPAKTUYECKOM PadoOThI:
Bapuanm 1 Bapuanm 2 Bapuanm 3
I(ZW_3 2x+5)dx J(x—l)(x+2)dx I(‘&_%jdx
X
X _ 9 92X 2 2
IS 2 2-3 dx IX2+ldX IX ix+1dX
2" X -1 X
—sin® COS2X 2
.[1 _S|r21 de J‘ anLATN jtg xadx
sin < X COS™ XSIn ~ X
j—x IL j\/8x — 9dx
(5 —-3x)> 11 — 4x
xdx
xx2% — 7dx -
j‘ j~§/x3 —1 j‘xz + 6
f e*dx f , ) J e*dx
sinx cos“xdx
e* +4 (e¥ —5)°

IIpakTuyeckas padora Ne 7
Buviuucnenue onpeodenénnvix unmeepanos. Ilpumenenue onpeoenénnozo
unmezpana 07 8blUUCIAEHUA NIOUA0eH NIIOCKUX (uzyp
eab padoThI:
1. HayuuTbcsl BBIUUCIATH ONPEICIEHHBIC UHTETPAIBI.
2. [103HaKOMHTHCS C TOHATHEM KPUBOJIUHEWHOMN TpareIuu
3. Ha KOHKpeTHBIX MpuMepax HAYYUThCS HAXOUTh MJIOMIAAL KPUBOJIMHEHHON
Tparneuuu
3HaHus:
1. ITonsATHE ONpeAEIEHHOTO UHTETpaa.
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2. CBoiicTBa ONpeeaEHHOr0 UHTErpaia.

3. OCHOBHBIE METObI BBIYUCIICHHS ONPEICTEHHBIX HHTETPAJIOB.

4. TloHsTHE KPUBOJIMHEHHOMN Tpaneuu

5. MeTtoapbl BBIYHCIICHUS TUTONIAIA KPUBOJIMHEIHHOM Tpanenun

Ymenus:

1. Beiuucienue onpeaen€HHbIX HHTETPaJIOB.

2. Beruncienue mionaau KpuBOJIMHEHHON Tparnenuu

Conep:xxanue padoThI:

JInst BBIYMCIICHUS onpeeaéHHoro unrerpaina ot ¢pynkiuu f(X)B Tom ciyuae, koraa
MOKHO HaWTH COOTBETCTBYIOIIMH HeompeacnéHubii uHTerpan F(X), ciayxur

dbopmyna Herorona-JIeiOHMIA: f: f(x)dx = F(b) — F(a).
(2 2 2 _ o X?|2 2 .2 2
Hpumep: [ (2x — Ddx = [ 2xdx — [ dx =2 7|1—x|1 =2%2-1%—

2-1)=2
Humeepuposanue no uacmsam 6 onpeodeiéHHom unmezpaie:

b b b
judv=uv —Jvdu
a a a
2 . | u=x du = dx _ oo x|In2 _
prwep.fo xe”dx = dv=e*dx v=[eXdx=e*|" 0

In2

p =2ln2—e™ +1=2ln2-2+1=2In2-

folnz e*dx =In2-e"? -0 —e*

1
3amena nepemennoil 6 onpedenénHom unmezpane: ff f)dx = | ttlz flo@®)e' (H)dt

sinx =t
. (Z cosxdx _ dt = (sinx)'dx = cos xdx _1oar 1_
Ipumep. fo sinZerl — | ecamx=0, To t=sin 0=0 | = J, =7 = arctgt |0 =

T

. IT
€CJIU X=—, TO t=sm; =1

SELY

arctg1 —arctg 0 ==%— 0=

Kpuponuneitnoii tpanenueit (puc. 1) Ha3pBatoT GUTypy, KOTOpasi OrpaHUYCHA:

A
Y y=y(x)
CBEPXY - TPa)MKOM HEIPEPBIBHOM
dynkumn y=y(X)
can3y — ocbro OX (y=0)
> % clieBa — MPSIMOiA X=a
a b crpaBa — IpsAMOX=hb
Puc.1

['eomeTpudecknii CMBICI ONIPEAECIEHHOTO MHTETPaIa B TOM, 4TO €ro0 3HaYE€HUE PABHO
IO COOTBETCTBYIOLIEH KPUBOJIMHENHON Tpanenuu:
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S =Iy(x)dx (1)

PaccMmoTpum pa3nuyaHbIe METOIBI BBIYUCIICHUS TUTOIIAICH MITOCKUX QUTYP.

Ilpumep 1. BBIYUCIUTH TLIOIIAAb TUIOCKOW (DUTYpBI, OTPAaHUYCHHON JTUHUSIMU:
y=x*>-2x+2, X=-1, Xx=2 u ocero OX.

Pemenue: nannas ¢urypa (puc. 2) npeacraBisieT co00il KpUBOJIMHEWHYIO Tpanenuto,
MOATOMY €€ TUIOIIaAb BeIYucsieTcs mo popmyne (1).

Y
A
y=x=2x+2
2 X3 2
S= I(xz —2X+2)dx = — —xz‘ +2x|f1 =
-1 3 1
3 3
(20220
3 3
> =3-3+6=6.
-1 2 X
puc. 2 OTtBeT: 6 KB.€/I.

[Tycte y=f(X) — HenpepsiBHAsS QyHKIUS IpH X< [, b], rpaduk KoTOpOit pacmoiokeH
Hxke ocu OX (puc. 3). 3HaueHue onpeaenéHHOr0 HHTETpasia OyIeT OTPUIIATEIbLHBIM,
MO3TOMY I pacuéra miomaay OepéM 3HaUeHrnEe HHTETpalia o MOIYIIIO.

Y A .
a b S =] f(x)dx
A7) e
y=f(x)
Puc. 3

Ilpumep 2. BIYMCIUTD MJIOIIAb TIIOCKOU (PUTYpBI, OTpaHUYEHHON IparKomM
byHKIMU y = Xx* —5x+6u ocsro OX.

Pemenue: nannas durypa (puc. 4) pacnosnoxena Himke ocu OX, mo3TOMy IprUMEHUM
hopmyiy (2).
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»
»

7 3%

Puc. 4

y=x"-5x+6

3
XS

S =

3
I(x2 — 5% + 6)dx
2

2

3 3 2 2
5-EHeE e

19 25 38-75+36 1
3 2 6 6

OrtBer: 1/6 kB.€x.

1
6

[Tpumep 3. BoryriciuTh M101map miocko GUrypsl, orpaHU4eHHON TrpaduraMu

byHKIHN y = Xx* +17 y = —x+3.

Pemenue: nannas gurypa (puc. S)npeacrapisetr coO0l pa3HOCTh KPUBOJIUHEHUHBIX

Tpaneuun

AGc1ucchl TOYEK MepeceyeHus] HaXOuM 10 YepTexy: X1=-2 u Xp=1.

1 1
S = I (— x+3)dx — I(xz +1)dx . MoHO 3ammcarh o OJMH UHTETPAIL:

-2 -2

Yk

y=x*+1 | 1

S=I(—x+3—(x2+1))dx=I(Z—x—xz)dx:
-2 22
. 2| 3! 2 (o)
i :2X|172_X_ _X =(2-1-2-(-2)- 1__& _
: 2], 5 2 2
i 1 y:-X+3 3 3
N4 _[1__&}:6_(_%_3:43
' > 3 3 2 2
5 1 X
Pue. 5 OTBeT: 4,5 KB.€/I.

IIpumep 4. BBIYMCINUTD MIIOIIA/b MIIOCKON PUTYphl, OTpaHUYEHHOU rpapuKamMu
GyHKIMIA Y = x> +1U y = —X+ 3, ¥ KOOPJAUHATHBIMU OCSIMU.

Pemenue: nannas durypa (puc. 6) npeacTaBisieT coO00i CyMMy KPUBOJTHHEHHBIX

1

3
Tpaneuuit S=S1+Sy, re S, = J (x2 +1)dx u s, = I (- x+3)dx . [Tomyuum dopmyiy:

0

1
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4 1(2 )d 3 X31 . X23
S=|\xX"+Ldx+ [(—x+3)dx=— +X —— +
y=x*+1 -([ ‘1[( ) 3, : 2|,
+3x|f=
3 3 2 3
Ne y=-x+3 :(l——o—}(1—0)—(3——1—}(3-3—3-1):
. 3 3
o | 1 3 Vx :1+1—4+6:31
Pe. 6 OtBer: 3%KB.CI{.

3ajanns 11 NPAKTUYECKOH padoThbI:
3aoanue 1 Boiuucaiumo onpedenénuvle uHmepabl:
Bapuanrt 1 Bapuant 2 Bapuant 3

f(‘ﬁ - \/%) dx f(Zx —1)(3x + 5)dx f Vx(x + Ddx

1 T
4 2
L 0X

ij sin xdx fx 2% dx fo cos xdx
0 0 0

g x2dx 2 x

J— 2 fx(x2—3)5dx

/(x3 +1) cos x * sin“xdx

-1 , 0

3aoanue 2 Boiuucaiumo niowaou gueyp

Bapuanr 1

L J
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Bapuanr 2

y=-f+5

¥

y=x+3

BapuanT 3

oY

y=x34

L

y=-x?l-3x

IIpakTuyeckas pad6ora Ne 8
Pewenue ougppepenyuanvnvix ypasuenuii
eab padoThI:
Ha KOHKpeTHbIX MpuMepax HaAydUThCs pelath qudPepeHnanbHble YpaBHEHUS
3HaHus:
1. [lonsitne auddepeHunanbHOr0 ypaBHEHHUS.
2. Bunel nuddepeHnuanbHbIX ypaBHEHUHN IEPBOTO M BTOPOTO MOPSAIKOB M METObI
UX pELIEHUS.
Ymenns:
1. Pemenne nuddepeHIMaIbHbIX YpaBHEHUHN € pa3AesIoUMMUCs TepeMEHHBIMH,
JUHENHBIX U OJTHOPOIHBIX.
2. Penienne TUHENHHBIX OMHOPOIHBIX U PepeHInanbHbIX YpaBHEHUH 2-T0 MOPSAKa
Conepxanue padoThbI:
Jubdepenrmansaoe  ypaBHenme ¥ = f(X,)) HasplBaeTcs ~ ypaBHeHHeM ¢
Pa3aeJAIMMMHUCA IIePeMEHHbIMH, €CJIM €r0 MOYKHO 3aIIMCaTh B BUJIE
y'=a(x)B(y) mm X (x)dx+Y(y)dy = 0;
IIpumep 1 .Haiitn peleHue nuddepeHnanbHOro ypaBHeHI/IH% =
Iny npu ycioBum y(2) = 1

Inydy
y

d dx Inyd
[MoacraBum y' = ﬁ B YPABHEHHUE, Torz[aj;—y = lny=dx = %: [dx={
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Iny=t
S[d(ny) = (Iny)'dy = dt|,, _ [tdt =>x = §+ C=-obiee pelleHHE X =

L — e
y
2
Y ycC
2
2
PemmM 3amgauy Komm: npu y(2) = 1: 2 = mTl + C= 2= C, oTcrona uacmHoe
2
peuileHue:x = Y 42

2
IIpumep 2.Pemuth ypaBHeHHE ' = x(y° +1).
2

d—y=x(y2+1)=> 4 = xdx =>j dy =dex=>arctgy=x—+C
dx y2+1 y2+1 2

HuddepenuunansHoe ypaBHeHHE BUAA y' = f(x,y) HA3bIBAETCS OAHOPOAHBIM, €CIIH

€ro Impasasi 4acTh
f(X, Y)ectb onHOpoAHas (YHKIUS HYJICBOIO HM3MEPCHHS OTHOCHUTEIBHO CBOHMX

apryMeHTos, T.e. f (tx; ty) = f(x; y)

IIpumep 3.Peminth ypaBHEHUE )’ = Z(]n Yy lj .
X X

Brenem BcriomoratesnbHy0 GyHKIUIO u = Z; yv=ux; y =ux+u.
X

OrmeruM, 4TO BBeAEHHAs HaMu (QYHKIMsS UBCErza IOJIOXKHUTENbHA, T.K. B
IPOTUBHOM Cjydae TepseT CMbICA ucxoxHoe audQepeHnuanbHoe ypaBHEHHE,
conepxkaree Inu =In % .

[ToxcTaBiasieM B HCXOHOE YPABHEHHUE:
ux+u=ulmu+l), ux+u=ulmu+u;, ux=ulu;

dx du dx
PazjiensieM nepeMeHHbIE: == | =

b

: —
ulhu x ulnu X
Cx

Wuterpupys, nomydaeM: hinu/=hjx+C; hu=Cx; u=e";

[Tepexomast OT BCITOMOTaTeNIbHOM (QYHKIMKA 00paTHO K (PYHKIUH Y, TIOIydaeM obIiiee

pelienue: ) = xe.

JTro60e ypauenne Buma P(x,y)dx + O(x,y)dy =0 gpnsercs oqHOPOIHBIM, eciy

¢byukuuu P(X, y) 1 Q(X, Y)— omHOpOIHBIE PYHKIIMU OAMHAKOBOTO U3MEPCHHSI.

HubdepeHnmanbioe  ypaBHEHHE  Ha3bIBACTCS ~ JIHMHEHHBIM  OTHOCHTEIBHO

HEU3BECTHOU (PYHKIIUH U €€ MPOU3BOIHOMN, €CITH OHO MOYXKET OBITh 3alHCAHO B BUJIE:
y'+ P(x)y = O(x),

MpH 3TOM, eciu mpaBas dacth Q(X)paBHa HyIIO, TO TaKOe ypaBHEHHE HA3bIBACTCS

JUHEHHBIM OTHOPOAHBIM aubepeHIIATbHBIM ypaBHEHHEM, €CJIM MpaBas 4acTb

28



Q(X)HepaBHa HYJIO, TO TaKO€ YPAaBHCHHE Ha3bIBACTCS JIMHEHHBIM HeOIHOPOIHBIM

muddepeHIaaIbHbBIM YPaBHEHHUEM.

JIuHeliHOe ypaBHEHHE CBOJMTCS K JIBYM VypaBHCHHSIM C Pa3aeiITIOIIUMUCS

MCPEMCHHBIMM, €CITM HCKOMYI (DYHKIIMIO Y3aMCHHTh IPOU3BEICHHEM JIBYX

BCIIOMOTATENIbHBIX GyHKIHHA U=U(X) nV=V(X), T.€. MOJOKHUTh Y=UV, Torma y’' = u'v +
!/

uv .

Ipumep 4Pemuth nuHEHHOE TUdPepeHInATLHOE YpaBHEHHE TIEPBOTO MopsaKay’ —

Y = 3x
X

Bynem uckats peteane BBuae y = u-v y' =u'v +uv'.

Torma ypaBHeHHe mpuMeT BUA: U'vV + uv’ —% = 3x . Crpynnupyem BTOpOE€ H

v o
TpEeThe cjaraeMble M BBIHECEM U3a CKOOKH:U'V + U (v’ — ;) = 3x. Ilonbepém

v
GYHKIUIO V Tak, 4TOOBI BBIPAXKECHHUE B CKOOKaxX OOpaTHIOCh B HOJb, T.€. V' — S =
dv _ dx dv fdx

0 >—=—=>=|— — s nlv|=h|x|>v=x
v X v X

[loacTaBisist 3TO YaCTHOE PEIICHUE B HICXOJAHOE YPABHEHUE MOTYUNM:

du du
uUv=3x >—x=3x >— =3 =>du=3dx=>Jdu
dx dx

=j3dx >u=3x+C

HTtak, oO1riee perieHre HCXOAHOTo ypaBHeHus: ¥ = uv = (3x + C)x

OnHOpoAHBIM JIMHEHHBIM AU} epeHIHaATbHBIM YPABHEHHEM BTOPOI0 NMOPHAIKA
C MOCTOSIHHBIMH K03(punmeHTaMu HaszbiBaeTcs ypaBHenue: ay'’ + by’ +cy = 0.
st OTBICKAHUS ~ OOIIEr0  pemIeHUsT JTOTO  YpPaBHEHHS]  COCTABJISIOT
XapakTepucTuueckoe ypasHeHue: ak? + bk + ¢ =0, koropoe moiydaercs U3
UCXOAHOTO  ypaBHEHMS  3aMEHOW  MPOM3BOJHBIX  HCKOMOM  (YHKIMH
COOTBETCTBYIOIIUMH CTeTieHsIMU K, mpudem cama QpyHKIHS 3aMCHSIETCSI SAMHUIICH.
Torna ob1iee perieHne ypaBHEHHE CTPOUTCS B 3aBUCHUMOCTH OT XapakTepa KOpHen
XapaKTePUCTHUECKOTO YPaBHEHHUS:

D>0 D=0 D<0
KOPHH JICHCTBUTEIILHBIC | KOPHH KOPHH KOMITJICKCHBIC
U pa3jIn4yHbIe JNEUCTBUTENBHBIE U ki, =azxif
ki # k, paBHBIE
ki =k,=k
Ob6mee permenne nudepeHINATBHOTO YPaBHEHUS 3aMUCHIBACTCS B BUJIC:
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Yo = Cleklx + Czekzx

Yo = (C; + Cyx)e*

Yo = (CycosBx + C,sinfx)e*™

IIpumep 5. Pemuts ypaBuenue y" —4y' +4y = 0.

XapakrepucTHueckoe ypapHenne: k- — 4k +4 =0,

O6mee pemenne: Y = (C, +C,x)}>.
IIpumep 6 Pemts ypasaenne »" +2y"+5y =0.

XapaKkTepucTHIeCKoe ypaBHeHue: k° +2k +5=0;

k, =—1-2i.

O6mee pemeHue: y =e *(C, cos2x + C, sin 2x).

IIpumep 7. Peuts ypaBuenue y'' —y' — 12 =0

XapakTepucTuieckoe ypaBHeHue: k> —k —12=0;
O6mee pemenue:y = Cye** + C,e”

3x

3aaHus I CaMOCTOATENbHON PadoThI:

Bapuanrt 1

Bapuant 2

Bapuant 3

yKazaHHast QyHKLIHUS:

1. IIpoBepuTs, SBISIETCS JIU PELIEHHUEM TaHHOTO JU((PepeHInaTbHOTO YPaBHEHUS

¥y —2xy =3
1

y=3x"-=
X

y' — y-ctgx=ctgx
y=sinx-1

Xy +2y =X’

y=3-¢*

2. Pemnte ypaBHEHUE € pa3ACHSIONIMMHA IEPEMEHHBIMU

y' =1+X

@+x%)y -2xy =0

ydy— (1+2x)dx=0

3. Haitgute penienue, y10BIECTBOPSIOIIEE HAYAIBHOMY YCIOBHUIO

@+x%)y =3x"y
y(0)=2

2\/;dx— dy=0
y(0)=1

y'+ysin2x=0

T
Y(Z) =1

4. Pemute ogHopoaHoe auddepeHIinaibHoe ypaBHEHNE

Xy'=5y + X

y=2+1
X

(X + y)dx +2xdy =0

5. Pemnte nuneitHoe qudpepeHunanbHoe ypaBHEHNE

1

sin x

y' —yctgx =

y
'44Z 4 x=0
Y 4+

y' —7y = 8e?*

6. Pemmrte ypaBHeHuUs 2™ nopsjika
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a) V' -7y +12y=0 a) »'-3'-10y=0 a) ' —8/+15y=0
6) ' — 4y +5y =0 0) "y"+2,y’+3y=0 0) ”y"+4’y'+12y:O
5) V' -8y +16y =0. B) ¥ t4y'+4y=0. p) ¥'—10y'+25y =0.
r) y" +25y = 0. T) Y';+y='0. r) y';+4)I/=O.
0 V' -7y'=0. m ¥ -5y'=0. o Y -Y=0.

IIpakTuyeckas pabora Ne 9
Pewienue sepoamnocmuuix 3a0au

eab padoThI:

Ha KOHKpeTHBIX mpuMepax HAyYUThCA BBIYUCIATH BEPOSITHOCTH CIIy4alHBIX
COOBITHH.

3HaHus:

1. [TonsiTe cIy4yaltHOTO COOBITHS.

2. Knaccuueckoe ornpeeIeHne BEPOATHOCTH.

Ymenus:

1. BpruncieHue BEpOATHOCTH  CIYYaHOTO COOBITHSI C  NPUMEHEHUEM
KOMOMHATOPHBIX (HOPMYII.

Conep:xkanue padoTbi:

1. Pa3memenust

PaccmoTpum mpocTeiime MoHATHS, CBSI3aHHBIE C BBIOOPOM M PACIIOIOKEHUEM
HEKOTOPOT'0 MHOXECTBA 00BEKTOB.

[Toncuer uncna cnocoOOB, KOTOPHIMU MOYHO COBEPIINTH ATH JICUCTBHUSA, YaCTO
MPOU3BOJIUTCS TIPU PEILICHUH BEPOSITHOCTHBIX 3a7a4.

Onpedenenue. Pasmeniennem u3 N anmemeHToB 1o K(K<N) HaspBaeTcs moboe
YIOPSAA0OYCHHOE TIOJMHOKECTBO M3 K3JIeMEHTOB MHOXKECTBA, COCTOSIIETO U3
Npa3JIMYHbBIX 3JIEMEHTOB.

Ipumep. Crnenyronire mocieI0BaTeILHOCTH UG SBISIOTCS Pa3MEIICHUSIMH 10 2
ajeMeHTa u3 3 3JieMeHToB MHOXKecTBa {1;2;3}: 12, 13, 23, 21, 31, 32.

3amMeTuM, 4TO pa3MelIeHUs] OTIMYAOTCS TMOPSIKOM BXOJSIINX B HUX JIEMEHTOB U
ux cocraBoM. Pa3menienus 12 u 21 conmepkat oguHakoBble UGPHI, HO MOPSAOK UX
pacrojioxkeHus pazaudeH. [1oaToMy 3Tu pa3MenieHrs CUUTarTCs Pa3HbIMHU.

Uncao pasiMYHBIX pasMeNIeHHii W3 N »aeMeHToB mo K o6o3HauaeTcss AXu
n!

(n—k)!

BBIUMCIAeTCs 1o (opmyne:AX = , rmen! = 1-2-..(n- l)n(uutaerca «n—

bakTopuan).

2. IlepecTanoBKM

Onpeoenenue. TlepecTaHOBKaMU H3NAJIEMEHTOB HA3BIBAIOTCS TAaKHE Pa3MEIICHHUSI
M3N3JIEMEHTOB, KOTOPBIC PA3IMYAIOTCS TOIBKO PACIIOIOKEHUEM DIIEMEHTOB.
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Yucno nepecTaHoBOK M3N3eMeHTOBPBbIuncisieTcst mo gopmyne:Py=n!

Ipumep.CkonbKkUMH crioco0aMu MOTYT BCTaTh B ouepe/b S5 yenoBek? KoiamuecTBo
CIOocOOOB PaBHO YHCITY TIEPECTAHOBOK M3 5 3JIEMEHTOB, T.€. Ps=5!=1-2-3-4-5=120.

3. Coueranus

Onpeoenenue. CodeTaHUSIMHU H3N3JIEMEHTOB MOKHA3BIBAIOTCS TAKHWE pPa3MCEIICHHS
U3N2JIEMEHTOB IMOK, KOTOpBIE OJHO OT JAPYroro OTJIMYAIOTCSA XOTS Obl OJHHUM
AJIEMEHTOM.

UYncao pasaMuHBIX cOYeTaHWi M3NdneMeHToB nokoOo3HauaeTcaC) Berumcnsercs

n!
o gopmyne:CF = n—or

ITo onpenenenuto 0!=1.
Jlns codeTaHuit CripaBeIJIMBBI CIIEYIONTHNE CBOMCTBRA:

1. Ch=n

9 ch=cit

3. Ch=ch=l

4. Cr+Cn = Ch

Ilpumep.VImerotcst 5 1BETKOB pa3Horo 1sera. s OykeTta BbiOMpaeTcs 3 I[BETKa.
Yucio pa3IMuHbIX OyKeTOB 1o 3 1BeTKa U3 5 paBHO: Co = % = 10.

4. CoObITHS

[lo3HaHue NEeWCTBUTENHLHOCTH B €CTECTBEHHBIX HAyKaX MPOMCXOAMUT B PE3yJbTaTe
UCTIBITAHUM (3KCIIEPUMEHTA, HAOJIIOACHUM, OTIBITA).

Hcnvimanuemunu  ONBITOM — HA3bIBA€TCA  OCYLIECTBIEHUE  KAKOro-HUOYIb
OTIPE/ICNIEHHOTO0 KOMIUIEKCA YCJIOBHUM, KOTOPBI MOXET ObITh BOCIPOU3BENEH CKOJIb
YTOJHO OOJIBIIIOE YHUCIIO Pa3.

CnyyaiinbimMHA3bIBAETCSl COOBITHE, KOTOPOE MOXKET MPOU3OMTH WM HE MPOU30MTH
B pPe3yJbTaTe HEKOTOPOTO UCTIBITAHUS (OMbITA).

Takum 00pa3om, cOObITHE pacCMATPUBAETCS KaK pe3yJIbTaT UCIIBITAHMUS.

IIpumep.bpocanre MOHETHl — 3TO UcnbiTaHue. [losBieHrne opnia npu OpocaHuH —
COOBITHE.

HaGmtonaemMble HamMu COOBITHSL Pa3IMyYalOTCAd IO CTENEHH BO3MOXKHOCTH HX
MOSIBJIEHUS U IO XapaKTepy UX B3aMMOCBSI3H.

CoObiTHE HA3BIBACTCAOOCMOBEPHBbIM, €CIH OHO 00s3aTeIbHO TMPOU3OUIET B
pe3ynbTaTe JaHHOTO UCIIBITAHMS.

Ilpumep.llonyyeHne CTyAEHTOM IOJIOKUTEIIBHON WM OTPULATEIILHOW OLECHKHU Ha
HK3aMEHE €CTh COOBITUE JIOCTOBEPHOE, €CIU IK3aMEH MPOTEKAET COTIACHO OOBIYHBIM
npaBujaMm.

CoObITHE HA3bIBACTCAHEBOIMONCHBIM, €CIM OHO HE MOXET TNPOU30UTH B
pe3ynbTaTe JaHHOTO UCIIBITAHMS.
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IIpumep.VI3BNieueHNEe U3 ypHBI O€JIOr0 I1apa, B KOTOPOM HAXOJATCS JUIIb [IBETHBIC
(nebenple) mApHI, €CTh COOBITHE HEBO3MOKHOE. OTMETUM, YTO MPHU APYTUX YCIOBUIX
OMbITa TOSIBJICHUS O€Joro Iapa He HCKIIOYAeTCs; TaKuM o0pa3oM, 3TO COOBITHE
HEBO3MOYKHO JIMIIb B YCIOBUSAX HAIIETO OIbITA.

Jlanee cimydaiinpie coObITHS OyaemM 00o3Ha4YaTh OOJIBIIMMH JJATUHCKUMU OyKBaMU
A,B,C... locTtoBepHOE COObITHE 0003HAUYUM OYKBOI1 {2, HEBO3MOKHOE — ).

JlBa WIM HECKOJbKO COOBITUH  HA3BIBAIOTCAPABHOBO3MONCHLIMUB — TAHHOM
WCIIBITAaHUH, €CJIM UMEIOTCS OCHOBAHUS CYUTATh, YTO HU OIHO M3 ITHUX COOBITHUI HE
aBJsieTcsi 00os1ee BO3MOKHBIM MJIM MEHEE BO3MOXKHBIM, YEM JIPYTHE.

Ilpumep.Ilpu onHOM OpOCAHMHM WUTpabHON KOCTH TosBieHWe 1, 2, 3, 4, 5 u 6
OYKOB - BCE 9TO COOBITHS PaBHOBO3MOKHbIE. [Ipenmonaraercs, KOHEYHO, YTO
UrpajibHasi KOCTh WM3TOTOBJICHA M3 OJTHOPOJIHOIO MaTepuajga U UMEET MPaBUWIHHYIO
bopmy.

JIBa coOBITHA  Ha3bIBAIOTCSIHECOBMECMHbIMUB ~ JAHHOM  HMCHBITAHWM, €CIIU
MOSIBJIEHUE OJHOIO0 M3 HHUX HCKIIOYAET TMOSABICHHE JPYroro, HCO8MeCmHbIMUB
MIPOTUBHOM CITy4ae.

Ilpumep.B dAmvke MMEIOTCS CTaHAApPTHBIE M HECTaHAApTHHIE AeTanud. bepemna
yladyy OJHy JeTanb. llosiBIeHHE CcTaHAapTHOM JeTadd UCKIIOYaeT TIOsBIICHUE
HECTAHJIAPTHOM JeTaau. ITU COOBITUSI HECOBMECTHBIE.

Heckonbko coObITHI 00pa3yrOTHnOIHYIO 2pynny coObIMuUUB JTAHHOM HWCIBITAHUH,
€CJIU B Pe3yJIbTaTe dTOr0 UCTIBITAHUS 00s13aT€IbHO HACTYIIUT XOTSI ObI OJTHO U3 HHUX.

Ilpumep.CoObITUSI W3 TIpUMepa 00pa3yrOT MOJIHYIO TPYIIY PaBHOBO3MOXKHBIX U
MOMAPHO HECOBMECTHBIX COOBITHH.

JIBa HECOBMECTHBIX COOBITHS, 00pa3yIOMIUX MOJHYIO TPYMIY COOBITHI B TAHHOM
UCIIBITAaHUH, HA3BIBAIOTCS MPOTUBOMOIOKHBIMU COOBITUSIMU.

Ecniu omHo w3 HuMX o0003HaueHO dYepe3A, TO Jpyroe NpUHATO 0003HAYATH
uepesA(uuraercs «HEA»).

Ilpumep.Jlonananvie W mpomax MpU OAHOM BBICTpEIE MO IEIU - COOBITHUS
MIPOTUBOIIOIOKHBIE.

5. Kitaccuueckoe onpeaesieHue BEPOATHOCTH

Beposamuocmuv codbimusa— drcieHHas Mepa BO3MOKHOCTH €r0 HAaCTYIUJICHHUSL.

CoObITHEeAHA3BIBACTCIAO.1A20NPUAMCINEYIOUUMCOOBITUIOB, €ClIU BCAKUH pa3, Koraa
HACTyMHaeT COObITHEA, HACTYNAeT U COOBITHED.

CoObiTsiA1,42, ...,An00pa3yroTcxemy ciyuaes, €CIA OHU:

1) paBHOBO3MOKHBI;

2) NOMapHO HECOBMECTHBI;

3) 00pa3yroT MOJHYIO TPYyMIY.

B cxeme caydaeB (M TOJIBKO B 3TOM CXEME) HMMEET MECTO KIIACCHYECKOE
onpeneneHue BeposITHOCTHP(A) coObITHsIA. 31mech clilydaeM Has3bIBAlOT KakKI0€ M3
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COOBITUH, TNPUHAANEKAIIUX BBIICICHHON IOJHON Tpymrne pPaBHOBO3MOXHBIX U
IIOTIAPHO HECOBMECTHBIX COOBITHIA.
Ecnun— 4ucnio Bcex ciiydaeB B CXeMe, aM— YUCIIO CIIy4aeB, OJaronpHusaTCTBYIOLINX

m
COOBITHIOA, TOBeposiImHOCMb coObimusAonpenensercs paBeHcTBOM: P (A) = o

W3 onpenenieHrs BEPOSATHOCTH BBITEKAIOT CIEAYIOLINE €€ CBOMCTBA:

1. BeposTHOCTH JOCTOBEPHOTO COOBITHS paBHA €IUHULIE.

2. BepoaTHOCTh HEBO3MOXKHOTO COOBITHS paBHa HYJIIO.

3. BeposTHOCTh CIy4aifHOrO COOBITHSI €CTh MOJOKUTEIBHOE YHCII0,3aKII0YEHHOE
Mex Ty HysneM u equaunein( <P(A)< 1.

6. Onepauun Hax coObITUAMU. TeopeMa Ci10:KeHNsI BEPOSITHOCTEMH

Cymmoi, win OOBEJUHEHHEM, HECKOJbKUX COOBITUN HAa3bIBACTCS COOBITHE,
COCTOSIIIIEE B HACTYIUICHUU XOTS Obl OJHOTO M3 3TUX COOBITUH (B OJTHOM U TOM K€
HCTIBITAaHUHN ).

Ilpumep. bpocatorcs 1Be wurpaigbHble KocTH. IlycTh coObiTHEACOCTOMT B
BbITIaJIcHUU 4 OYKOB Ha 1 KOCTH, a cOOBITHES— B BBINAJACHUHM 5 OYKOB Ha JIPYroi
koctH. CoObiTusiAuBcoBMecTHbl. [loaTOMy coObiTHEA+BCOCTOMT B BhINageHUN 4
OYKOB Ha NEPBOM KOCTU, WIM 5 OYKOB HAa BTOPOM KOCTH, WM 4 OYKOB HA IEPBOU
KOCTH U 5 OYKOB Ha BTOPON OJHOBPEMEHHO.

IIpumep.CobbiTHEA— BBIMIPHII 1O 1 3aiiMy, COOBITHEB— BBIMTPHIII MO 2 3aiMy.
Torna coObiTeA+B— BBIMTPHIII XOTS Obl 1O OJAHOMY 3aiiMy (BO3MOXHO MO JIBYM
cpasy).

[Ipou3BeneHNEMUIN TIEPECEUEHNEM HECKOJIbKMX COOBITHI Ha3bIBaeTCsl COOBITHE,
COCTOSIIIIEE B COBMECTHOM IOSIBJICHUM BCEX 3THUX COOBITUH (B OJHOM U TOM K€
WCTIBITAHUH ).

[Tpumep.CobbiTusiAuBcocTosT B ycnemHoM mnpoxoxaeHuu [ u Il Typos
COOTBETCTBEHHO MpPHU TMOCTYIJICHUM B HMHCTUTYT. Torma coObiTueA XBCOCTOUT B
YCHEIIHOM MPOXO0XKACHUN 000UX TYpOB.

Teopema. Ecin cobeitusAi(i= 1, 2, ...,N) momapHO HECOBMECTHBI, TO BEPOSTHOCTh
CYMMBI COOBITUI paBHAa CyMME BEPOSITHOCTEH 3TUX COOBITHI:

P(A1+A42) =P(A41) +P(42)

Eciu coObiTusid1nd, COBMECTHBI, TO BEPOATHOCTb CYMMBI JIBYX COBMECTHBIX
COOBITHH paBHa:P(A1+A2) =P(A1) +P(A2) — P(Alez).

8. YcioBHas BepositHOCTB. Teopema yMHOKeHUSI BEPOSITHOCTEH

YcioBHON — BeposATHOCTBIOP(B/A)  Ha3biBaeTCsi BEpOSATHOCTh  coObITHS B,
BBIUHCJICHHAS B IPEATIOI0KEHUH, YTO COOBITHE A YK€ HACTYIHIIO.

Teopema. BeposTHOCT, COBMECTHOTO TIOSIBIIGHHS JIBYX COOBITHH paBHa
IIPOU3BEJCHUIO BEPOSITHOCTENW OJTHOTO M3 HHMX Ha YCIOBHYIO BEPOSITHOCTH APYIOro,
BBIYHMCIICHHYIO B IPEIIOJIOKEHUH, YTO IEPBOE COOBITUE YK€ HACTYIHIIO:

P(A-B) = P(A)-P(BIA).
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JIBa cOOBITHSI Ha3bIBAIOTCS HE3aBHCUMBIMH, €CJIM TMOSIBICHUE JIIOOOTO M3 HUX HE
M3MEHSCT BEPOSATHOCTh MOSBJICHUS Apyroro, T.e.P(4) = P(A/B)

Ecnu coObitusiAuBue3aBucumMel, TOP(4A'B) = P(A)-P(B).

3aganus 1JIs CAMOCTOSATEILHOH Pa0dOThI:

1. B xopobxe Haxonarcsa M+2 cuHux, N+3 KpacHbIX U 2N+1 3e1eHbIX KapaHaiei.
OpHOBpeMEHHO BBIHUMAIOT M+3N+2 kapanpamied. HallTu BepOATHOCTH TOTO, YTO
cpeau Hux Oyaer M+1 cunux u N+1 KpacHbIX.

2. B mepBoit ypHe HaxoaaTca M+2 mapoB 6enoro u N mapoB YEPHOTO I[BETA, BO
BTOpPOMi — M+N 6eoro 1 M cuHero, B TpeTbeil — N+3 Oenoro u M+1 kpacHoro
nBera. M3 nepBoit U BTOpOH ypHBI HayJauy M3BIEKAIOT [0 OJHOMY APy M KJIAIyT B
Tperbto. [locie 3Toro u3 Tperbeil BHIHUMAIOT OAMH Liap. HaliTu BeposTHOCTH TOTO,
YTO OH OKQXKETCS OCJIBIM.

3. BeposTHOCTh MONAJAHHMs CTPEJIKa B MHIIEHb IIPH OJHOM BBICTpEIE paBHA
m-+n
m+n+2

MIpOMaxHeTcs He OoJiee ABYX pas.

4. Kaxnaplii u30upaTesib HE3aBUCUMO OT OCTaJIbHBIX H30upateneid, oTHaéT CBOM
rojjoc 3a kauaupara A ¢ BepositHocThio 0,1(m+n) m 3a kanmgumata B — c
BeposaTHOCTRIO  1-0,1(m+n). OneHUTh BEpPOATHOCTH TOTO, YTO B peE3yJbTare

[IpousBoautrcs N+4 BeicTpena. HallTu BepoSITHOCTH TOroO, 4YTO OH

roJIocoBaHMs Ha u3buparenbHoM ydactke (5000 uzdbupareneit) oauH u3
KaHJUIAaTOB ONEPEAUT APYToTo:
a) poHo Ha 1900 rosocos; 0) He meHee, ueMm Ha 1900 ronocos

Tabnuna 1 (BeIOOp mapamerpa m)

A |0 1 2 3 4 5 6 7 8 9
m |1 2 3 4 5 1 2 3 4 3)

IIpakTuyeckas padora Ne 10
Cocmasnenue cmamucmuueckozo pacnpeoesienus 6bl00pKu, HOCmpoeHue
2UCMOZPAMM
eab padoThI:
HayuuThcst CTpOUTH CTATUCTHYECKHIA PSIT BRIOOPKU M TUCTOTPAMMBI.
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3HaHus:

1. [TonsiTve 0 BEIOOPOYHOM HMCCIIEIOBAHUU.

2. [lonsiTe 0 MpeACTaBICHUN CTATUCTUYECKUX JAHHBIX.

Ymenus:

1. ITocTpoeHne CTaTUCTHYECKOTO P U TUCTOIPAMMBI.

Conep:xanue padoThI:

IIpenmer MaTeMaTHUECKONW CTAaTUCTUKUA COCTaBISIOT pa3paboTKa METOJIOB
pErucTpanury, ONUCAHUS W aHAIA3a CTAaTUCTUYECKHUX SKCIEPUMEHTAIBHBIX JAHHBIM,
MOJIy4aeMbIX B pe3yJibTaTe HAOMIOACHUS CIIyYalHBIX SIBICHUU.

VY cTaHOBIIEHUE 3aKOHOMEPHOCTEW, KOTOPBIM IMOJYMHEHBI MACCOBBIE CIIy4YaliHbIC
SBJICHHSI, OCHOBAHO HAa MU3YYCHHM METOJAMU TEOPHHM BEPOSTHOCTEN CTATUCTHUYECKHUX
JAHHBIX, T.€. PE3yJbTATOB HAOIIOCHUSI.

B maremaTHuecKoil CTaTUCTHUKE pacCMaTPUBAIOT JIBE OCHOBHBIX 3a/1a4u:

1) TlepBas 3ama4ya COCTOMT B TOM, YTOOBI YKa3aTh CIIOCOOBI cOOpa ¥ TPYIITHPOBKH
CTaTUCTUYECKUX CBEJACHMI, IOJIYYEHHBIX B pe3yJibTaTe HaOMIOACHUI WIH B
pe3yNbTaTe MOCTABIECHHBIX 3KCIIEPUMEHTOB

2) Cocroutr B pa3pabdOTKE METOJOB aHalM3a CTATHCTUYECKUX JaHHBIX B
3aBUCUMOCTH OT Lieneit uccienoBanus. Croga OTHOCSTCS:

a) OLIEHKAa HEW3BECTHOM BEPOATHOCTUM COOBITHS; OLEHKA MapaMeTpoB
pacnpeneneHus, BUJ KOTOPOrO HEW3BECTEH;, OIEHKAa 3aBUCUMOM CIIy4YalHOU
BEJIMYMHBI OT OJJTHOM WJIM HECKOJBKHUX CIy4YalHbIX BEIMUYNH

0) MpoBepKa CTATUCTUYECKUX TUIIOTE3 O BUJE HEU3BECTHOTO PACIIPEACIICHUS WU O
BEJIMYMHE MapaMeTPOB PACIPEAEIECHUS, BUA KOTOPOTO HEM3BECTEH.

N3ydyeHne Tex WM HHBIX SBICHUHM METOJAAMHU MAaTEMaTUYECKOW CTAaTUCTUKU
CIIy)KaT pEIIEHWEe MHOTHX BOIPOCOB, BBIJIBUIAEMBIX HAYKOW W IPaKTUKOU
IpaBUJIbHAs OpraHU3alusl TEXHOJIOTHYECKOro Mpolecca Hauboblie 1enecoo0pazHoe
MJIAaHUPOBAHKE U MPOYEE.

W Ttak, ocHOBHas 3ajaya MaTeMaTHYECKOW CTAaTHUCTHKUM COCTOUT B CO3/IaHUU
METOJIOB cOopa M 00pabOTKU CTATUCTUYECKUX JAHHBIX JJIS MOJYyYCHUS HAYyYHBIX U
MIPAaKTUYECKHUX BBIBOJOB.

I'enepanbHasi U BBIOOPOYHASA COBOKYITHOCTD.

CoOBOKYNHOCTh BCEX OOBEKTOB, MOJUMHEHHBIX JAHHOMY MpPU3HAKY, HA3bIBACTCS
reHepajbHO COBOKYNMHOCTBIO. UHCIO TakMX OOBEKTOB HA3bIBAaCTCS 00bEMOM
reHepaJbHOM COBOKYITHOCTH.

[lycth TpeOyeTcsi U3y4uTh COBOKYITHOCTh OJTHOPOJHBIX OOBEKTOB OTHOCHTEIIHHO
HEKOTOPbIX KaYECTBEHHBIX WJIM KOJMYECTBEHHBIX MPU3HAKOB, XapaKTEPU3YIOIIHNE 3TU
oObekThl. Hampumep, eciaum wuMeercs mnapTusi JAeTajeil, TO KauyeCTBEHHBIMU
IIPU3HAKAMU MOXKET CIYKUTh CTaHJAPTHOCTb JI€Tajeil, a KOJWYECTBEHHBIM -
KOHTPOJIMPYEMBII pa3Mep JeTalu.
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OObIYHO M3 BCEW COBOKYMHOCTHM OTOMPAIOT OrPAaHUYEHHOE YHCIIO OOBEKTOB,
KOTOPO€ H3Yy4aroT Takyl Ciay4ailHO OTOOpaHHYIO COBOKYIHOCTb, Ha3blBalOT
BbIOOPOYHOI COBOKYIHOCTHIO U BHIOOPKOM.

Br16opka, 10CTaTOYHO XOPOIIO ONKCHIBAIOIIAS BCIO T€HEPAIBbHYIO COBOKYITHOCTD,
HA3bIBACTCS pemnpe3eHTATHBHOM. Jljis Toro, yTtoObl MO JAHHBIM BBIOOPKH MOMKHO
OBLIO JOCTaTOYHO YBEPEHHO CYAMTh 00 MHTEPECYIOIIEM HAC MpHU3HAKe, HE0OX0 MO,
YTOOBI

O0OBEKTHI BHIOOPKH MPABUIBHO €r0 MPEACTABISIN, T. €. BBIOOpPKA JOJKHA OBITh
pENpEe3eHTaTUBHON ( MPEACTaBUTEIBHOM).

JUis  1onydYeHHe pENpe3eHTAaTUBHON BBIOOPKM HEOOXOAMMO ,4TOOBI  BCE
0TOOpaXEHHBIE JIEMEHTHI UMEIOT OJJMHAKOBYIO BEPOSITHOCTh IONACTh B BEIOOPKY. B
ciayyae OodbIIOro 00bEMa TIeHEepalbHOW COBOKYNHOCTH MCHOJB3YIOT TaOIHILy
cinyvailHeix yucen. Hanpumep, yToObl BbipazuTh 20006EKTOB U3 MPOHYMEPOBAHHOU
re€HEpaIbHOM COBOKYITHOCTH MOXHO 3anucaTh 20 cilydallHbIX YHCEIL.

DIEMEHTHI X1, X2,.. XnCJIy4ailHO IMOMAaBIIKE B BEBIOOPKY Ha3bIBAIOTCA BapUaHTaMu, a
UX KOJ-BO N — 00beM BbIOOpKH. OTOOpaHHBIE AJIEMEHTHI PaclojararoT B MOPSJIKE
BO3pacTaHus. Takas ociae10BaTeIbHOCTh HA3bIBAETCS BAPUALMOHHBIM PSJIOM.

Pa3sHoCcTh MEXIy MakCUMalbHbIM W MUHUMAJIBHBIMHU 3JIEMEHTAMU Ha3bIBACTCS
pa3MaxoM BBIOOPKH.

Cpenu N-31eMeHTOB BBIOOPKU MOTYT OBITh BCTPEUATHCS IOBTOPSIIOLIUECS.

Hanpumep x1 — N1 pas, X2 — N2 pa3; Xy — Ny pa3. Yucna N1, Nz, N, HAa3bIBAIOTCS
4acTOTaMH BapUaHT.

PacnonokeHHOE B MOpSAKE BO3PACTaHHS BapUaHT IOCIEAOBATEIBHOCTh I1ap
YHCEN, COCTaBJICHHAas W3 BapUaHT M WX 4YacToT (X1;N1), (X2;n2) HaspiBaeTcs
CTaTUCTUYECKUM PSAOM WM CTaTUCTUYECKUM pacnpeneneHueM. Ilpy  3ToMm
MOJIb3YIOTCSl TAOJMYHOM 3aIUCHIO:

Xj X1 X2

Ni N1 N,

IIpumep: 3anucarb BapUALMOHHBIM PAX U CTAaTUCTUYECKOE pACHPENCICHUE
BBIOOPKH M3 YMClia y4eOHBIX JHEH B TOJY, MPOMYIIEHHBIX 1O OOJE3HU CTYACHTaMH.
OnpenenuTh pazMax BBIOOPKHU:

5,0,3,7,0,1,0,5,0,5,2,10,2,0,7,2,4,7,7,4

1) Haiinem o6beM BoIOOpKH: N=20

2) 3amuineM BapHaIMOHHBIA PSII;

0,0,0,0,0,2,2,2,3,4,4,5,5,5,7,7,7,7,10,10

3) 3amuiiem CTaTHCTHYECKOE pacipeesicHue:

Xi 0 2 3 4 S) 7 10
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ni S 3 1 2 3 4 2

4) OnpenenuM pa3Max BEIOOPKH: Z=10-0=10

[Ipu GonbioM oObeMe BBIOOPKH IS YOPOIICHUS €€ BBIYUCICHUS €€ DJIEMEHTHI
OOBEOUHAIOT B pa3pslbl, NPEICTaBIsAsA B BBIOOPKY B BHJE TI'PYyNIUPOBAHHOIO
CTaTHUCTUYECKOTO psima. [y 3TOro Bce conaeprKamiecs 3JIeMEHTHl pa3OuBaroT Ha K
UHTEPBAJIOB PABHOM JIJIMHBI.

I'paduueckue npeacTaBjaeHUs] CTATUCTUYECKON COBOKYITHOCTH

ITo1MroH U rucTorpaMmma.

B menmsax HarmsgHOCTH  CTPOST  pa3iMyHble TpapuKd — CTAaTUCTHUYECKOTO
pactipenenenusa. OHM TO3BOJISIOT JIy4lll€ IPEICTABUTH XapaKTep pPAaCHpPENcIICHUS
AJIEMEHTOB BBIOOPKH, @ MHOTJIA U C/AEJIaTh MPEANOJIOKEHUS O 3aKOHE pacipeiesICH sl
TE€HEPAIBHON COBOKYITHOCTH.

OcHOBHBIC IOHATHS.

Psax pacnpeneseHusi — 3TO pPsiJi 4YMCEI, B KOTOPOM 3HAY€HUE H3Yy4aeMOro
npu3HaKa (BapuaHTa) pacIoJIOKEHbI B ompeaeseHHOM mopsake. JInbo B mopsake
BO3pacTaHus, J100 B nopsake yobiBanusa. Hapsay ¢ BapuantaMu psij pacrpeeneHuit
BKJIFOYAIOT B YacTOThl (BEJIMYMHBI, IIOKA3bIBAIOIIME CKOJBKO pa3 Kaxigas u3
BAPUAHTOB BCTPEYAIOTCA B JAHHOW COBOKYMHOCTH). CymMMma 4acTOT paBHa 00beMy
COBOKYNHOCTHU. Takum 00pa3oM, psizi pacrpeeseHusl COCTOUT U3 BapUaHT U 4acToT.

B 3aBHCHMOCTM OT NpPEPBIBHOCTH M HENPEPHIBHOCTH BapbUPYIOLIErO IPU3HAKA
psAAbl pacrnpesiesieHuss yAOOHO TMpeACTaBisATh B BUIE JABYX Pa3HOBUAHOCTEM:
AMCKPETHOIO0 U BAPHUALIMOHHOTO (MHTEPBAJIbHBIX)

JIMCKpeTHBIN psia npeacTaBisieT coO0M psii MPEPBIBHBIX YHCET.

Hanpumep: pacnpenenenne cemen 1o 4ucily YWICHOB.

[Ipyu HempepbhIBHOW  BapualMyd  paclpelesieHMeM IpU3HAKAa  Ha3bIBAETCS
MHTEPBAJIbHBIM.

Hanpumep: pacnipeneneHre coBXx030B 007acTH 1o % BBIIOJIHEHUIO TIaHA.

[Iyctb M3 reHepasbHOM COBOKYIHOCTH U3BJeYeHa BbIOOpka. Habmiomaembie
3HAYEHUS X;- HA3bIBAIOT BapuUaHTaMH, n;- YHMcCla HAOMIOACHUS YacTOTaMH, n = ), n;-
o0beM  BBIOOPKH, OTHOIIEHHS YacTOT K 00beMy BBIOODKA  Ha3bIBAeTCS

OTHOCHTEJIbLHBIMM YacToTaMu W, = %

IIpumep. CocTaBuTh pacrpeaelieHdss OTHOCUTEIbHBIX YacTOT, €CIU 3aJaHO
pacrpeiesieHie 4acToT Beioopku oobema N=20
X 2 6 12

n; 3 10 7

Pemenue. Haliném oTHOCUTENBHBIE YACTOTHI.
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M= T2 x; 2 6 12
10
wy =5 w; 0,15 0,5 0,35
7
W3 == %

0,15+0,5+0,35=1 .
CymMa OTHOCHUTEJIBHBIX YAaCTOT PaBHA €UHUIIE.

B nensx HarisigHOCTU CTPOSIT pa3IMUHbIE TPaQUKU HOAUCOH U 2UCHOSDAMMA.

IHo1MroHoM 4acTOT HA3bIBAECTCS JIOMAHAsl JUHUS BEPIIMHOW, KOTOPOM SIBISIOTCS
TOUKH ((x1, 1), (%2, 15) .. (%), i) OTIpEsEsieMbIe IEMEHTaMH CTATUCTHYECKOTO Psijia.
JUis ero moCTPOEHUs 1O OCH aOCLMCC OTKIIAAbIBAlOT BApUAHTHI Xx;, & 10 OCH OpAUHAT
COOTBETCTBYIOIIAs UM 4acToTa n;.

IToCcTpO€HHBIE TOUKH COENUHSIOT OTPE3KAMU IIPSIMBIX.

I'mcrorpamMmoii 4acToT Ha3bIBaeTCs CTyleH4yaTas (Qurypa COCTaBJICHHAas W3
MPSIMOYTOJIBHUKOB TMOCTPOCHHBIX Ha MHTEpPBAaJaX TaK YTO IUIOH[AJb KaXI0ro
MPSMOYTOJIbBHUKA YHCJIEHHO PaBHA YaCTOTE BAPUAHTHI PACIIONIOKEHHON B CEPEIHUHE i
uHTepBajia. To eCTh MIIOMIalb TUCTOTPAMMBI YaCTOT paBHA 00bEMY BEIOOPKH

IIpumep . 11oCTPOUTH NOJUTOH U TUCTOTPAMMY YaCTOT.

JlaHO BpeMsi HEAENbHOM 3arpy3kd 3JIEKTPUUYECKHUX JAyXOBbIX MIKadoB 50-tu
00cCi1eI0BaHHBIX NMPEANPUATHI 00IIECTBEHHOTO MUTAHUS B Yacax.

38 60 41 ol 33 42 45 21 53 60

60 52 47 46 49 49 14 S7 o4 59

77 47 28 48 58 32 42 58 61 30

61 35 47 72 41 45 44 56 30 40

67 65 39 48 43 60 54 42 59 50
Pazo0bem psig pacnipenienieHus Ha 7 HHTEPBAJIOB, ONPEIEINM pa3Max BIOOPKH.
77-14=63

6

. 3
Haiinem nyunay unTepBana.h = — = 9

['panuts! Cepenuna X;
HWHTEPBAJIOB WHTEPBAJIOB
1 14-23 18,5 2
2 23-32 27,5 3
3 32-41 36,5 6
4 41-50 45,5 17
3) 50-59 54,5 10
6 59-68 63,5 10
7 68-77 72,5 2

Y1005l IMOCTPOUTDH TUCTOIPpAMMY HaﬁﬂéM OTHOCHUTCIBHBIC YaCTOTHI.
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18
16
14
12
10

O N & OO ®

14-23 23-32 32-41 41-50 50-59 59-68 68-77

3aaHus I CaMOCTOATENbHON PadoThI:

[Ipu m3MeHeHun nuaMeTpa BajuKa rocie NUIMGOBKH ObUIa MOJy4YeHaA CIEAYoIast
BBIOOPKA:

ITocTpouThs rucTOorpaMmy 4acToT, IPEABAPUTEIBHO MMOCTPOUB PAJl CTATUCTUYECKOTO

20,3 |18,1 204 |20,1 |153 |22,8 |183 |139 |16,7 (17,8 |135
154 (219 |16,5 |16,8 |19,3 |219 |1477 |198 |204 (21,3 |118
17,2 |153 |19,7 (14,7 (178 |125 |145 |185 |195 |17,5 |18,6
19,2 |168 |205 |208 |16,2 |101 |181 |20,2 |17,2 |194 |191
233 |13,2 |143 |195 |157 |211 |184 |238 |196 (17,8 |193
pacrpeneneHus, COCTOSIUN U3 CEMU UHTEPBAJIOB.
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